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Resumen

Con el advenimiento de nuevas estrategias terapéuticas existe hoy en dia una marcada tendencia hacia
el uso de modelos matematicos como soporte a la optimizacion de dosis, las predicciones de la evolucién de
la patologia en el corto y mediano plazo, el andlisis y comprension de las mismas para distintos escenarios,
entre otros aspectos. Frente a esta realidad, resulta crucial realizar una caracterizacion de los modelos que
las representan, analizando aspectos como su identificabilidad, observabilidad y controlabilidad a los fines
del disefio de estrategias de identificacidn, estimacidn y control pertinentes. Siguiendo este paradigma, en la
presente tesis se propone, por un lado, (i) el disefio de estrategias de control con garantias de convergencia
asintdtica a objetivos terapéuticos (especificos) para la diabetes tipo 1y, por otro, (ii) la caracterizacién de
modelos para infecciones agudas, incluyendo el efecto del tratamiento con antivirales.

XIX






Capitulo 1

Introduccion

1.1. Antecedentes y motivacion

Con el avance de la prictica médica hay una tendencia hacia el uso de modelos matemadticos pa-
ra caracterizar ciertas patologias (tipo y estabilidad de equilibrios) [[Ciupe and Heffernan, 2017, Nangue,
2019]], comprender la evolucién de las mismas para distintos escenarios y/o perturbaciones [Goodwin et al.,
2018)Goodwin and Seron, 2019], estimar pardmetros (ej. sensibilidad a la insulina [Schiavon et al., 2014//Pi-
llonetto et al., 2006, tasa de infeccidon de las células susceptibles [Baccam et al., 2006]], produccién de
interferén [[Dobrovolny et al., 2013|], etc.), disefiar estrategias de control a los fines de conducir las variables
controladas a ciertos objetivos terapéuticos [Pérez et al., 2022], entre otras. Frente a esta realidad, la teoria de
sistemas dindmicos juega un papel clave, brindando las bases para el estudio del sistema en base a un mode-
lo matematico del mismo [Haddad and Chellaboina, 2008]. En el marco de esta teoria, el sistema puede ser
particularizado de acuerdo a una serie de herramientas matemaéticas, posibilitando asi una caracterizacién
del mismo, determinado aspectos como su identificabilidad [Raue et al., 2009, observabilidad [Anderson
and Moore, 2012] y controlabiliad [Sontag, 2013|).

En lo que respecta a la etapa de control, previo al disefio de un controlador, se debe especificar el objeti-
vo de control, es decir, hacia donde se desea guiar el sistema y de qué forma [Rawlings et al., 2017|Blanke
et al., 2006,|Goodwin et al., 2006]. Normalmente, en aplicaciones biomédicas, se detalla un objetivo te-
rapéutico (o rango/ventana de referencia) [Sikaris, 2014,|Committee and Committee:, 2022} Vegvari et al.,
2016], y el objetivo de control consistente entonces en guiar el sistema hacia dicho objetivo, y mantenerlo
alli . Sin embargo, en vistas de mantener el sistema en el objetivo, aparece el concepto de conjunto inva-
riante [Blanchini and Miani, 2008]] como un conjunto admisible, es decir, un conjunto de estados para los
cuales existe una ley de control tal que la evolucién del estado quede contenida en el mismo para todo
tiempo futuro. De esta forma, vemos que al controlador podria resultarle infactible guiar el sistema hacia un
objetivo terapéutico que no contenga un invariante de control del sistema dindmico a lazo cerrado [Liu et al.,
2019}/Sanchez et al., 2023|]. Mdas concretamente, debemos corroborar si el objetivo terapéutico contiene un
conjunto invariante de control (asintéticamente estable) del sistema dindmico a los fines de garantizar: a)
la convergencia hacia la ventana, b) la permanencia en la misma [Sopasakis et al., 2015||Rivadeneira et al.,
2018, D’ Jorge et al., 2020]. De esta forma, vemos que esta etapa conlleva una andlisis y caracterizacién
del modelo previa a cualquier estrategia de control. Siguiendo esta metodologia de trabajo, como objetivo
comun a las distintas aplicaciones, a lo largo de esta tesis estudiaremos la existencia de distintos tipos de
conjuntos invariantes contenidos en las regiones terapéuticas, entre los que se destacan: equilibrios genera-
lizados para sistemas pulsatiles, trayectorias basales para sistemas periddicos y conjuntos de equilibrio para
modelos de infecciones agudas limitado por células. Ademads, dado que este tipo de sistemas normalmente
se encuentra sujeto a restricciones fisiolégicas y de seguridad, y puesto que presentan dindmicas complejas
(ej. no-lineales, familia de modelos, variante en el tiempo, impulsionales), intentar hacerlo con controlado-
res clasicos resultaria dificultoso [Rawlings et al., 2017, Rakovic and Levine, 2018]]. Frente a esta situacion,
otra contribucién de esta tesis serd la propuesta de controladores optimizantes sujetos a restricciones, o mas
comunmente, controles predictivos basados en modelos (MPC, por sus siglas en inglés).

Motivados por las ideas presentadas, en la presente tesis exploraremos: i) el control de glucemia en
pacientes diabéticos tipo 1 mediante el computo 6ptimo del suministro de insulina, como asi también, ii) la
caracterizacién de un modelo de infecciones agudas, con la consideracién del efecto de antivirales.



2 CAPITULO 1. INTRODUCCION

1.1.1. Control basado en modelos de la glucemia en pacientes diabéticos tipo 1

La diabetes tipo 1 (DT1) es una enfermedad crénica caracterizada por una destruccion de las células
beta del pancreas, lo que conlleva a una deficiencia absoluta en la produccién endégena de insulina, con
la consecuente elevacién de la concentracién de glucosa en sangre (BG, del inglés, blood glucose) (BG
en ayunas: > 126 mg/dL, BG postprandial -2hs-:200 mg/dL) [[American Diabetes Association, 2019]. Re-
presenta del 5 al 15 % de aproximadamente 422 millones de pacientes con diabetes en todo el mundo, y su
incidencia estd en aumento a un ritmo del 3,9 % anual [Katsarou et al., 2017]]. Debido a la condicién crénica
de hiperglucemia, los pacientes diabéticos son propensos a desarrollar complicaciones de largo plazo, co-
mo nefropatia, neuropatia, cardiopatia coronaria y enfermedad periférica arterial, asi como complicaciones
de corto plazo, como cetoacidosis diabética (complicacién aguda metabdlica grave de la DT1 debida a la
descomposicién de lipidos en cetonas como fuente alternativa de glucosa).

A los fines de restablecer los niveles de normoglicemia (BG en ayunas: 80-140 mg/dL, pico BG post-
prandial (2hs): < 180 mg/dL), evitando episodios de hipoglucemia en el trayecto (BG: < 70 mg/dL, hipo-
glucemia severa incrementa el riesgo de complicaciones graves, como desmayo, coma o incluso la muerte),
se propuso el tratamiento funcional con insulina (FIT, del inglés, functional insulin treatment) como un mo-
do terapéutico de administrar inyecciones de insulina de forma exdgena, imitando los patrones de secrecién
fisiolégicos del pancreas. En este sentido, se suministra una dosis basal para mantener la glucemia constante
durante periodos de ayuno, y bolos para compensacion de hiperglucemia postprandial y/o por incremento de
glucemia por encima de valores referencia, bolos prandiales y bolos correctores, respectivamente. Aunque
estas dosis pueden ser calculadas mediante herramientas de soporte al FIT (ej. factor de correccién (CF, del
inglés, correction factor), relacién insulina-carbohidrato (CR , del inglés, carb ratio), duracién de la accién
de la insulina (DIA, del inglés, duration of insulin action)) [Walsh and Roberts, 2017 acorde a mediciones
de glucemia y conteo de carbohidratos, los pacientes DT1 deben estimar y administrar las dosis de insulina
por si mismos, lo que inherentemente conlleva riesgos, como episodios de hipoglucemia e hiperglucemia
(debido a una supra/subestima de la ingesta de comidas, variaciones no previstas de la sensibilidad a la
insulina, entre otras causas).

Frente a esta realidad, el suministro de insulina de forma automadtica basada en mediciones de glucemia
(AP, del inglés artificial pancreas) fue propuesto como un medio de implementar el FIT a lazo cerrado. Ba-
sicamente, el AP es un dispositivo médico integrado por un monitor continuo de glucosa (CGM, del inglés,
continuous glucose monitor), una bomba de insulina (CSII, del inglés, continuous subcutaneous insulin
infusion) y un algoritmo de control, que en base a lecturas del CGM, ajusta la infusién de insulina a los
fines de mantener la concentraciéon de glucosa en sangre en niveles normales. Multiples algoritmos de con-
trol han sido propuestos, entre los que se destacan, el control proporcional-integral-derivativo (PID) [Steil,
2013]], el control por légica difusa (FL) [Mauseth et al., 2013|], el control predictivo basado en modelo
(MPC) [Incremona et al., 2018|Gondhalekar et al., 2018|], entre otros; los cuales han sido validados tanto
en ensayos ‘in-silico’ (UVA/Padova [Man et al., 2014]] , Cambridge [Hovorka et al., 2002], Medtronic Vir-
tual Patient [Kanderian et al., 2009]]) como en pruebas ‘in-vivo’ [Castle et al., 2018||Sanchez-Pena et al.,
2018} |Cameron et al., 2017]]. De todas estas formulaciones , el MPC se ha mostrado como el mas promiso-
rio, debido a su capacidad para computar acciones de control éptimas (insulina para configuracion single-
hormonal, e insulina y glucagén para configuracién bi-hormonal) basado en la solucién de un problema de
optimizacién que tiene en cuenta un modelo de prediccion de la dindmica glucosa-insulina y restricciones
de entrada y salida (o de estado). Si bien varias configuraciones de MPC han sido propuestas, entre las que
se destacan: MPC no restricto [Incremona et al., 2018]], MPC multi-modelo [Wilinska et al., 2016,/ Cameron
et al., 2012[], MPC por zonas [Gondhalekar et al., 2018]], MPC para regulacién mejorado (eMPC) [Lee et al.,
2016], MPC adaptativo [Hajizadeh et al., 2019b}(Shi et al., 2019]], MPC bi-hormonal [Boiroux et al., 2018al
y MPC estocistico [[Goodwin et al., 2016} /Seron et al., 2016]], la mayoria de ellas carece de ingredientes
estabilizantes (esto es, costo y restricciones terminales). Algunas excepciones pueden encontrarse en [Mes-
sori et al., 2018, [Soru et al., 2012} /Gonzalez et al., 2020, Penet, 2013]]. A los fines de evitar incrementar
el costo computacional asociado a la consideracién de condiciones terminales (consideracién de conjun-
to terminal mediante restricciones adicionales), suelen emplearse horizontes de prediccién suficientemente
largos de modo que el estado terminal alcance una condicién de equilibrio. En este sentido, dado que las
comidas representan las mayores perturbaciones, y teniendo presente que el periodo postprandial después
de un bolo bien configurado dura aproximadamente 4 horas, suelen emplearse horizontes de prediccién del
orden de 6-10 horas. Ademads, la mayoria de ellos estan formulados para minimizar la desviacién entre la
glucemia predicha y un punto de operacién fijo (ej. MPC integral [Incremona et al., 2018]], MPC mejorado
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de punto de ajuste [Lee et al., 2016|]) o un intervalo establecido (ej. MPC por zonas [Gondhalekar et al.,
2018} |Gondhalekar et al., 2016])). Por lo tanto, dado que las condiciones terminales dependeran del obje-
tivo seleccionado, si es modificado (ej. zona de normoglucemia variante a lo largo del dia [|Gondhalekar
et al., 2016], punto de referencia dependiente del nivel de glucemia [Boiroux et al., 2018b], entre otros), el
problema de optimizacion podria volverse infactible, con la consecuente pérdida de factibilidad recursiva
del controlador. Frente a este inconveniente, en la presente tesis se extenderd el uso de la formulacién de
MPC para tracking [Limoén et al., 2008]] al problema del control glucémico de forma automatica en pacien-
tes DT1. Esta formulacién, mediante el empleo de variables artificiales (set-points artificiales), incrementa
el dominio de atraccién del controlador (en contraposicién al MPC estdndar para regulacién), brindando
garantias de estabilidad y factibilidad recursiva, bajo la suposicion de estados completamente observables
y perturbaciones no-persistentes.

Por otro lado, dado que el control glucémico con insulina puede modelarse como un sistema hibrido
(sistema a lazo cerrado hibrido) [Huang et al., 2012,|Gonzélez et al., 2020)], particularmente, como un sis-
tema con entradas impulsivas (bolos) que se suministran frente a eventos de comidas y/o para la correccién
de la glucemia, se priorizaran formulaciones de MPC que consideren acciones de control tipo impulsio-
nales, o de modo mads general, acciones de control pulsétiles. Esto ultimo viene a colacién, dado que los
algoritmos formulados serdn ideados en vistas de su implementacién mediante bombas de infusidn, la cual
administra la dosis mediante una acumulacién de microbolos [Ziegler et al., 2021, Jgrgensen et al., 2019]-
es decir, micro-infusiones de tiempo discreto distribuidas a lo largo del periodo de muestreo - que son com-
parables con inyecciones pulsatiles. Mds aun, es importante destacar, que el uso de infusiones pulsatiles
presenta beneficios terapéuticos (de hecho, el pancreas segrega la insulina de forma pulsétil, cada 5-10 min
aprox.) [Tokarz et al., 2018]]. Ensayos ‘in-vivo’, han mostrado un mejor control de la produccién hepdtica de
glucosa, mediante la administracion intravenosa de insulina en forma pulsétil [Satin et al., 2015]]. Ademas,
algunos trabajos han mostrado tanto experimentalmente [Juhl et al., 2012, Walsh and Roberts, 2017|] como
teéricamente [|[Goodwin et al., 2015bl|Goodwin et al., 2018]], que se logra un mejor control postprandial con
pulsos de corta duracién (bolos), especialmente en el caso de comidas con alto indice glucémico.

Otro aspecto a considerar, serd el uso de modelos relevante a control de largo término (prediccién post-
prandial y de estado basal) [Magdelaine et al., 2015} Ruan et al., 2016] a los fines de posibilitar que el
controlador pueda calcular, de forma unificada, el suministro para condiciones basales y postprandiales. De
esta forma, el conjunto controlable/estabilizable del sistema (restringido positivamente) se incrementa dras-
ticamente, dado que cuando un evento de hipoglucemia es predicho (no solo medido, sino anticipado por el
modelo), el controlador es capaz de suspender rapidamente la administracién basal de insulina. También se
priorizaran el uso de modelos cuyos pardmetros se vinculen explicitamente con herramientas FIT, a los fines
de mejorar la identificabilidad [Garcia-Tirado et al., 2018]] de los mismos, como asi también, posibilitar el
disefo de restricciones para la insulina administrada [Bondia et al., 2018]].

1.1.2. Caracterizacion de modelos para infecciones agudas, considerando la efecti-
vidad de antivirales. Caso de estudio: infeccion por SARS-CoV-2

A los fines de estudiar la proliferacién de un patégeno en un organismo, resulta de utilidad conside-
rar modelos dindmicos de la progresién de los mismos conforme evoluciona la enfermedad. Dependiendo
del tipo de patégeno (virus, bacteria, pardsito, hongo) el modelo debe incluir caracteristicas fundamenta-
les de la dindmica de la infeccion en el huésped, entre las que se destacan, el tipo de células blanco (ej.
células epiteliales en tracto respiratorio para el virus de la influenza; linfocitos tipo CD4+, macréfagos y
células dendriticas para el virus VIH), la duracién de la infeccién respecto a la dindmica vital del pacien-
te (infecciones crénicas - persistentes y de larga duracién - vs infecciones agudas - comienzo stbito y de
corta duracidn) y el ciclo de vida del patégeno (mecanismos por los cuales el patégeno se propaga en el
huésped) [Nowak and May, 2000, Bocharov et al., 2018} Wodarz, 2007]. En lo que respecta a la dindmica
vital respecto a la duracién de la patologia, suelen emplearse modelos crénicos y agudos, siendo los segun-
dos una simplificacién de los primeros (despreciando la produccién y muerte de células susceptibles por
causas naturales). En tal punto, partiendo de un modelo para infecciones crénicas (duracién media: > 3
meses), [Baccam et al., 2006] realizaron una extension del mismo al virus de influenza A HIN1 (duracién
media: 7 dias post-infeccion), considerando: (i) modelo limitado por células (sin/con fase de latencia), es
decir, se asume que la propagacién de la infeccidén se encuentra limitada por la disponibilidad de células
susceptibles, sin la consideracién explicita de la respuesta inmunoldgica, y se brinda la opcién de un estado
de latencia para las células infectadas (estado intermedio sin produccion de virus libre), y (ii) modelo con
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respuesta inmunoldgica innata, es decir, la propagacion de la infeccidn se encuentra limitada, ademas de la
disponibilidad de células susceptibles, por la produccién de interferdn tipo 1 (caracteristica de la respuesta
inmunoldgica innata por infeccién viral) [Murphy and Weaver, 2016]. Posteriormente, otros trabajos incor-
poraron la respuesta inmunoldgica adaptativa [Eftimie et al., 2016,/ Wodarz, 2007]] a los fines de valorar la
respuesta humoral y celular en el control de infecciones agudas [Dobrovolny et al., 2013} Boianelli et al.,
2015}/Cao and McCaw, 2017]. Si bien el modelo limitado por células (sin/con respuesta inmunoldgica) fue
ampliamente empleado para el estudio del virus de la influenza A en el huésped, otros trabajos extendieron
su uso para distintos agentes infecciosos, como el virus del Dengue [Nikin-Beers and Ciupe, 2018]], del
Zika [Best and Perelson, 2018], del Ebola [Nguyen et al., 2015], y mds recientemente, para la infeccién por
SARS-CoV-2 [Ke et al., 202 1/Hernandez- Vargas and Velasco-Hernandez, 2020,Gongalves et al., 202 1, Kim
et al., 2021].

A diferencia de los modelos para infecciones crénicas, caracterizadas por puntos de equilibrios aisla-
dos (equilibrios sanos y equilibrios infectados) [Ciupe and Heffernan, 2017], los modelos para infecciones
agudas estan caracterizados por un continuo de puntos de equilibrio (conjunto de equilibrio sano) [Abuin
et al., 2020a, Pérez et al., 2022, Dobrovolny et al., 2011]]. Esto se debe a que para el caso de infecciones
agudas, el unico equilibrio factible es aquel libre de infeccidn, puesto que para este tipo de infecciones,
el agente infeccioso se elimina al final de la infeccidn, independientemente del niimero de reproduccién
del huésped [Baccam et al., 2006L|Cao and McCaw, 2017]. La existencia de un conjunto de equilibrio sano
implica que el andlisis de estabilidad se pueda realizar considerando conjuntos de equilibrio como genera-
lizaciones de puntos de equilibrio, lo que da un marco para la aplicacién de métodos de anélisis basados
en conjuntos [Rawlings et al., 2017,/Blanchini and Miani, 2008]]. En ese sentido, se procederd a estudiar la
estabilidad de conjuntos de equilibrio. Como se comenta mds adelante en la presente tesis (Seccién {.3),
este tipo de modelos presenta la particularidad de tener conjuntos de equilibrio atractivos, cuyos puntos no
necesariamente lo son. De hecho, se demuestra que el conjunto de equilibrio para infecciones agudas se en-
cuentra formado por un subconjunto inestable y un subconjunto estable, delimitados por un valor critico de
células susceptibles, por encima del cual la carga viral en el huésped no puede disminuir (valor andlogo a la
inmunidad de rebafio en los modelos epidemiolégicos) [[Allen et al., 2008]]. Si bien los puntos de equilibrio
del segundo son estables (en el sentido de Lyapunov o ¢ — ) [Haddad and Chellaboina, 2008]], no son atrac-
tivos (es decir, dada una condicién inicial arbitrariamente cercana, no se garantiza la convergencia al punto
de equilibrio). Sin embargo, se demuestra que el conjunto estable es a la vez el minimo conjunto atractivo
(el maximo viene dado por el conjunto de equilibrio), y por ende, el inico conjunto asintéticamente estable
del sistema (es decir, el maximo estable y minimo atractivo).

Por otra parte, el control de una infeccion se puede modelar considerando la respuesta inmune, donde
la infeccién es autocontrolada de acuerdo a una combinacién de reacciones inespecificas y especificas, o
puede incluirse el efecto inducido por tratamientos farmacoldgicos. La inclusién de modelos farmacociné-
ticos (PK, del inglés, pharmacokinetic) y farmacodindmicos (PD, del inglés, pharmacodynamic) permite la
incorporacién de efectos terapéuticos (efectividad) sobre la propagacién del patdgeno, lo que se reduce a
modificaciones paramétricas del modelo (ej. tasa de infeccion de células susceptibles, tasa de replicacion
de virus libre, etc.) dada por a la frecuencia y cantidad de la dosis suministrada [Zou et al., 2020l/Ciupe and
Heffernan, 2017]]. Naturalmente, este efecto estd limitado por el potencial inhibitorio del firmaco (expresa-
do en términos de la concentracion del farmaco que inhibe el 50 % de particulas de antigeno [EC50]) y su
efecto citotoxico (expresado en términos de la concentracién del farmaco que provoca la muerte del 50 %
de las células susceptibles [CI50]). En este sentido, acorde a la concentracion de la droga en el tejido blan-
co y su concentracién inhibitoria (EC50), puede estimarse la efectividad del mismo. Si bien para modelos
de infecciones crénicas se caracteriz6 una efectividad media, denominada efectividad critica (n°) [Dahari
et al., 2007, tal que para (i) efectividades menores a n°, el nimero de reproduccién en el huésped (Ry)
es mayor a 1, y por ende el equilibrio sano es inestable (con la consecuente propagacion de la infeccién),
(ii) mientras que para efectividades mayores o iguales a ¢, Ry <1,y el equilibrio sano es asintéticamente
estable (con la consecuente eliminacién del patégeno en el huésped y efecto terapéutico favorable), para
modelos de infecciones agudas la existencia de tal efectividad no fue abordada. Frente a esta limitante, uno
de los objetivos de la presente tesis, serd estudiar la existencia de una efectividad critica para infecciones
agudas, y el comportamiento dindmico del modelo para efectividades supra y subcriticas. En este punto,
dado que las drogas se suministran, normalmente, por via oral o por inyecciones intravenosas, se observan
saltos instantdneos en la concentracion de la droga en el plasma sanguineo y/o tejido blanco, lo que se pue-
de modelar como un sistema impulsivo de control [Rivadeneira et al., 2018|Hernandez-Mejia et al., 2019].
Basados en este esquema de modelado, se procederd ademads a evaluar la dindmica del sistema (en sus regi-
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menes transitorio y estacionario) considerando esquemas de suministro por intervalo simple/mdltiple (dosis
fijas, aplicadas durante ciertos periodos de tiempo), consistentes con efectividades supra y subcriticas, y con
objetivos adicionales a la mera minimizacién de la carga viral (ej. maximizacion de las células susceptibles
al final de infeccidn, sujeto a evitar repunte de la carga viral al discontinuar tratamiento).

1.2. Objetivos

1.2.1. Objetivo General

El objetivo general de la presente tesis consiste en la caracterizacién dindmica y el control de siste-
mas biomédicos empleando técnicas de control avanzado, centrando el estudio en la diabetes tipo 1 y en
infecciones agudas (particularmente la infeccién por SARS-CoV-2).

1.2.2. Objetivos Particulares

= Andlisis de modelos de la dindmica glucosa-insulina en pacientes diabéticos tipo 1.

= Disefio de formulaciones de MPC estabilizantes bajo suministros pulsatiles que permitan el control
glucémico con garantias de estabilidad, manteniendo la factibilidad recursiva para cambios de refe-
rencia y/o prominentes perturbaciones.

= Desarrollo de formulaciones que consideren restricciones para la insulina a bordo variantes en el
tiempo (con mayor controlabilidad) y posibiliten el uso de restricciones suaves.

= Extension de las formulaciones estabilizantes de MPC al caso con variabilidad paramétrica (especifi-
camente sensibilidad a la insulina).

= Caracterizacion de modelos de infecciones agudas limitados por células.
= Caracterizacion de modelos considerando efectividad critica de los antivirales.

= Propuesta de estrategias preliminares de control basadas en los resultados de los dos items anteriores.

1.3. Organizacion del documento

En el Capitulo[I]se provee una introduccion a la teoria de control de sistemas biomédicos, brindado una
descripcion de los casos de aplicacién, conformados por la diabetes tipo 1 e infecciones agudas (tomando
como caso particular la infeccién por SARS-CoV-2). En el Capitulo[2] se describe una estrategia de control
pulsatil aplicada al control glucémico en DT1 junto con la propuesta de observadores de perturbacion y el
uso de un modelo de largo término. Ademads, se aporta una formulacién para la restriccién de la insulina a
bordo basada en eventos de comidas (la cual posibilita incrementar la controlabilidad del sistema, respecto
al perfil exponencial) y se extiende el controlador considerando restricciones suavizadas. Por otro lado,
en el Capitulo [3] se presenta una estrategia de control basado en el seguimiento de trayectorias basales
periddicas como objetivos admisibles para condiciones con variabilidad circadiana de la sensibilidad a la
insulina. Finalmente, en el Capitulo [] se describe la caracterizacién del conjunto de equilibrio para un
modelo de infecciones agudas. Ademds, se estudia el efecto del tratamiento con antivirales, caracterizando
la efectividad critica para este tipo de modelos (control de duracidn infinita) y una estrategia de control
6ptimo (single, duracidn finita). Para esta dltima, y basados en el andlisis dindmico del modelo, se formula
un objetivo de control consistente en evitar el rebote de la carga viral mientras se maximizan las células
susceptibles al final de la infeccién. Finalmente, en el Capitulo [5] se presentan las conclusiones respecto a
los objetivos particulares formulados y se bosquejan potenciales lineas de trabajo futuras.
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Capitulo 2

Control glucémico mediante
controlador pulsatil por zonas

2.1. Antecedentes

2.1.1. Control pulsatil

En lo que respecta al suministro de insulina de forma ex6gena mediante AP, diversas propuestas han
sido formuladas, entre las que se destacan: a) control basal por algoritmo de control [Colmegna et al.,
2018, Hughes et al., 2011]], b) control basal por algoritmo de control y bolos por paciente [Gondhalekar
et al., 2016, /Shi et al., 2019], ¢) control basal por algoritmo de control y bolos por algoritmos dedicados
(ej. detectores y estimadores de comida) [Sala-Mira et al., 2019,|Harvey et al., 2014,|Samadi et al., 2018]],
d) control basal y bolos por algoritmo de control (cémputo del suministro basal y prandial/correctora acor-
de a objetivos de control) [Incremona et al., 2018||Abuin et al., 2020b|]. Dado que para d) ambas dosis se
calculan en funcidn de la estimacion del estado, la controlabilidad del sistema se incrementa notablemente,
pudiendo por ejemplo reducir el suministro basal e incrementar el bolus para satisfacer objetivos de control
especificos (ej. alcanzar la zona de normoglucemia en tiempo menores a 4 horas, sujeto a picos de hiper-
glucemia por debajo de 180 mg/dL). Més atin, dado que los bolos pueden modelarse como infusiones de
corta duracién (en relacién con el periodo de muestreo), resulta de utilidad considerar acciones de control
tipo impulsionales (o de modo mds general, pulsatiles). Esto dltimo conlleva a tener un sistema de control
pulsatil, que como se verd mas adelante, implica que la evolucién del sistema en tiempo continuo presente
intervalos de evolucidn libre (o no forzada) lo cual repercutird en que el sistema no pueda ser guiado a un
equilibro convencional. Frente a esta situacion, se hara uso de equilibrios generalizados respecto a conjun-
tos terapéuticos, como objetivos de control admisibles para este tipo de sistemas. Es importante destacar, tal
como se manifiesta en la Seccién 1, Apéndice[A] que el usos de pulsos podria tener beneficios terapéuticos
adiciones.

2.1.2. Control para seguimiento de zonas

Como se coment6 en la Capitulo[T] los objetivos de terapéuticos para sistemas biomédicos normalmente
distan de ser puntuales, optdndose por zonas de operacién. Tal es el caso del control glucémico, donde
normalmente interesa guiar la variable controlada a una zona de normoglucemia, no penalizando los niveles
glucémicos pertenecientes a la misma. Mds aun, producto de intentar controlar el sistema con pulsos de corta
duracion, resulta inviable guiar la glucemia a un valor de equilibrio particular, por lo que se espera que las
evoluciones libres queden contenidas en el objetivo. Considerando este escenario, en el presente capitulo
emplearemos un controlador para el seguimiento de zonas [Ferramosca et al., 2010], el cual al emplear
set-points artificiales como objetivos de control, posibilita un incremento del dominio de atraccién (DOA,
del inglés, domain of attraction) del controlador respecto al caso estdndar de regulacion. Esto tltimo resulta
de utilidad, para el mantenimiento de la factibilidad recursiva de la estrategia, frente a (i) cambios no-
previstos de la referencia (zona de normoglucemia dependiente del nivel/tasa de cambio de la glucemia), y
(ii) eventuales perturbaciones (o modos de falla) que pongan al sistema en lazo cerrado fuera de su dominio
de atraccién (ej. comidas no anunciadas, cambios de la relacién insulina/glucemia, desconexién de la guia

7



8 CAPITULO 2. CONTROL GLUCEMICO MEDIANTE CONTROLADOR PULSATIL POR ZONAS

de suministro, etc.). Ademas, extenderemos la formulacién considerando restricciones suaves, puesto que
como se comenta a continuacion, suelen emplearse restricciones de seguridad para la insulina a bordo y cuya
activacion resulta una estrategia de mitigacion de riesgos asociados a la sobreactuacién del controlador (ej.
producto de perturbaciones externas e incertidumbre de modelado).

2.1.3. Restriccion para la insulina a bordo

En los sistemas de AP , a los fines de limitar la mdxima infusién admisible, suelen emplearse restric-
ciones para la insulina a bordo (IOB, del inglés, insulin on board), es decir, el nivel de insulina remanente
en sangre y tejidos subcutdneos. En el contexto de controladores MPC, esta restriccion de seguridad sue-
le implementarse, directamente, mediante restricciones asociadas a los estados de insulina plasmatica y/o
IOB [Hajizadeh et al., 2019al/Abuin et al., 2020b]] o, indirectamente, mediante restricciones vinculadas a
la tasa de suministro de insulina «(¢) [U/min] [Messori et al., 2015} Ellingsen et al., 2009]. Respecto a las
primeras, es importante mencionar, que para formulaciones no restrictas [[Fushimi et al., 2018|/Bondia et al.,
2018]], se ha considerado un circuito de limitacién externo, denominado SAFE (por sus siglas en inglés,
safety auxiliary feedback element), a los fines de mantener la IOB dentro de limites predefinidos. Siguiendo
esta linea de trabajo, pero explotando el hecho de que aqui se emplea un modelo con estados intrinsicamente
vinculados a la IOB, en el presente capitulo se abordardan dos modos alternativos de restriccion: (i) una res-
triccion para la IOB constante por tramos (dependiente de franja horaria), y (ii) una restriccion dependiente
del evento de comida de soporte postprandial finito (limitando la mdxima dosis acumula acorde al tiempo
de accionamiento de la restriccién). Ademas, para esta dltima estrategia, se propone un modo adaptativo
que permite incrementar la amplitud de la restriccion (y con esto, la amplitud de los pulsos suministrados)
conforme la velocidad y la aceleracién de la glucemia sobrepasan umbrales especificos.

En este capitulo se abarcaran los objetivos particulares 1, 2 y 3.

2.2. Modelo de la dinamica glucosa-insulina en DT1

Los modelos glucosa-insulina pueden ser fisiologicos o basado en datos [[Oviedo et al., 2017, |Aiello
et al., 2020]]. Los primeros se basan normalmente en representaciones compartimentales [Man et al., 2007,
Hovorka et al., 2002, Bergman et al., 1979]], mientras que los segundos se caracterizan por enfoques basados
en series temporales [Hajizadeh et al., 2017|jvan Heusden et al., 2011]]. Si bien, ambos tipos de enfoques han
sido ampliamente empleados para modelos relevante a control (es decir, modelos empelados para el disefio
de controladores), los modelos fisioldgicos resultan beneficiosos debido a su descriptibilidad inherente e
interpretabilidad de pardmetros . Como se introdujo anteriormente (Capitulo[I)), en esta tesis se empleard
un modelo minimo fisiolégico de largo término basado en la propuesta de [Ruan et al., 2017], el cual deriva
de una linealizacién del modelo de Bergman [Bergman et al., 1979](consumo de glucosa dependiente de
insulina; independiente del nivel de glucosa en sangre) y bajo asuncién de estado en condicidén quasi-
estacionaria (insulina remota en equilibrio con respecto a insulina en compartimento plasmético).

2.2.1. Descripcion de subsistemas

El modelo de la dindmica glucosa-insulina con la consideracién del efecto de las comidas puede ser
analizado mediante dos subsistemas, dados por el subsistema glucosa-insulina y el subsistema de
comidas [2.2] donde el primero describe el efecto de la insulina en el metabolismo de la glucosa, y el
segundo representa la absorcién de carbohidratos (CHO):

#(t) = Agx(t)+Byu(t)+B.z(t)+ E, z(0) = o, 2.1
2(t) A, z(t)+B,r(t), z(0) = =z, 2.2)

donde z(t) = [x1(t) x2(t) x3(t)] es el vector de estados, 1 es la concentracién de glucosa en sangre
[mg/dL], x2 es la tasa de suministro de insulina en plasma [U/min] y x3 es la tasa de suministro de insulina
en tejido subcutdneo [U/min]. Por otro lado, z(t) = [z1(f) 22(t)]’ es el vector de perturbaciones asociadas a
las comidas, donde z; y 22 son las tasas de absorcién gastro-intestinales de CHO [g/min]. Ademds, u(t) es
la tasa de suministro de insulina [U/min] y (¢) la tasa de ingesta de carbohidratos (CHO /AT¢ pro)[g/min].
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En este modelo, las matrices de transicién y de entrada estdn dadas por:

—6; -0, 0 0 0o 03 0 1 1 0
A=| 0 _é é By=|01,E=|0|,B.=]0 0 7Az:|: 095 951:| 7Br:|:1:| ’
0 0 —4 n 0 00 0 05

5

Rz

donde 05 es la sensibilidad a la insulina [mg/(dL-U)], €5 es el factor de carbohidratos [mg/(dL-g)] y 61
es la efectividad de la glucosa [min—!] o auto-regulacién de la glucemia (ej. estimulacién de la captura de
glucosa por tejidos periféricos y supresion hepatica de la liberacion de glucosa). 6 representa la produccion
endégena de glucosa (EGP) en niveles basales EGP, (g = 6121, + 02uyp, siendo x15 y uyp los niveles
basales de glucemia e insulina, respectivamente) [mg/(dL - min)]. Ademas, 64 y 85 son constantes de tiempo
asociadas a la absorcién insulina y comidas, respectivamente [min]. Es importante destacar que el efecto
del subsistema de comidas en el subsistema de insulina, viene dado por R, (t) = 0321 (t), siendo R, la tasa
de aparicion de glucosa en plasma [mg/(dL- min)]. Las salidas del subsistema[2.1] vienen dadas por:

G(t) = C’lx(t),
I0B(t) = Caz(t),

donde Cy =[100]y Cy = [0 64 64], siendo TOB(t) la insulina a bordo [U] (insulina remanente en sangre
y tejidos subcutdneos procedente de infusiones previas) [Magdelaine et al., 2020]]. Se destaca que una de
las bondades del modelo propuesto es que incluye un modelo de farmacocinética, lo que posibilita obtener
una estimacién de la IOB prescindiendo de curvas de decaimiento poblacionales [Ellingsen et al., 2009].

Observacion 1. Bajo la asuncion que 01 ~ 0 [Magdelaine et al., 2015|Bock et al., 2015|], herramientas
de soporte al FIT pueden obtenerse del andlisis dindmico de los subsistemas y En ese caso, el
factor de correccion (o factor de sensibilidad a la insulina) CF = 0y [mg/(dL U)], el factor de incremento
RF = 03 [mg/(dL g)] y la relacion carbohidrato-insulina (cantidad de carbohidratos cubiertos por una
unidad de insulina) CR = 05 /03 [g/U]. Es importante mencionar que dado que el efecto autorregulatorio
de la glucosa se desprecia (tener en cuenta que contrarresta el efecto de la insulina en la reduccion de BG),
las herramientas obtenidas resultan conservadoras en relacion a los valores optimos alcanzables [Goodwin
et al., 2015dl|loffanin et al., 2017b,|Schiavon et al., 2018)].

Observacion 2. Si bien en [|Abuin et al., 2020b|] el modelo fue presentado considerando ambos subsistemas
de forma integrada, dado que el subsistema de comidas representa una perturbacion exégena, para simpli-
ficar el andlisis y unificar notacion, a lo largo de esta tesis se los presenta de forma separada y acoplados
mediante la matriz de entrada B.,.

2.2.2. Especificacion de restricciones

Debido a limitaciones fisicas y por motivos de seguridad, el subsistema glucosa-insulina[2.1] se asume
restringido en estados y entradas, tal que x € X yu € U, conU = {u € Rxg | u < Upyy} siendo
Urnaz = 15 [U/min] (i.e.: mdxima dosis admisible suministrada por bomba de insulina) [min, 2015]]. Ade-
mds, X se asume variante con el tiempo a lo largo del dia, debido a i) suministros adicionales de insulina
durante periodos postprandiales y ii) variaciones temporales de pardmetros (ej.: variaciones circadianas de
la sensibilidad a la insulina [Visentin et al., 2015|Hinshaw et al., 2013|], mayor riesgo de eventos de hipoglu-
cemia durante periodos nocturnos producto del decremento de la respuesta simpatoadrenal a disminuciones
de glucemia [EI-Khatib et al., 2017]):

X(t)={z € Rszo | Ghypo<a1(t)<Ghyper, Oa(a(t)+a3(t))<IOB(t)}, (2.3)

donde TOB(t) = IOBy+I0B(t),con IOBy, := 4(2,+x33) la maxima IOB admisible correspondiente a
condiciones basales e OB (t) la méxima IOB admisible correspondiente a periodos postprandiales. Como
se verd a continuacion, esta ultima puede adoptar un valor constante o variante en el tiempo durante el
intervalo postprandial, en concordancia con distintos tipos de cotas para el suministro de la insulina. Por
otro lado, el estado de glucemia z; se encuentra acotado por limites fisiolégicos dados por G',yp, = 60
[mg/dL] y Ghyper = 250 [mg/dL]. Es importante destacar que los estados del subsistema de comida @]
se asumen irrestrictos, puesto que no son controlables y, por ende, no es factible incluir restricciones en su
evolucién (dependientes de la ingesta de comida).
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Restriccion constante (franja horaria) para la insulina a bordo

En este caso, se asume un perfil constante por tramos para la restriccion, tal que en periodos nocturnos
IOB(t) se limita a la dosis basal (IOBy), mientas que en periodos diurnos JOB(t) se limita a la dosis
bajo condiciones basales y prandiales. De esta forma, durante periodos nocturnos [22, 6) [horas], y puesto
que el riesgo a eventos de hipoglucemia estd aumentado producto de la pérdida de respuesta simpatoadre-
nal, se logra mitigarlo limitando la maxima infusién admisible a la correspondiente a periodos de ayuno o
basales (enfoque similares pueden verse en [Toffanin et al., 2013}|Gondhalekar et al., 2018} Bertachi et al.,
2020]). Por otro lado, durante periodos diurnos [6,22) [horas], la IO B(t) se limita considerando dosis co-
rrespondientes a bolos prandiales (convencionales: CHO,,;,/CR, y super-bolos: CHO,;,/CR+ 7Uy) , con
C HOyp un umbral superior en el anuncio de CHO y 7 un tiempo admisible de interrupcion del suministro
basal (para mds detalle, referirse a la Seccién 2.4, Apéndice E]) Si bien, no fueron contemplados bolos
correctores, las dosis correspondientes a los mismos podrian afiadirse, incorporando al umbral de IO B(t)
la funcién dist(G(t), Y1) /CR, siendo dist(-) una funcién distancia y J7%" la zona de normoglucemia.

Restriccion basada en eventos para la insulina a bordo

Si bien, la restriccién anteriormente presentada, limitaba la amplitud de la dosis, tenia como desventa-
jas que 1) la dosis acumulada durante el periodo postprandial no estaba acotada a un intervalo especifico
-solo dependiente del tiempo de activacién de la restriccién (ej. periodo diurno) -y ii) el disparo de la
misma no tenia correlaciéon con eventos de comida (por lo que dosis adicionales, debido a lecturas erré-
neas/modos de falla [Kolle et al., 2019, Meneghetti et al., 2018]], eran admisibles durante el periodo diurno).
Por ende, en esta seccidn, se propone una restriccion cuyo disparo es dependiente del evento de comida
(avisado/detectado) y la dosis (acumulada) durante el periodo postprandial puede configurarse acorde a la
especificacion del paciente. Respecto a esto tltimo, si bien es corriente emplear perfiles exponenciales, da-
do que estos podrian limitar la controlabilidad del sistema, siguiendo la propuesta de [Fushimi et al., 2018]],
se propone un perfil constante para la IOB (durante una ventana temporal, AT;o ) proseguido luego, por
un perfil exponencial. De esta forma, se propicia un: i) incremento de la controlabilidad del sistema (prin-
cipalmente en condiciones de hiperglucemia) y ii) una limitacién de la dosis acumulada admisible durante
el intervalo de accionamiento de la restriccion (AT p). Se presenta ademds, una version adaptativa, tal
que cuando condiciones relacionadas con eventos hiperglucemiantes son detectadas (ej. derivada de primer
y segundo orden de BG mayores a umbral), la amplitud de la restriccién es aumentada, posibilitando la ad-
ministracién de bolos de mayor amplitud. Es importante destacar, que tanto para configurar la amplitud del
bolo durante el disparo de la restriccidén, como asi también, la maxima dosis acumulada durante el intervalo
ATrop se emplea un modelo poblacional de conteo de carbohidratos (Seccién 3.2, Apéndice [B).

2.2.3. Analisis de condiciones basales: estabilidad del conjunto de equilibrio

Para el sistema el conjunto de equilibrio de estados factibles|'|viene dado por
Xsi{xs| Ts € X(t)yxs,l = (00 - 02$5,2)/017 Ts2 = Ts3 = us}

con us € U, siendo Uy = {uslus € U,0 < ug < Up maz} el conjunto de las entradas basales admisi-
bles, con Uy maz = (80 — 601G min)/02. Debido al efecto autorregulatorio de la glucemia (61 # 0) los
estados de equilibrio de control (x5, us) son asintGticamente estables (AE). Nétese que las raices A del
polinomio caracteristico det(A\I — A) = 0 se corresponden con los elementos de la diagonal principal de
A, X = diag(A), por ser A una matriz triangular superior. De esta forma, al aplicar un suministro basal up,
el sistema convergerd asintéticamente al punto de equilibrio z; que se le corresponde. Esto resulta una di-
ferencia principal respecto al modelo propuesto por [Magdelaine et al., 2015]], donde se asume que 6; = 0,
y por ende, los puntos de equilibrio resultantes son marginalmente estables, es decir, solo existird un tni-
co suministro basal para todos los pares de equilibrio. De la Figura (a) puede observarse el conjunto
de equilibrio correspondiente a [2.1] y el pertinente al modelo médximo [Man et al., 2014} [Dalla Man et al.,
2007] (simulador UVAPadova), lo que muestra la aproximacién local obtenida por el modelo propuesto. Tal
analisis puede efectuarse también para condiciones transitorias, donde tanto para el modelo de Ruan [Ruan
et al., 2017] como para el modelo UVAPadova [Man et al., 2014], al perturbar el sistema con un bolo de

ISe entiende por equilibrio factible a los pares (zs,us)conzs € X'y us € U, tales que 0 = f(¢, x5, us) paratodo t > 0.
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Figura 2.1: Conjunto de equilibrio de entrada-salida para distintos modelos.

correccion , debido a la naturaleza AE de su conjunto de equilibrio, se logra la convergencia asintética del
sistema al par (G, up).

2.2.4. Estimacion de parametros

A pesar de que el modelo, dado por los subsistemas[2.T]y 2.2]es estructuralmente identificable, debido a
(i) la diferencia paciente-modelo y (ii) la indisponibilidad de mediciones de estados internos (ej.: EGP, Ra,
IOB), existen problemas de identificabilidad prictica. Por ende resulta necesario regularizar el objetivo de la
identificacidn a los fines de explorar soluciones que se correspondan con el espacio de soluciones plausibles
del problema en cuestién (buscando incrementar la generalizacién de las predicciones) [Cobelli and Carson,
2019|[Pillonetto et al., 2022]f|. En este sentido, para mejorar el condicionamiento del problema, se procedié a
incluir una regularizacién del funcional acorde a pardmetros de FIT conocidos. A continuacion, se detalla la
rutina de estimacion paramétrica basada en minimos cuadrados regularizados (RLS, del inglés, regularized
least square) propuesta. El costo a minimizar estd dado por:

M 00y 0’
k) —gRE 2.4)

donde y(k) es la glucemia medida, 7(k) es su valor promedio, (k) es la prediccién del modelo, y §° =
[(02 — CR%03) (04— 63) (65 — 62)], siendo CR, 69 y 62 valores *a-priori’ de la relaci6n carbohidrato-
insulina, tiempo de maxima concentracién de insulina y tiempo de médxima concentracién de glucosa en
tracto gastro-intestinal.

VN (0)

Observacion 3. Si bien, el ajuste del hiperpardmetro « fue realizado de forma empirica, adoptando o =
diag(1,1,1/(09)?) para todos los pacientes; tal sintonia puede optimizarse empleando criterios como
minimizacion del error de validacion cruzada, maximizacion de funcion de verosimilitud (método de bayes
empirico), método SURE, entre otros [Chen et al., 2012 |Pillonetto et al., 2022|].

2.3. Analisis del modelo en tiempo discreto: entradas pulsatiles

Puesto que tanto, los estimadores de estado como los controladores se implementan de forma compu-
tacional, resulta necesario contar con una discretizacion de los subsistemas @ y @]) (mediante un mues-
treo apropiado). Dependiendo del ancho de pulso a emplear, AT, esta puede adoptar los siguientes tipos: i)
retenedor de orden cero (zoh, del inglés, zero-order-hold), si el ancho pulso es coincidente con el periodo
de muestreo (AT = Ty), ii) pulsétil, si ancho pulso es menor que el periodo de muestreo (AT € [0, 7%)),
o iii) impulsional, para el caso que (AT — 0). Dado que ii) brinda una representacion general, con i) y iii)
como casos limites de la duracién del pulso, en la siguiente seccidn se empleard esta discretizacion para los

susbsistemas[2.1]y[2.2]
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2.3.1. Sistemas pulsatiles: sistema en tiempo discreto subyacente

Considerando los subsistemas y sujetos a entradas pulsdtiles, u(-) y 7(-), y muestreando la
evolucidn en tiempo continuo @, (¢; x(kTs), 2(kTs), u(+)) y @2 (t; 2(kTs), r(-)) de los mismos, resultan los
siguientes subsistemas discretos:

v(k+1) = Fy(x(k),u(k),z(k)), (2.5)
z2(k+1) = F.(z(k),r(k)), (2.6)
G(k) = Ciz(k), I0B(k)= Cyx(k),

con Fy(a(-),u(-), 2(-)) = Aja () + By(-)u(-) + BL(-)2(-) + By F.(2(),r(-)) = AL2(-) + Bylr(-). Si
asumimos que i) r(t) = r(kTs) cont € [kTs, (k4 1)Ts) (zoh), ii) 2(t) = z(kTs) con t € [kTs, (k+1)Ty)
(zoh), y iii) 61 # 0 (JA; 1), las matrices de estado y salida de dichos subsistemas resultan:

Ad - GAITS
x N 9’
AT
Bth = eAz(TszT)/ BAI(Ang)dCBu — eAI(TszT)A;I(BAIAT o 13)Bu’
0
TS
B = [t Odcs, - a0 (T - 1B,
0
Ts
B = / AT gcp = A7 (AT — I3)E,
0
Ad = AT
Ts
BY = / e T=90d¢B, = A7Y(eATs — I,)B,.
0

Por otro lado, el conjunto de restricciones de estado en tiempo discreto, viene dado por X (k) := X (kTy)
conk € Ip ).

2.3.2. Conjunto de equilibrio generalizado

Del subsistema glucosa-insulina[2.1] se observa que debido al termino afin (E), el modelo presenta equi-
librios fuera del origen. Por ende, al intentar controlarlo mediante acciones de control pulsétiles, el sistema
en tiempo continuo no podrd alcanzar un punto de equilibrio en el sentido convencional (& = 0 para todo
t > 0). Siguiendo la caraterizacién presentada en [Rivadeneira et al., 2018]], se propone entonces empelar
un conjunto de equilibrio generalizado como objetivo de control, el cual es un conjunto de equilibrio del
subsistema en tiempo discreto tal que se asegura que la evolucién no forzada (o respuesta libre del
subsistema en tiempo continuo) queda contenida en un determinado conjunto objetivo (respecto al cual se
lo define). Formalmente:

Definicién 1 (Conjunto de equilibrio generalizado). Un conjunto XI" C X7 es un conjunto de equili-
brio generalizado para el subsistema (sujeto a entradas pulsdtiles), con respecto al conjunto XT, si
para todo x5 € X1 existe una entrada us € U tal que (i) x(kTs) = x(k), k € N> permanece en x,
cuando u es aplicada (u(kT) = ug), y (ii) x(t) € X7 parat € (KT, (k +1)T), k € N.

Dada una zona de normoglicemia Y797 := {G € R>o| G < G < G},con G = 90y G = 120
[mg/dL], y el conjunto de restricciones de estado puede expresarse el conjunto objetivo X7, como un
conjunto de estados z € IR® tal que CAXT* = YT Enla Figura se muestra el conjunto de equilibrio
generalizado X7 para el subsistema glucosa-insulinacon acciones de control pulsitiles considerando
distintos tiempo entre pulsos (7). Se destaca la reduccién del equilibrio generalizado conforme el tiempo
entre pulsos es mayor; producto del incremento de las evoluciones libres del sistema. Por otro lado, al
emplear insulina de accion lenta (Figura [2.3), puesto que las evoluciones libres estdn mds acotadas (para
igual tiempo entre pulsos) se logra extender el conjunto XST 7. De hecho, para Ts = 240 [min], vemos
que XTI continua abarcando practicamente la totalidad del conjunto objetivo X7", lo que da indicios
de la potencialidad de este tipo de insulina para el control basal (o de equilibrio) con modos pulsatiles (o
impulsionales) restringidos en tiempo de aplicacion.
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Figura 2.2: Conjunto X" para insulina de accién rdpida (subsistema de insulina [2.1)
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Figura 2.3: Conjunto X7 para insulina de accién lenta (subsistema de insulina, [Schiavon et al., 2019]).

2.4. Observadores de perturbacion

Habiendo introducido la discretizacién pulsatil del sistema dindmico, en esta seccién, procederemos a
la descripcién de observadores de perturbacién de estado aumentado. Es decir, estimadores de estado cuyas
matrices de transicion se encuentran aumentadas incluyendo dindmicas adicionales para perturbaciones ex-
ternas (no modeladas). En tal punto, presentaremos 2 propuestas de observadores, donde la idea principal es-
triba en considerar perturbaciones aditivas para i) estado de salida y ii) estado de entrada. Ademds, incluire-
mos la consideracién de restricciones de positividad para los estados estimados, siguiendo un procedimiento
de proyeccion de los estados estimados al conjunto admisible Xy (t) := {(2, 2)|z € X (1), 2 € R%} [Si-
mon, 2010]. Los observadores presentados serdn implementados mediante un filtro de Kalman.

2.4.1. Observador de perturbacion de salida

En este caso, la asuncién principal es que las componentes no-modeladas del estado de salida x4 (k)
se corresponden con una perturbacion aleatoria d; (k) de orden p = 2, lo que posibilita eliminar el error
de estimacion cuando las componentes no-modeladas se corresponden con un impulso, un escalén o una
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rampa. De esta forma, el modelo ampliado a ser empleado por el estimador de estados, resulta:

x* (k) AT B 0 x*(k—1) B u(k —1)

di(k) |=1] 0 1 Ty di(k—1) HH O r(k—1) +Gw(k—-1)

do (k) 0 0 1 da(k —1) 0 1

—_———
Agug Taug Baug Ugug
y(k) = [C 0 O] zaug + v(k) Q2.7

con z*(k) = [z(k),z1(k)], AT = [AL, B0, 0n,,A%], B = [BE B EY, C =[10000]y
B = B° =100 0 0]. Vemos que B determina la forma en que la componente no-modelada d; (k)
afecta al sistema F' = [F, F.]’. Si bien, en este caso, se asume que solo afecta al estado de salida, en
la Seccion [2.4.7] se detalla la formulacién bajo el supuesto que afecta a mds de un estado del sistema. Es
importante aclarar, que dado que la matriz de entrada estd dada por G := [0 k; k; 0 0 0 kd]’, se asume

que el ruido de proceso w(k) ~ N(0,0?) modifica a d; (k) mediante k4. Por otro lado, v(k) es el ruido de
medicion que se asume v(k) ~ N (0, Rk ), siendo Rir = 02, (varianza del ruido del CGM).

Observacion 4. Dada una perturbacion de orden p, expresada mediante el siguiente polinomio d(t) =
ap,ltp_l + ap,gtp_2 + ... + ag, de acuerdo a [Gourishankar et al., 1977\ la misma puede expresarse
mediante el siguiente sistema, d = Fd con E = [Opp1 Mpg], siendo M,y = [Ip—1;0]. Mds aiin, el
sistema en tiempo discreto resultante, viene dado por d(k) = eFT=d(k — 1). Por ende, si asumimos que la
perturbacion sigue una dindmica de segundo orden d(t) = at + b, el sistema exdgeno en tiempo discreto

resultante es d(k) = E%d(k — 1), con E4 = [1 T,;0 1].

Empleando el modelo aumentado [2.7] bajo las asunciones de ruido detalladas, puede obtenerse una
estimacion de 4.,y = [Z, dy, dg]’ mediante un filtro de Kalman. Puesto quees de estado completamente
observable, es decir, rango(Aqug, Caug) = Nz +n;+ng, siendo rango(A) el rango de una matriz A, puede
demostrarse [Anderson and Moore, 2012|| que £q4,4(k) = Zquq(k) conforme k — oco.

2.4.2. Observador de perturbacion de entrada

A diferencia del caso anterior, en este apartado se asume que la perturbacion d; representa i) solo
incerteza en el anuncio de comidas, o ii) incerteza en el anuncio de comidas y componentes no-modeladas
en el estado de salida. Si bien, esto ultimo es equivalente a considerar 2 modos de perturbacién, d°(t) y
d(t), siendo d°(t) la perturbacién relacionada con el estado de salida y d’(¢) la perturbacién vinculada
al anuncio de comida, a los fines de simplificar el andlisis (preservando la observabilidad del modelo) se
asumird que d°(t) o< d'(t). Bajo estas condiciones, la matriz de entrada (o de perturbacién) viene dada por
B=B'=05-RF-B°+ uBd.

2.4.3. Restricciones de positividad

Un aspecto importante en los observadores presentados es la consideracion explicita de restricciones de
positividad para los estados estimados Z4,4(k). A los fines de proyectar Zq,4(k) (irrestricto) en Xgqq(k)
se resuelve el siguiente problema de optimizacién

Zaug(k) = arg mwl’n (x — :i'aug(k'))TW(x - iaug(k))T
st. x € Xyug(k)

siendo Z,,,4 (k) estimacion restricta (o proyectada) y TV una matriz positiva definida.

2.5. Formulacion MPC pulsatil por zonas

En esta seccién se presenta una formulacion MPC para el sistema pulsétil presentado anteriormente,
extendiendo el controlador impulsivo presentado en [Gonzalez et al., 2020]] al caso pulsatil. La glucosa (y
estados) son estimados mediante los observadores de perturbacion especificados en la Seccién [2.4] En la
Figura[2.4] se detalla la estructura de la estrategia de control, integrada por el controlador pulsitil por zonas
(pZMPC) y observadores de perturbacion. Respecto al primero, se anticipa que debido a la consideracién
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Figura 2.4: Pancreas artificial. Controlador pulsatil MPC por zonas (pZMPC): configuracién con/sin anun-
cio de comidas.

de equilibrios generalizados como objetivos de control, se impone como condicién terminal que el estado
alcance el equilibrio generalizado al final del horizonte. Sin embargo, siguiendo la propuesta presentada
en [Sanchez et al., 2023] se podrian emplear restricciones de pertenencia a conjuntos invariantes (de control,
seglin una ley local), que contienen los equilibrios anteriores, y amplian significativamente el dominio
de atraccion resultante. Si bien se prob6 dicha estrategia, no se incluye aqui, para hacer mds sencilla la
presentacion de los conceptos generales.

2.5.1. Problema de control

Dada una zona de normoglucemia J)7*" y un conjunto objetivo asociado X7e", CxTer = yTar e]
problema de control consiste en guiar al sistema de glucosa-insulina (afectado por perturbacién de comidas)
y mediante acciones de control pulsitiles, al conjunto de equilibrio generalizado X7%" C x7ar,
cumpliendo restricciones de estado X (¢) y entrada U para todo ¢ > 0.

Para resolver este problema de control con restricciones se emplea un MPC por zonas [Ferramosca et al.,
2010] utilizando como conjunto objetivo V79" = CxTe" y como modelo de prediccién la discretizacién
pulsatil del sistema de glucosa-insulina (afectado por perturbacion de comidas [2.6). Nétese que si bien,
se utiliza como conjunto objetivo Y797, el cual se corresponde con un conjunto de salida, dado que la
formulacién del MPC a emplear (Seccién [2.5.2) guia los estados del sistema a un conjunto de equilibrio
X; la convergencia a X1%" queda garantizada conforme el estado de salida y(k) — Y7,

2.5.2. Funcion de costo

La funcién de costo del problema de optimizacién que el MPC resuelve en-linea resulta:
VN(i:» 7, ygar§ u, Ug, ya)ivdyn(ia 73U, Uq, ya) + Vs(ysTaT; Uq, ya)7

donde den(ﬁt, 73U, Uqg, Yo ) (costo de etapa) es un término dedicado a dirigir el sistema hacia las variables
artificiales de equilibrio (ua, ya) € Us X Vs ¥ Vs (VT 44, y4) (costo de offset) es un término que penaliza
la distancia entre el set-point artificial y, y el conjunto objetivo de equilibrio 7%, En este costo, &, 7 y
YTar son pardmetros de optimizacién, mientras que u = {u(0),u(1),--+ ,u(N — 1)}, uq y ya, son las
variables de optimizacidn, siendo NN el horizonte de control.

Observacion 5. A diferencia de las estrategias de control para regulacion [Rawlings et al., 2017)], dado
que en este tipo de controladores se emplean variables artificiales de equilibrio como objetivos de con-
trol [[Limon et al., 2008|], la excursion de la trayectoria predicha se penaliza respecto a estas ultimas. Por
ende, la funcion de costo suele estar integrada por 3 componentes principales: un costo de etapa (o transi-
torio) que penaliza la excursion transitoria del sistema respecto a un set-point artificial, un costo terminal



16 CAPITULO 2. CONTROL GLUCEMICO MEDIANTE CONTROLADOR PULSATIL POR ZONAS

que pondera la distancia del estado terminal y el set-point artificial (nulo en caso de emplear restriccion
terminal de igualdad), y un costo de offset que penaliza la distancia entre el set-point artificial y un punto
de equilibrio perteneciente a la zona. Si bien esta formulacion guia los estados del sistema a un estado de
equilibrio dentro de la zona [Ferramosca et al., 2010], también pueden emplearse otro tipo de conjuntos in-
variante de control dentro de la misma. Por ejemplo, en el Capitulo[3|se empleardn trayectorias periddicas
como conjuntos objetivo contenidos dentro de la misma.

2.5.3. Problema de optimizacién

A los fines de calcular la secuencia de entradas 6ptimas, en cada instante de muestreo k, el MPC resuel-
ve el siguiente problema de optimizacién

PMPC('%7’F’y‘;FGT):

; P Tar
min Vn (&, %, Y; "5, Ua, Ya)
W, Uag,Ya

S.Qa.

z(0) =2, 2(0)=2

z(j +1) = Fa(2(5), uy), 2(5)), J€ToN-1
2(j+1) = F=(2(4), v (7)), j €To,n—1]
u(j) €U, z(j) € X(k+7), JE€lon-q

Toq = F; (xayuaa )
ZTa € Xs, Ua € Us(Xs).

Dado que solo los estados correspondientes a F, (z(-), u(-), z(-)) son controlables, se impone una res-
triccion de estado z € X'(k), donde X' (k) es una discretizacién del conjunto X'(¢) introducido en
Ademds, puesto que no se consideran comidas futuras, r solo se utiliza para el primer paso de prediccién.
Notese que se supone que las comidas se ingieren durante un periodo de muestreo T, aunque esta for-
mulacién admite la distribucién del anuncio en un intervalo arbitrario (D;), de forma tal que D; = nT}
con n € Ij.n_1. Por otro lado z(N) = =z, es una restriccién terminal que fuerza a que el estado al
final del horizonte de control, z(NN), alcance el equilibrio artificial z, € R3. Finalmente, la restriccién

o = Fy(2a,uq,0), con z, € X5y u, € Us(Xs), impone que el par de variables artificiales (u,, z,) sean
un equilibrio factible del sistema en tiempo discreto [2.3]

Una vez que se resuelve el problema Py po(Z, 7 ny“”) la soluci(’)n (éptima) se denota como ( u® ul, 20
mientras que la funcién de costo 6ptima estd dada por V3 (&, 7, YT97) =V (2,7, YT u® w0, 20). La
ley de control de la estrategia de horizonte deslizante (RHC, del inglés, receding horizon control) resulta
karpo (2,7, YT9) = u0(0; x), con u®(0; z) es el primer elemento de la secuencia solucién u®(x).

2.5.4. Costo asimétrico de offset , V

El problema del control glucémico en DT1 con insulina exdgena es naturalmente asimétrico debido a
(i) decremento en la produccién de hormonas antagonistas a la insulina (ej. glucégeno) [Bisgaard Bengtsen
and Mgller, 2021]], por lo que una sobredosis de insulina puede causar una reduccién de la concentracién
de glucosa en sangre que no puede ser compensada de forma enddgena, (ii) debido al decremento de per-
meabilidad a la glucosa de la barrera hematoencefélica, un evento de hipoglucemia es més severo que uno
de hiperglucemia (mds rapido y perjudicial) [Katsarou et al., 2017], (iii) la insulina no puede ser remo-
vida, entre otras. Frente a esta situacidn, resulta necesario incluir componentes asimétricos [[Gondhalekar
et al., 2018l Deshpande et al., 2023|Boiroux et al., 2018b], a los fines de penalizar, mayoritariamente, ex-
cursiones hipoglucemiantes respecto a zonas de normoglucemia. Siguiendo tal lineamiento, se propuso un
costo de offset asimétrico, dado por Vs())ST JUq, ya)—péhyper s T péhypo s> donde p y p son los pesos
correspondientes a excursiones hiper e hipoglucemiantes, respectivamente, y dnipo,s ¥ Oniper,s Variables de
optimizacién (no negativas) tales que G — Opipo,s < Yo < G+ Oniper,s- De esta forma, seleccionando
p > p, la convergencia a la zona resulta mas prominente conforme ¥, se aproxima por debajo (y, ,* G).

Observacion 6. Si bien, la idea de emplear un costo de offset asimétrico fue introducida en (Seccion 5.1,
Apéndice[A), en el Apéndice [B|fue extendida basada en informacion de la tasa de cambio de la glucemia,
mientras que en [Abuin et al., 2022a|] se propuso un ajuste basado en informacion del residuo (consideran-
do incertidumbre en la estimacion de la sensibilidad a la insulina).
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Figura 2.5: pZMPC con anuncio perfecto (PA). Horizonte de prediccién: 6 [horas] (N = 30y Ty = 15
[min] - AT = 1 [min]).

De la Figura [2.5] puede observarse el control glucémico empleando pulsos (AT = 1 [min], Ty = 15
[min]). Se destaca la aplicacién de un bolo de comida como resultado del aviso de la misma y solucién del
problema de optimizaciéon Py . Por otro lado, durante periodos nocturnos, se percibe que mediante la ley
de control propuesta se guia la glucemia a la zona (convergencia asintdtica al equilibrio generalizado). Se
destaca ademas, producto del empleo de un costo asimétrico de offset, la promocién de la convergencia de
la glucemia hacia la zona por arriba (es decir, desde la regién de hiperglucemia).

2.5.5. Formulacion con restricciones suavizadas

Un extension (estabilizante) del controlador presentado, puede verse en el Anexo [B] donde la idea
principal consiste en incorporar variables de holgura para relajar la restricciones de estado X' (k) en caso de
activacion de la misma (recuperando la factibilidad de la estrategia). De esta forma, se logra incrementar el
dominio de atraccién respecto al caso original. Puesto que el uso de variables de holgura podria incrementar
la funcién de costo Vv, a los fines de garantizar que la misma contintde siendo una funcién de Lyapunov
para el sistema en lazo cerrado (y con ello, se preserve la convergencia asintética a J)797), se incluye una
variable de holgura de equilibrio €.

2.5.6. Propiedades de las controladores presentados

Normalmente, las estrategias de control predictivo suelen evaluarse en términos de su i) factibilidad
recursiva, ii) estabilidad y iii) desempefio (o performance). En lo que respecta a i), debido al empleo de
equilibrios generalizados como conjunto objetivo, y teniendo en cuenta que los mismos son invariantes de
control para sistemas controlados mediantes pulsos, la factibilidad recursiva del controlador queda garan-
tizada. Por otro lado, en lo que respecta a ii), siguiendo [Rivadeneira et al., 2018]] puede demostrarse que
el equilibrio generalizado para el sistema con la ley de control presentada es asintéticamente estable (AE).
De hecho en [D’Jorge et al., 2022] se demuestra que la evolucién en tiempo continuo queda contenida en
el conjunto de Orbitas para el sistema en tiempo discreto. Finalmente, en lo que respecta a iii), producto de
personalizar la estrategia de control (uso de modelos calibrados por paciente, asimetria en costo de offset,
restricciones para la IOB variantes en el tiempo y basadas en herramientas FIT) se mejora notablemente el
control glucémico respecto a estrategias con modelos poblacionales y/o asimetrias fijas. Para mas detalle,
referirse a la Seccién 5, Apéndice[A]y a la Seccién 6.4, Apéndice B}
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Figura 2.6: (a) Control glucémico mediante pZ M PCrp, pZM PCrp, y pZM PCyp para 10 pacientes
virtuales (dia 10). (b) Diagrama CVGA para los 10 pacientes considerando escenario de 14 dias. Caso:
anuncio de comidas con (450 %) error.

2.6. Resultados

En esta seccién se incluyen resultados relevantes al control glucémico considerando, a) el control con
anuncio de comidas (con distintos grados de error) y empleando la restricciéon para IOB basada en eventos
de comida (2.2.2) y b) el control si anuncio de comidas y empleando restriccién para IOB constante (franja
horaria)[2.2.2]. Para el caso b), se incoporan resultados utilizando un costo de offset asimétrico dependiente
de la velocidad de cambio de la glucemia.

2.6.1. Configuracion hibrida: con anuncio de comidas

En la Figura [2.6] se contrasta el desempefio del controlador empleando la restriccién dependiente del
evento de comida presentada en la Seccién y considerando un aviso por exceso (+50 %) del conteo
de carbohidratos. Puede observarse, que tanto en la configuracién pZ M PC', g como en la pZ M PCy g,
gracias a que la amplitud del bolo médximo estd limitado por Uy = CHOy,/CR, se evitan excursiones
en zonas de hipoglucemia. Por otro lado, para el caso pZ M PCyyp, debido a no considerar un limite de
seguridad admisible, siendo Uy = CHO,;/CR, el incremento del tiempo en zonas de hipoglucemia es
significativo. Por otro lado, en la Figura 2.7] se compara el desempefio del controlador considerando un
aviso por defecto (—50 %). Puede advertirse, que gracias a la configuracién adaptativa del pZ M PCr, g,
se logra un desempeiio similar al pZ M PCy;p. Sin embargo, para el controlador pZM PC g se registra
un incremento del nimero de eventos de hipoglucemia, producto de una infusién extendida en el tiempo
(consecuente con una sobreactuacién del controlador). Esta da cuenta, que: i) el perfil de /OB a emplear
no es indistinto, y ii) /OB brinda protecciones parciales frente a sobreinfusiones, requiriéndose de estrate-
gias accesorias (ej. costos asimétricos, formulaciones robustas -modelo de prediccién conservadores-, entre
otras).

Limitaciones: si bien, la configuracién de la restricciéon usando un modelo de comidas posibilita limitar
la amplitud del bolo al caso conservador, luego el controlador podria seguir aplicando insulina a una tasa
dada por (t), lo que conllevaria a riesgos por acumulacién de esta hormona en el tejido subcutdneo/plasma,
con el posterior descenso de la glucemia. Motivados por esta esta situacion, a los fines de acotar el intervalo
ATiop, resultaria oportuno dotar a la restriccién de una etapa de deteccién y diagndstico del riesgo de
sobreactuacién del controlador (Rco), siendo IOB(t; Rco) ﬂMeneghetti etal., 2018[,|Manzoni etal., 2023L
[Blanke et al., 20006]].

2.6.2. Configuracion automatica: sin anuncio de comidas

Para esta configuracién, se eliminé el anuncio de comidas y a los fines de tener una estimacién de la
tasa de aparicion de glucosa en sangre (R, ), se empled el observador de perturbacién de entrada (Seccién
[2:472) considerando distintas configuraciones de la matriz de perturbacién (B). Ademds, se configuré el
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Figura 2.7: (a) Control glucémico mediante pZ M PCrp, pZM PCrp, y pZM PCyp para 10 pacientes

virtuales (dia 10). (b) Diagrama CVGA para los 10 pacientes considerando escenario de 14 dias. Caso:
anuncio de comidas con (—50 %) error.
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Figura 2.8: Control sin anuncio de comidas para distintas configuraciones del observador de perturbacién de
entrada: B = B° (u=0), B= B, (u=1), B=B? (1= 0,3)y B = B2(H(G)) (u = 0,3). Sensibilidad
a la insulina (aumento 30 %): S; = 1,357],. Paciente: adulto 005 (para mas detalle, referirse a la Seccion
2.5., Apéndice A).

controlador pZMPC con el costo de offset asimétrico presentado en la Secci(’)n, conp=1lyp=10°
Para el caso B = By (ﬁ(G)), se implementd un costo de offset dependiente de la velocidad de cambio de la
glucemia, con ﬁ(G) =10%psi G > 2 [mg/(dL - min] y ﬁ(G) = p (otro caso).

De la Figura[2.§]se observa que al incrementar el nivel de asimetria en el funcional, se logra una mejora
en la compensacion de la sobreactuacién del controlador (en caso de emplear un observador de perturbacién
de entrada). Por ende, al recurrir a este tipo de observador, resultaria recomendable: i) configurar el factor
1 a los fines de moderar la relacién de la perturbacién que se expresa como comida no-anunciada, y ii)
incluir un costo de offset asimétrico dependiente de la glucemia a los fines de moderar la agresividad del
controlador (esto dltimo puede mejorarse a partir de una estimacion de la tasa de cambio de BG).
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Capitulo 3

Seguimiento de trayectorias basales

3.1. Antecedentes

3.1.1. Variaciones circadianas de la sensibilidad a la insulina

Miiltiples fuentes de variabilidad (intra e interdia) pueden considerarse para el problema de control
glucémico en DT1, entre las que se destacan, variabilidad por ejercicio fisico [Dalla Man et al., 2009,
Riddell et al., 2017, Riddell et al., 2020], alteraciones de la produccién hepatica de glucosa [Visentin et al.,
2018], estrés [Mansell et al., 2017]], variaciones circadianas por efectos neuroenddcrinos [Stenvers et al.,
2019|/Van Cauter et al., 1997 Mansell et al., 2017]], aumento/decremento del peso [Kudva et al., 2014], entre
otras. Entre estas, las variaciones circadianas de la sensibilidad a la insulina se corresponden con un tipo
de alteracién caracterizadas por un perfil pseudo-periddico (debido a la variabilidad entre dias) [Hinshaw
et al., 2013/ |Visentin et al., 2015[]. A diferencia de los pacientes sanos (donde es alta a la mafiana y mas
baja a lo largo del dia, producto de la compensacién endégena de hormonas hiperglucemiantes) [Saad et al.,
2012], para los pacientes DT1 la misma tiene patrones irregulares . Esto conlleva un desafio adicional para
los sistemas de AP, requiriendo de médulos estimadores [[Schiavon et al., 2018, Reiterer and Freckmann,
2019], no pudiendo asumir un patrén regular para todos los pacientes.

3.1.2. Control periédico para seguimiento de trayectorias

Teniendo en cuenta la periodicidad del sistema (para este tipo de variabilidad) diversas estrategias de
control han sido formuladas, entre las que se destacan: MPC para el seguimiento de trayectorias [Gondha-
lekar et al., 2016], MPC basado en procesos gaussianos [[Ortmann et al., 2017[], MPC adaptativos [Boiroux
et al., 2018a]] y MPC iterativos [Toffanin et al., 2017b/Shi et al., 2019]], entre otros. Por ejemplo, bajo la asun-
cién de periodicidad en la administracién de insulina, [Toffanin et al., 2017a]] desarrollaron una estrategia
iterativa (R2R, del inglés, run-to-run) para el cémputo del suministro basal con garantia de convergencia al
suministro Optimo (en términos de maximizacién del tiempo en zona). M4s aun, producto de la periodicidad
del sistema, suelen emplearse trayectorias periddicas como objetivos de control [Gondhalekar et al., 2016],
normalmente basadas en la expertise del médico y/o en registros diarios de infusién de insulina [Del Favero
et al., 2019||Hajizadeh et al., 2019b]|. Sin embargo, debido a la consideracién de restricciones y dindmicas
del modelo, las mismas podrian no ser admisibles, por lo que el sistema en lazo cerrado no lograria con-
verger a estas dltimas [Limon et al., 2015/ Kohler et al., 2020]]. Motivadas por este marco contextual, en el
presente capitulo, se proponen formulaciones de MPC para el seguimiento de trayectorias basales, enten-
diéndose como tal, a aquellas trayectorias admisibles que minimizan la distancia a una referencia dada. A
los fines de mejorar el desempefio de las estrategias, se proponen modelos periédicos ajustados en sintonia
con variaciones circadianas del paciente.

En este capitulo se abarcaran los objetivos particulares 1y 4.

21
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3.2. Modelo variante en el tiempo de la dinamica glucosa-insulina en
DT1

Para el caso de variaciones intradfa de la sensibilidad a la insulina, resulta el siguiente modelo variante
en el tiempo, dado por:

x(t) A (O)z(t)+Byu(t)+B.z(t) + E(t), z(0) = xo, 3.1
2(t) = A.z(t)+B,r(t), z(0) = 2, (3.2)

Al igual que lo presentado en el Capitulo [2] las matrices de transicién y de entrada vienen dadas por:

=01 —6a(t) O 0 0o (t) 3 0 11 0
Am<t): 0 _é é 7Bu: 0 7E: 0 )BZ: 0 O 7AZ:|: 065 _651:| 7B7’:|:1:|7
0 0 -4 7 0 00 0 95

donde 05 () es la sensibilidad a la insulina, la cual se asume variante en el tiempo y cuya expresion estd dada
por Oo(t) := 03 + O(t), siendo fo una componente nominal y (%) una componente periédica (6o (t) =
ég(t + T)). Respecto a esta iltima, dado que su variabilidad se debe solo a efectos circadianos, se asume
un periodo T igual a 24 [horas]. Ademads, 02(t) > 0 para todo ¢ > 0. Por otro lado, de [Ruan et al.,
2017] se observa que la produccién endégena en condiciones basales viene dada por 0y(t) = 601Gy +
93@):]51,,2(16) [mg/(dL - min)], con xp 2(t) correspondiente a un suministro basal que mantiene la glucemia
en un valor constante, Gy, (¢j. perfiles diurnos de u;(¢) [Rilstone et al., 2021]). Dado que z 2(t) puede
asumirse inversamente proporcional a f5(t), a los fines de simplificar el andlisis, en el siguiente apartado se
supondré que 0y(t) = 6y (constante).

Observacion 7. (Sensibilidad a la insulina, Sy) La sensibilidad a la insulina Sy es un pardmetro que
mide la capacidad de la insulina para fomentar la utilizacion de glucosa (tejidos insulino-dependientes)
e inhibir la produccion enddgena de esta tiltima (vias hepdticas). Puede ser estimada en condiciones de
estado estacionario [|Bergman et al., 1979|] como asi también en condiciones transitorias [Pillonetto et al.,
2006|]. De la linealizacion del modelo minimo de Bergman segiin las hipotesis detalladas en la Seccion
puede demostrarse que 05 = S1Gy, siendo St la sensibilidad a la insulina en condiciones de estado
estacionario (S; = p3/p2) y (Gp, up) un par de equilibrio basal.

3.2.1. Especificacion de restricciones

Teniendo en cuenta la variabilidad ciclica de pardmetros, el conjunto de restricciones de estado X'(t) se
lo define como un conjunto periddico, X (¢t) = X (t + T'), tal que para todo ¢t > 0,

X (t)={z € Ry | Ghypo < 21(t) < Ghyper, Oa(2(t) + 23(t)) < TOB(t)},

donde TOB(t) = O4(zp2(-) +zp3(-)) + CHO/CR(t), siendo (zp.2,x3,3) elementos de la trayectoria
basal de seguridad (ej. z(t) tal que xp1(t) = Gbmin» €O Gpmin, = 60 [mg/dL] un limite de seguridad
para la glucemia). Ademads, CHO se corresponde con el conteo de carbohidratos, y C'R(t) con la relacién
carbohidrato-insulina [g/U] (ej. CR(t) := 605(t)/63). Respecto a esto dltimo, es importante aclarar que la
especificacion de C'R(+) es versitil a la estrategia de estimacién de la misma, entre las que se destacan:
i) R2R [Toffanin et al., 2017b], ii) ILC [Shi et al., 2019] y iii) OP [Schiavon et al., 2018, Reiterer and
Freckmann, 2019]). Al igual que la formulacién presentada en el Capitulo@], Ghypo = 60y Ghyper = 300
[mg/dL] (acorde a limites fisiol6gicos).

3.2.2. Analisis de condiciones basales: trayectorias basales

Al igual que el estudio realizado en el Capitulo [2} en condiciones de ayuno (r(t) = 0y z(t) =0), el
subsistema glucosa-insulina describe la evolucién dindmica del sistema de DT1. Bajo estas condiciones,
vemos que la evolucién dindmica del sistema puede ser analizada dependiendo del perfil de 65(+).

= Perfil nominal (65(t) =05). En este caso, el conjunto de equilibrio de estados factibles estd dado por

Xsi{xs| Ts € X(t)7xs,1 = (90 - 923;572)/917 Ts2 = Ts3 = us}
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Figura 3.1: Conjunto de equilibrio X (linea azul), equilibrio basal z;, (punto verde) y trayectoria basal
correspondiente a G, = 110 (trayectoria periddica roja), para el subsistema Restricciones para G = z1
(planos amarillos).

con us € Us, siendo Us = {uslus € U,0 < uys < Upmae} un conjunto de entradas admisibles

asociadas al conjunto de equilibrio X y Up ez := (60 — 01Gbmin)/02. De la Figura vemos

que entre (4, us) € Xs XU, el par (x4, up) (punto verde) que se corresponde con un valor especifico
de 74 1:= G}, el cual estd dado por xp =[G, up, up)’ y up = %.

» Perfil periddico (02(t) = 02 + ég(t), con ég(t) = ég(t + T)). Si se consideramos la variabilidad
circadiana de 65(t), vemos que para el sistema bajo condiciones basales, no existe una entrada de
equilibrio, u, tal que x(t) € X, para todo ¢t > 0, es decir, Pu tal que 0 = —b01x51 + O2(t)us + o
para todo ¢ > 0. Sin embargo, teniendo en cuenta la periodicidad de 65(t), es posible definir el
conjunto de trayectorias T-peri6dicas factibles (-) : Rjg o) —R™ como

Xr(t)={z | z(t) € X(t), 2(t) = Ay (H)2(t) + Buu(t) + E,z(0) = 2(T)}

con u(t) € Ur(t) siendo Uy (t)={u | u(t) € U,u(0) = u(T)} un conjunto de entradas periGdicas
admisibles asociadas al conjunto Xr(t). De la Figura se deduce que entre (x(¢), u(t)) € Xp(t) x
Ur (1), la trayectoria xp, () (linea roja) tal que z1(t) = G viene dada por

Tb,1 G—b
’ 00—Gpb1
Tp2| = ~ 02(t) )
Tp,3 90;Gb91 _ (90*Gb21)9492(t)
2(t) 63(t)

Sin embargo, la trayectoria presentada es una de las admisibles z(t) € Xr(t). En un modo mds especifi-
co, a los fines de seleccionar una trayectoria del conjunto X (t), introduciremos el concepto de trayectoria
basal como aquella cuyo estado de salida C;x;(t) minimiza la distancia respecto a una referencia dada,
G (t), para todo ¢ > 0.

Definicion 2 (Trayectoria basal de estado y entrada). Considérese el subsistema con restricciones de
estado X y entrada U, y una referencia periddica de glucemia Gzef() : Rio,o0) = Ricypo, ] con

periodo T (ej. Gzef (t)= Gzef (t +T), para t > 0). Una trayectoria basal de estado y entrada estd dada

por la trayectoria periddica de estado xy(-) : Ro,00) = X ¥ la correspondiente trayectoria de entrada

Ghyper

up(+) : Rjo,00) = U que minimiza la distancia ||Crzy(t) fGZef(t)H.

En la Figura se muestra la trayectoria basal de estado para una referencia Ggef () constante y
considerando el subsistema glucosa-insulina con 65 () periddica.

Observacion 8. Del andlisis del modelo en condiciones basales, puede observarse que el conjunto de
equilibrio X, no es admisible para el caso de variaciones temporales de 05(t). Sin embargo, si 05(t) y
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0o(t) se asumieran variantes en el tiempo; X; = {xs | 51 = (00(t) — 02(t)us) /01,252 = T53 = us}
seria un conjunto admisible bajo el supuesto que 6y (t) = 05(t)us para todo t > 0 (lo cual, sin embargo,
puede ser restrictivo).

3.2.3. Identificacion de ritmos circadianos de la sensibilidad a la insulina

A los fines de contar con una estimacién de 65(¢) debido a variaciones circadianas, se propuso un
enfoque basado en minimos cuadrados regularizados (RLS), con el funcional de costo regularizado por una
funcién (i) periddica y (ii) constante por tramos 0o (t). Ademds, se incorporaron restricciones fisiologicas
para la estimacion de 05(t), tal que 02(t) € © , con © = Ry 544, 1,26, (@ = 0,4) y 0 el valor nominal
de la sensibilidad a la insulina. Se asumi6 una variabilidad interdiaria del 420 % ( [Visentin et al., 2015])).
De esta forma, bajo la asuncién de una base periddica diaria (7" = 1440 min), la sensibilidad a la insulina
debido a ritmos circadianos puede ser estimada de la solucién del siguiente problema de optimizacién:

03 = arg mfn YN G () — GUIB + M 6205) — 02 ()3 + Aal| A0 ()]s

st G(j)=C1[“ — A, (5)]"Y(Buu(j) + B.2(j) + E),
2(5) =[G — AL B (),
Oor(j) =027 (j + 1),
02(.]) € 63

donde 65 denota la estimacion 6ptima de la sensibilidad insulina durante un intervalo temporal Nor (Nor =
Niays - (288/dfa) para T, = 5 [min]). G,,(j) se corresponde con la glucemia medida y G(j) con la
glucemia estimada para el instante j—ésimo. Por otro lado, A.(j) indica que la matriz de transicién de
estado varia a lo largo del horizonte debido a 05(j). A los fines de mantener la estructura del modelo lineal
en sus pardmetros, los subsistemas [3.1]y [3.2] fueron muestreados mediante una discretizacion de Euler. Es
importante aclarar, que en el problema de optimizacién presentado, 627 (j) representa una variable auxiliar
respecto a la cual se regulariza la excursién de 65(j). Para el caso enunciado, se asume que o7 (j) es
(i) periddica y (ii) constante por tramos, tal que (i) se satisface mediante restriccién de periodicidad y (ii)
mediante penalizacién sparse (norma 1) del incremento temporal Afor(j) = a7 (j) —621(j—1). Enfoques
similares pueden encontrarse en [Ohlsson et al., 2010L|/Ohlsson and Ljung, 2013||Carlson et al., 2018]].

En la Figura se compara la estimacion de -(t) acorde a distintas penalizaciones en el funcional
de costo. Si Ay = 0y Ao = 0 (Figura (a)(c)), el perfil estimado queda sobreajustado, y por ende,
todos los efectos no-modelados (ej. utilizacidén de glucosa en tejidos insulino-dependientes variante con la
concentracion de glucosa, efectos no-lineales en el vaciado géstrico, secrecion de glucagoén, entre otras) son
expuestos como variaciones de la sensibilidad a la insulina. Por otro lado, si la componente de regularizacién
es considerada, \; = 1-10y Ay = 1- 103 (Figura(b)(d)), la tendencia del perfil periédico de Sy(t) es
capturada, incluso cuando variabilidades interdiarias [[Visentin et al., 2015]] son consideradas.

Observacién 9. De la Figura[3.2) se observa que cuando se incorpora la etapa de regularizacion, se evita el
sobreajuste del modelo a los datos de entrenamiento, por lo que se espera una capacidad de generalizacion
mayor. Si bien, el desempeiio fue comparado considerando pesos fijos, a los fines de optimizar la relacion
bias/varianza en pos de minimizar el error de estimacion [Pillonetto et al., 2022|], resultaria oportuno
implementar una estrategia de calibracion de los hiperpardmetros (A1 ¥ A2).

3.2.4. Representacion en tiempo-discreto

A los fines de emplear los modelos en tiempo-continuo [3.1]y [3.2] en controladores de tiempo-discreto,
se selecciond el esquema pulsatil presentado en el Capitulo [2} el cual, para un tiempo de muestreo dado
T, (T mdltiplo de T) y una duracién de pulso AT € [0,T5), consiste en el siguiente sistema de tiempo
discreto:

z(k+1) = Fy(k,x(k),u(k),z(k)), (3.3)
Z(k+ 1) = FZ(Z(]{i),T(k‘)),
G(k) = Cua(k), T0B(k) = Cou(k),

con Fy(k, (), u("), 2(-)) = Aa(k)?2() + Bu(k)(Ju(") + B:(k)*()2() + B(k)? y Fx(2(),7()) =
Adz(-) + Bdr(-). Las matrices de transicién y de entrada son equivalentes a las presentadas anteriormente
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Figura 3.2: Identificacién del patrén periddico de sensibilidad a la insulina, 62 (), empleando el algoritmo de
estimacion de pardmetros con distintas configuraciones (Adulto #2, Simulador UVA/Padova, TIDMS2013).
Caso 1 (sobreajustado): A\; = 0y As = 0 (a,c). Caso 2: Ay = 1-10y Ay = 1- 102 (b,d). Variabilidad
interdiaria kg;.
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Figura 3.3: Péncreas artificial. Esquema combinado de BTC — MPCr1y MPCsr7T.

(véase Seccion [2.3)), con la salvedad que se asume que el pardmetro variante en el tiempo es constante por
tramos, es decir, 02(t) := 02(kTs), t € [kTs, (k + 1)Ts). Por otro lado, X (k) := X (kTs) es una versién
muestreada del conjunto de restricciones de estado variante en el tiempo, X' (¢).

3.3. Formulaciones para seguimiento de trayectorias basales

En esta seccion, se define el problema de control relevante al seguimiento de trayectorias basales y se
presentan 2 estrategias principales para la resolucién del mismo.
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3.3.1. Problema de control

Considerando el sistema sujeto a restricciones de estado X (k) y entrada U/, y una referencia basal
para la glucemia Ggef “T0,00) = RiGnypo.Grype,] (12 cual es una version muestreada Gref( *)). Luego,
dados , 2, y 7 para un tiempo k, el problema de control consiste en guiar el sistema a la trayectoria
basal de estado y entrada, x4(-) : Ijgc) = Xy up(-) : Ippoey — U respectivamente, la cual, como
se presenté en la seccién anterior, es aquella que minimiza la distancia ||Cixp (k) — Gze‘f (k)|| para todo
tiempo k > 0.

A continuacién, a los fines de resolver el problema de control enunciado, se detallardn 2 estrategias
basadas en MPC para seguimiento de trayectorias.

3.3.2. Seguimiento trayectoria basal, 2 etapas: B77T — MPCrr

Dada una referencia G;e'f (+), sobre el intervalo [0,T], en una primera etapa se computa la trayectoria
basal (1, X;) mediante la solucidn del siguiente problema de optimizacién (problema de planeamiento)

BTC(G,)

min Viraj (G s, %p)

st. awp(j) €U, zp(j) € X(k+7), J € Ijo,m
Ty(j +1) = Fo(k + 4, T(4), (), 0),
jb(o) = Fw(k+T_]-7jb(T_l)aab(T_l)ao)

De esta forma, se obtienen una trayectoria seguible |'| para el sistema a lazo cerrado, la cual es un
conjunto invariante de control para el sistema restricto [3.3] Nétese ademds, que la misma es 6ptima, en el
aspecto que es aquella que minimiza la distancia respecto a una referencia dada. Debido a la convexidad del
problema de optimizacién anterior, la unicidad de la misma queda garantizada. En el contexto de estrategias
de control predictivo para el seguimiento de trayectorias [Limon et al., 2015, Kohler et al., 2020] suele
denomindrsela trayectoria optima alcanzable.

En una segunda etapa, con la trayectoria basal calculada (g, X7), se procede a emplearla como objetivo
alcanzable para un controlador de seguimiento de trayectorias, MPCr7(Z, Z,r, up, Xp, k). De esta forma,
para un tiempo k, dados Z, Z,r, u;, X; se resuelve el siguiente problema de optimizacién (problema de
seguimiento),

ml}'n Virack(Z, 2,1, Up, Xp, k; 1)
s.t. z(0) =z, Z(O) =2z
z(j+1) = Fo(k+7,2(j),u(4), 2(4), J €I
2(j +1) = F.(2(5),r(4)), J €1,
UE ))GLI (950)) € X(k+7), J €N
x = l'b

Es importante aclarar, que en este caso, se emplea la trayectoria basal como pardmetro de optimizacion
en la etapa de seguimiento de trayectoria MPCr, lo cual constituye una diferencia principal respecto a la
configuracion de una etapa, donde esta tltima resulta una variable de optimizacién. A los fines de garanti-
zar la convergencia asintética a la trayectoria (1, X;), vemos que esta formulacién emplea una restriccién
terminal de igualdad x(N') = x (V). Si bien, esto dltimo, junto a propiedades del costo V;;.qcx(+) [Limon
et al., 2015| garantiza que la trayectoria basal sea asintdticamente estable para el sistema en lazo cerrado,
impone que la trayectoria predicha por el controlador la alcance en N pasos. Por ende, en esta formula-
cidn, el horizonte de control es critico a los fines de contar con un DOA compatible con perturbaciones
caracteristicas del problema bajo andlisis (ej. comidas con elevado indice glucémico).

3.3.3. Seguimiento trayectoria basal, 1 etapa: MPCprr

A diferencia de BTT — MPCr, en este apartado, se presenta una formulacién para seguimiento de
trayectorias donde se emplea una trayectoria artificial como conjunto objetivo del controlador. Se incorpora

1Una trayectoria se denomina seguible si satisface restricciones de estado y de modelo para todo tiempo.
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ademds un costo de planeamiento, Vy,q;(-), a los fines de penalizar la distancia entre la trayectoria artificial
de salida, Cyx,(k), y la referencia Gzef.

_min Vi (&, 2,0, Gy ks, u,,x,)
st z(0) =2, 2(0)=2

LU(] + 1) = Fa:(k J'_jax(j)Ju(j)ﬂZ(]))v ] € H[O,N]
Z(j+1) :FZ(Z(j)’T(j))a J EH[(J,N]
u(j) eU, z(j) € X(k+j), JE€LoNn_q
Z(N) = z4(N),
xa(j 1):Fm(k+j»xa(j)vua(j)70)v jGI[[O,T—l]
uo(j) €U, z4(j) € X(k +j), J € lpr_q
2(0) = Fp(k+T -1 2, —1),u,T—1),0).

La misma consiste en el empleo de trayectorias artificiales (u,, X, ) como variables de optimizacidn, las
cuales son objetivos parciales utilizados por el controlador. De esta forma, mediante el uso de un costo de
seguimiento, Viqck(+), €l cual penaliza la distancia entre las trayectorias predichas y la trayectoria artificial
(o trayectoria basal en-linea), y gracias a la utilizacién de ingredientes terminales estabilizantes, se logra la
convergencia asintdtica del sistema en lazo cerrado a esta dltima. Es importante aclarar, que debido al uso
de trayectorias artificiales como conjunto objetivo, se incrementa el DOA respecto a BT T — MPCy. Para
mads detalle, en la Seccién[3.4] se contrastan los DOAs de ambas formulaciones mediante un indice asociado
a la pérdida de factibilidad (IE, del inglés, infeasibility episodes index). Finalmente, tal como enuncié en
el Capitulo [2| ante un cambio de la trayectoria de referencia G;e'f () (ej. por niveles de BG compatibles
con hipoglucemia, perturbaciones por ejercicio fisco, entre otras) esta formulacién conserva la factibilidad
recursiva del problema de seguimiento.

3.3.4. Seguimiento trayectoria basal, 1 etapa: Basal tube tracking

En este ultimo caso, se presenta un controlador para seguimiento de trayectorias basales contenidas en
zonas terapéuticas (variantes en el tiempo). A diferencia del controlador por zonas pZ M PC' presentado
en la Capitulo [2} en este caso, la zona consiste en un conjunto de trayectorias periddicas. A los fines de
implementar esta estrategia, teniendo en cuenta las ventajas relacionadas al uso de trayectorias artificiales,
se reemplaza el costo de planeamiento, V4 (-), por

T—1
Viraj (G ki g, %a, G#) := Y~ S[|Crza(5) — G* ()13,
j=0

con G* () una variable de optimizacién adicional, restringida por G*(5) € [G3 (k+5)—G3,ins Gl (k+
3) + G} pnasl)s siendo Gi oy G los limites superiores e inferiores de la zona, respectivamente.

3.3.5. Propiedades de la estrategias

Bajo la estrategia de control a lazo cerrado ideal, la trayectoria basal (uy, x;p) es asintéticamente estable
(AE). Respecto a la factibilidad recursiva, debido a que se emplean trayectorias basales como objetivos de
control, y teniendo en cuenta la naturaleza periddica del sistema, puede garantizarse la existencia de una
secuencia de control factible para todo tiempo. Por ende, para todo estado inicial perteneciente al dominio
de atraccion del controlador, la factibilidad del problema de optimizacién queda garantizada. Sin embargo,
para 1 etapa, puesto que la trayectoria basal “artificial” (u,,X,) es una variable de decision, se obtiene
un DOA mayor (para el mismo horizonte de control). Respecto a la estabilidad, dado que la trayectoria
basal es un objetivo asintéticamente estable para el sistema en lazo cerrado (tanto, para leyes de control:
KN (Z, 2, T, up,Xb, k) y kN (Z, 2, F, Ggef, k)) [Limon et al., 2015], la convergencia asintética a la misma
queda garantizada. Es importante destacar, que debido a que el modelo resulta una aproximacién local del
sistema, existe un error de modelado, lo que en términos practicos demandaria caracterizar la estabilidad
préactica de la formulacién [[Limon et al., 2009, Bujarbaruah et al., 2020]]. Finalmente, en relacién al desem-
pefio, debido al uso de un modelo lineal variante en el tiempo (LTV, por sus siglas en inglés) la performance
de la estrategia es significativamente superior respecto caso de un modelo lineal invariante en el tiempo
(LTI por sus siglas en inglés). Ademads, la configuracién de la trayectoria basal considerando variaciones
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Figura 3.4: Control glucémico empleando MPC, modelo nominal LTI (rojo) y modelo LTV (azul).
Patr6n de variabilidad de la sensibilidad a la insulina: kg (t).

de Sr(t) (ej. trayectoria de referencia Gzef (+) dependiente del patrén de 05(t), Seccion 6.2., Apéndice
posibilita incrementar la robustez de la formulacidn, principalmente para escenarios con incerteza paramé-
trica relacionada a la sensibilidad a la insulina.

3.4. Resultados de simulacion

A continuacién se muestran resultados relevantes al seguimiento de trayectorias basales, ensayando
los controladores en un paciente DT1 ’in-silico’ (simulador virtual UVAPadova) [Man et al., 2014]). Para
mayores precisiones remitirse a la Seccién 6, Apéndice [C]

3.4.1. Evaluacion de MPCrry MPCprr: configuracion LTI vs LTV

En este caso, se comparan las formulaciones, con y sin etapa de planeamiento, MPCr1y MPCpr1
respectivamente, cuando se emplea un modelo de prediccién nominal (LTI) y uno variante en el tiempo
(LTV). Para ambas configuraciones, se utiliza un horizonte de control N = 30 (2.5 [horas]) a los fines de
evidenciar, las ventajas potenciales de emplear trayectorias basales (artificiales) como objetivo de control
en lugar de una trayectoria fija. En ambos casos, se asume una referencia constante, dada por Gzef =110
[mg/dL].

De la Figura [3.4] se destaca que la configuracion variante en el tiempo optimiza el suministro de in-
sulina de acuerdo a las variaciones temporales de Sy (representadas por kgy(t)). Se observa ademds, que
la administriacién de insulina es reducida de forma anticipativa durante transiciones de S; de niveles S}
(baja) a S ? (alta) (ej. reduccion de IOB entre 10:00 to 12:00 h). Para el caso MPCs, como su dominio
de atraccién es menor, se reporta un aumento del nimero de eventos de pérdida de factibildiad recursiva

(Tabla[3:1).

Tabla 3.1: Episodios de pérdida de factibilidad recursiva (IE) para un escenario de 7 dias
MPCr MPCiTT
LTI LTV LTI LTV
#IE 15 52 1 0




Capitulo 4

Caracterizacion dinamica de modelo
in-host para infecciones agudas

4.1. Antecedentes

4.1.1. Modelo limitado por células

Como se coment6 en el Capitulo[I] en esta segunda parte se caracterizard un modelo para la descrip-
cion de infecciones virales. Estas pueden ser crénicas o agudas dependiendo de la virulencia del agente
infeccioso. A los fines de describir la evolucién de las mismas, suelen emplearse modelos basados en siste-
mas de ecuaciones diferenciales ordinarias (ODE, del inglés, ordinary differential equation), cuyos estados
representan la concentracion de células susceptibles, células infectadas, virus libre, células y mediadores
de respuesta inmunoldgica, entre otras. Suelen incorporase ademds diversas dindmicas a lo largo del ciclo
de vida la infeccidn, entre las que se destacan: a) dindmica vital (produccién y muerte de células suscep-
tibles por causas naturales), b) estadios con fase de latencia para las células infectadas, c) produccién de
mediadores de respuesta inmunoldgica con dindmicas no-lineales y con retardo, entre otras. Ademds, para
infecciones con evolucidn progresiva en distintos tejidos blancos, se han considerado modelos con evolu-
cion espacial y temporal. Particularmente, en esta capitulo, bajo la asuncién de dindmica vital despreciable,
realizaremos la caracterizacién dindmica de un modelo para infecciones virales agudas. Cabe aclarar, tal co-
mo se enuncié en el Capitulo[I] que debido a que no se considera explicitamente la respuesta inmunoldgica,
se corresponde a un modelo “limitado por células”.

4.1.2. Tratamiento con antivirales

A los fines de valorar el efecto de los antivirales en las células blanco, suelen emplearse modelos de
la farmacodindmica (PD) y farmacocinética (PK) de los mismos, tal que la primera representa el efecto (o
accion terapéutica) del antiviral en las células blanco, mientras que la segunda representa la dindmica de ab-
sorcién del mismo en el organismo. Normalmente, la PD suele modelarse mediante funciones sigmoideas
(Michaelis-Menten, términos logisticos) las cuales, basadas en dindmicas de saturacion de receptores de
membrana [[Canini and Perelson, 2014,(Ciupe and Hefternan, 2017], relacionan la concentracién del agente
terapéutico en el compartimento circundante (normalmente, el plasma) y el efecto del mismo en la propa-
gacion de la infeccion. Por otro lado, la PK suele representarse mediante modelos compartimentales, cuyo
particién es dependiente de las vias de suministro (oral, intravenosa, parenteral, entre otras). Ademds, dado
que la administracién del antiviral suele realizarse en forma de pastillas, suelen emplearse modelos con
dindmicas impulsiones. Siguiendo esta linea de trabajo, en el presente capitulo examinaremos el modelo
para infecciones agudas, considerando distintas efectividades de antivirales, y formalizaremos la existencia
de una efectividad critica, la cual resulta un punto de inflexién en la propagacién de la infeccién.

En esta capitulo se abarcaran los objetivos particulares 5, 6y 7.

29
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Figura 4.1: Esquema del modelo UIV

4.2. Modelo in-host limitado por células

Sea el siguiente modelo limitado por células, donde U es la concentracién de células susceptibles
[células/mm?], I es la concentracién de células infectadas [cell/mm3] y V es la concentracién de virus
libre [copias/mL],

Uity = —pUMV(), U0 ="U,, @.1)
Ity = BUMV()—6I(t), I(0)= I, (4.2)
V() = pIt)—cV(t), V(0)=V, 4.3)

siendo 3 [mL.day ~!/copias] la tasa de infecci6n de las células susceptibles U por parte del virus libre V, §
[dia—!] 1a tasa de muerte de las células infectadas, p [(copias.mm?> / célula.mL).day '] la tasa reproduccién
del virus libre (en células infectadas), y ¢ [dia—!] 1a tasa de eliminacién (o *clearance’) del virus V' mediante
el sistema inmunoldgico. En este modelo, se asume que la dindmica vital (es decir, la produccién y muerte
de células susceptibles por causas naturales) es despreciable respecto a la duracién de la infeccién. Como se
verd a lo largo de este capitulo, esta asuncion repercute en el conjunto de equilibrio del modelo, pasando de
ser equilibrios aislados (sanos/enfermos) a un continuo de puntos de equilibrio sano (puesto que concluida
la infeccidn, el remanente de células infectadas y virus libre es nulo). Un diagrama esquemaético del modelo
propuesto se observa en la Figura 4.1

Observacion 10. Es importante destacar, que si bien en el modelo se asume que U, I y'V se encuentran ho-
mogéneamente distribuidas (compartimento), dado que no necesariamente se satisfice un balance de masa
para cada estado (por ejemplo, la produccion de virus libre no implica un decremento de la concentracion
de células infectadas), resulta que el mismo no se corresponde con un esquema de modelado comparti-
mental. En contraposicion resulta andlogo a un modelo de poblaciones [|Murray, 2002|], donde se observa
(i) una relacion predador-presa de la interaccion entre U y V, (ii) relacion de mutualismo de la interac-
cion entre 1y V. Sin embargo, es bueno aclarar, que si redefinimos la tasa de infeccion (V') := BV (+),
con V(-) la carga de virus libre que satisface la siguiente dindmica V (t) = pI(t) — ¢V (t), y circuns-
cribimos los compartimentos a U e I, el sistema podria ser caracterizado bajo un esquema estrictamente
compartimental (con una tasa de transferencia dependiente de la concentracion de virus libre).

Efecto de antivirales

Un aspecto importante relacionado al anélisis del modelo anterior resulta de determinar el tipo de me-
canismos de control que pueden moderar la progresion de la infeccién en el huésped. Entre ellos se dis-
tinguen dos grandes grupos: i) agentes terapéuticos (antivirales, corticoides) [[Canini and Perelson, 2014]
y ii) mecanismos mediadores de respuesta inmunoldgica innata (interferén tipo I) y adaptativa (linfocitos
T citotéxicos, anticuerpos) [Ciupe and Heffernan, 2017]. Si bien, ambos efectos pueden actuar de forma
sinérgica, en el presente capitulo solo consideraremos acciones de control mediadas por agentes terapéuti-
cos, mas precisamente, antivirales. Respecto a estos tltimos, dependiendo de la fase en el ciclo de vida del
virus, pueden modelarse como:

= Agentes mediadores de la infeccién de células susceptibles: 3(1 — 7)) (ej. bloqueadores de receptores
de membrana).
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= Agentes mediadores de la replicacién y maduracién en células infectadas: p(1 — 7)) (ej. bloqueadores
de ARN polimerasa).

siendo 7 la efectividad del antiviral. Es importante destacar, que 7)(t) puede relacionarse con la concentra-
cién del antiviral en el tejido blanco, D(t), mediante modelos de saturacién de receptores. Por ejemplo,
mediante dindmicas de Michaelis-Menten (Seccién 2.4., Apéndice E])

4.2.1. Numero basico de reproduccion

Definicion 3. Dada una poblacion de células susceptibles U (t), se define el numero bdsico de reproduccion
R(t) como la cantidad de células infectadas que se producen a lo largo de la vida-media de una célula
infectada. Para el modelo[d.1|viene dado por:

Bp

R(t) = U(t) %,

“4.4)
Para el caso de condiciones iniciales, t = 0, y asumiendo que una pequeria cantidad de virus libre V es
introducida en un poblacion de células susceptibles, Uy, resulta
RO = UO@ (45)
cd
Antes de proceder a un andlisis dindmico del sistema, resulta de utilidad definir el valor critico de las
células susceptibles U, el cual como se verd mds adelante, es un umbral fundamental para distinguir la
estabilidad del conjunto de equilibrio X.

Definicion 4. Se define el valor critico de U, U,., como
cd
pB’
el cual, para valores fijos de los pardmetros (5, p, § y ¢, es constante y solo dependiente de pardametros del

modelo. Notese ademds que den el nivel criticoU, = %

U, = (4.6)

Observacion 11. Es importante destacar que la expresion matemdtica presentada para R, puede deri-
varse de aplicar el método de matrices generacionales [van den Driessche, 2017 al modelo original. Sin
embargo, en lo que respecta a la estabilidad de los puntos de equilibrio, puesto que dicho método demanda
que los mismos sean hiperbdlicos (a los fines de conservar la aproximacion local de la linealizacion), la
condicion Rg < 1 no es suficiente para caracterizar la estabilidad asintética de los mismos. Por otro lado,
de lo visto en la Seccion y dado que Ry = Uy /U., se anticipa que aquellos puntos de equilibrio
T = (Up, 0,0), cuyo Uy > U, (0 Ro > 1) resultan inestables.

Observacion 12. Respecto a la propagacion del virus, en el Apéndice|D} se demuestra que si el virus estd
en fase de propagacion (V (t*) > 0) con t* € [ty ty), siendo Ty y ty los tiempos donde V (t) alcanza un
minimo y mdximo respectivamente, entonces dado que R(t) es mondtonamente decreciente y R(ty) > 1,
resulta que R(0) > 1 + «(0), para una dada funcién positiva o(-). Esto iiltimo denota una condicion
suficiente para el crecimiento de la carga viral.

4.2.2. Conjunto de equilibrio

Del andlisis del modelo para condiciones de estado estacionario (U(t), I(t) y V (t) igual a cero para
todo ¢ > 0), resulta el siguiente conjunto de equilibrio:

X, :={(U,ILV)eR?}:U € [0,00), I =0, V =0}. 4.7

Realizando un estudio de la estabilidad del conjunto X5 (método indirecto de Lyapunov), se observa que
para aquellos puntos de equilibrio z; := (U, 0,0), con Ug > U,, al menos 1 autovalor de J(z;) := %
presenta parte real positiva (A1 = 0, A2 < 0, A3 > 0). Por ende, el subconjunto de puntos de equilibrio, con
U, > U,, resulta inestable (Figura. Por otro lado, para Uy < U,, si bien, J(z ;) no presenta autovalores
con parte real positiva (A\; = 0, 2 < 0,A3 < 0), dado que tiene un autovalor con parte real cero, no
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Figura 4.2: Conjunto de equilibrio: X = X' U X*" (U* = 1/R))

pueden obtenerse resultados concluyentes respecto a su estabilidad. Sin embargo, del andlisis realizado,
una primera observacién es que el conjunto de equilibrio X, puede ser desagregado en 2 subconjuntos,
siendo

xom o= {(U,L,LV)eX:U€ U.,+x), I =0, V =0}, 4.8)
inestable, y
Xéft = {(U,ILV)eXx:Uelo,U], I=0,V =0} 4.9)

(presumiblemente) estable. Se anticipa igualmente, que aplicando el método directo de Lyapunov a puntos
de equilibrio de X5*, se puede concluir que el mismo es estable. De hecho, como resultado de un andlisis
de atractividad del conjunto X'**, se puede concluir ademds, que resulta asintéticamente estable. Por ese
motivo, a lo largo del capitulo lo denotaremos como X'5*.

4.2.3. Efectividad critica

En el contexto de modelos in-host, se entiende por efectividad critica, al nivel de efectividad del antiviral
tal que por encima de esta se produce el decremento de la propagacion de la infecciéon. Normalmente, suele
interpretdrsela como un punto de bifurcacién del modelo, R (t.) = 1 [Dobrovolny et al., 201 1,[Dahari et al.,
2007} /Canini and Perelson, 2014], tal que para efectividades superiores a la critica, los puntos de equilibrio
sanos resultan asintéticamente estables, mientras que los enfermos inestables. A los fines de caracterizar
este umbral, definamos el numero bésico de reproduccion R al inicio del tratamiento ¢,

Rity) = Ul(ter)p(1 —cgp)ﬂ(l — ). 4.10)

con ity < ti < tv. Entonces los valores criticos de np y N son aquellos para los cuales R(t,.) = 1, es
decir,
co
() = 1— 4.11)
np( ! ) U(ttr)ﬂp
co

Ult)Bp

De las ecuaciones y se puede inferir que 7§ (t:) y n§(t:,) son funciones decrecientes con la
reduccién de U (¢, ). Puesto que U(t,) es monoténicamente decreciente con el tiempo de inicio de trata-
miento, t;,., de la Figura , se observa que 77;5 (t4r) decrece conforme ¢y, — t.. Respecto a esto dltimo, del
andlisis del modelo, vemos que 75 (ts) =~ 1 — ¢d/(Uofp) para ty — toy ng(te) = 1 —co/(U.Pp) =0
para ty, — ty (te = ty).

nG(te) = 1- (ter). (4.12)

Observacion 13. Si bien, la efectividad critica fue definida como un umbral, tal que para efectividades
superiores a la critica, R(ty,) < 1, vemos que esta condicion tiene implicancias tanto en i) la propagacion
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Figura 4.3: ) (t4,) vs t;, correspondiente a 9 pacientes COVID-19

del virus, como asi también, en ii) la estabilidad del conjunto de equilibrio. Respecto a i), adoptando el
modelo aproximado (véase Seccion 7.2., Apéndice@), resulta V (ty,.) = (R(ty.)—1)8V (). Por ende, para
efectividades ny(ter) > 0y (ter) (0 1 (ter) > NG (ter)) V(tr) < 0 por lo que se produce el decremento de la
propagacion de la infeccion. Respecto a i), sea Xs(ty) := [0, U (ts)] el conjunto de equilibrio admisible al
momento del tratamiento, vemos que para efectividades superiores a la critica, U (t) < U(t) := p(1 —
ny(ter))B/(cd), por lo que (siguiendo resultado Seccion X (ts) resulta asintdticamente estable. Es
decir, para este modelo, puede interpretarse la efectividad critica como un punto de bifurcacion transcritica
para el modelo UIV.

4.2.4. Positividad de la soluciones

Si bien, en los trabajos (Apéndices D] [E]y [F), se asumi6 que dadas condiciones iniciales zo = (U (to),
I(to),V(tg)) € X := IR2,, la solucién del sistema z(t) := (U(t), I(t), V(t)) € X pertenece al conjunto
X para todo t > t(, es importante aclarar que, siguiendo a [Nangue, 2019]) puede demostrarse (desigualdad
diferencial) la positividad de la solucién para todo tiempo. De esta forma, vemos que X := IR?;O es un
conjunto invariante (positivo) para el modelo UIV. N

4.3. Estabilidad asintética del conjunto de equilibrio

A continuacién procederemos a caracterizar la estabilidad y atractividad del conjunto de equilibrio Xj,
extendiendo el concepto de estabilidad € — § de puntos de equilibrio a conjuntos de equilibrio. Nétese que
debido a la compacidad del conjunto, bastard con demostrar la estabilidad de sus puntos para generalizar la
estabilidad de este dltimo. Respecto a la atractividad, puesto que todo conjunto que contenga un subconjunto
atractivo, es también atractivo, a los fines de caracterizarla procederemos a determinar atractividad del
minimo conjunto atractivo (subconjunto) contendido en el mismo. Como se verd a lo largo de esta seccion,
puesto que este subconjunto es estable, se anticipa que serd el Unico conjunto asintéticamente estable del
modelo bajo andlisis.

4.3.1. Estabilidad ¢ — ¢

Puesto que el método de indirecto de Lyapunov no puede emplearse para determinar la estabilidad local
del conjunto X'$* (autovalor igual a cero) se propone realizar el andlisis empleando el método directo de
Lyapunov. En este punto, es importante destacar que si bien el objetivo es estudiar la estabilidad local € — §
del conjunto X (Definici6n [5), debido a la compacidad (cerrado y acotado) de este dltimo, bastard con
estudiar la estabilidad local de sus puntos.

Definiciéon 5 (Estabilidad local € — 6 de X;). Considérese el sistema restringido por X. Un conjunto
de equilibrio cerrado, Xs C X, es € — § localmente estable si para todo € > 0 existe § > 0 tal que si
x|l x, < 0 entonces ||¢(t; )| x, < € para todot > 0.
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Figura 4.4: Funcién de Lyapunov, J ()

Sea® = (U,0,0) un punto de equilibrio perteneciente al conjunto X (con U € (0, Up)). Para evaluar
la estabilidad del mismo, proponemos una funcién candidata de Lyapunov, dada por

]

J(x) :=U—U—Uln(U)+I+§V.

U
la cual es continuamente diferenciable en un dominio X', y satisface i) J(z) = 0 parax = Z y ii) J(z) > 0
para todo x € X — & (véase. Figura[4.4). Evaluando la derivada de J(-) a lo largo de una trayectoria ()
solucion del sistema[.1] resulta

Ja(o) = 5 = vies (0~ 22) =vins (0 ).

De la expresién de .J(x(t)), se destaca que su dependencia con la trayectoria x(t) = (U(t), I(t), I(t))
viene dada por V' (t). Por ende, independientemente del valor del parametro U, .J(z(t)) = 0 para V (t) = 0.
Entonces para cualquier condicién inicial z(0) € X, (V(0) = I(0) = 0), resulta que V(¢) = 0 para todo
t > 0. Por ende, J(z(t)) = 0 para cualquier z(0) € X,, es decir, no solo resulta nula para z(0) = Z,
sino para todo z(0) € X,. Esto implica que no es cierto que J(x(t)) < 0 para cada = # Z, por lo que
puede adelantarse que los puntos de equilibrio del conjunto X (o mas particularmente, X'*%) no pueden ser
asint6ticamente estables.

Por otro lado, para 2:(0) ¢ X, vemos que .J(z(t)) es negativa, cero o positiva, dependiendo de si U
es menor, igual o mayor que U, g , respectivamente. Nétese que esto se satisface para todo x(0) € X

y para todo ¢ > 0. Particularmente, para cualquier punto de equilibrio Z € X5, vemos que J (z(t)) <0
(siendo J(z(t)) = O parael caso Z = (U, 0,0) = (U, 0,0)). Por ende, se puede concluir que cada & € X
es localmente € — § estable. Por otro lado, puesto que .J((t)) > 0 para todo Z € X", el conjunto X" es
inestable (tal como se demostr6 en la SecciénF.2.72).

Observacion 14. Notese que si U = 0, es decir, T = (0,0,0), el funcional anteriormente definido no
resulta una funcion candidata de Lyapunov. Por ende, para estudiar la estabilidad € — § se puede emplear
la siguiente funcion J(x) = U—I1+3/pV. Procediendo de forma andloga, se demuestra que el T = (0,0, 0)
es un punto de equilibrio estable para el modelo[d.1)

Finalmente, puesto que cada estado en X'** es localmente € — § estable, y dado que X'** es compacto,
el conjunto de equilibrio X;t resulta locamente estable. Para mas detalle, remitirse a la Seccién 2.3.4.,
Apéndice[H

4.3.2. Atractividad

A continuacién, procederemos a caracterizar la atractividad del conjunto de equilibrio, Xs. A diferencia
de la prueba de estabilidad, donde la estabilidad de un conjunto compacto puede ser determinada en base a la
estabilidad de sus puntos, para el caso de la atractividad, esta no es una condicién suficiente. Es decir, dado
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Us(Uo)

Figura 4.5: Funcién Us (U, V) para diferentes valores de €, para U € [0, Umsx], V = € e I = 0. Se destaca que el
supremo de U (dado por U,.) es alcanzado paraU =U.e [ — 0.

un conjunto atractivo (en el sentido de la Definicién @, no necesariamente todo conjunto cerrado contenido
en el mismo (por ejemplo, un punto de equilibrio) debe ser atractivo. De hecho, del andlisis realizado en la
Seccién4.3.1} vemos que los puntos del equilibrio del conjunto X'*! no son atractivos, aunque como se verd
a continuacién, X' como conjunto satisface esta propiedad.

Definicion 6 (Atractividad local X,). Sea el sistema restringido por X y un conjunto Y C X. Un
conjunto de equilibrio cerrado Xs C X es atractivo en Y si limy_, ||¢(t; )|l x. = 0 para todo x € Y. Si
Y es una e-vecindad de X4 para algiin n > 0, decimos que X es localmente atractivo.

Dado un conjunto atractivo, a los fines acotar el conjunto de condiciones iniciales que convergen asin-
téticamente al mismo, suele especificarse su dominio de atraccién (DOA). Es decir, dado conjunto atractivo
para el sistema se define su DOA al conjunto de estados iniciales z tales que ||¢(¢; x)||x, — O con-
forme ¢ — oo. Si bien, para el caso presentado puede determinarse de forma analitica el DOA, para la
mayoria de las aplicaciones, solo puede obtenerse una estima del mismo (por ejemplo, mediante el uso de
curvas de nivel de una funcién de Lyapunov) [Haddad and Chellaboina, 2008|]. Frente a esta situacién, suele
emplearse el término de regién de atraccion para denotar cualquier conjunto contenido en el DOA.

Analizando el modelo .| para condicién a tiempo infinito resulta

W (—cU (ty)e— WU to)+1(to)+ 3V (o))
Uso(0,U(t0), I(tg), V(to)) = — ( (to) )

g

donde W (+) es la rama principal de una funcién de Lambert y (U (o), I(to), V(o)) una condicién inicial
arbitraria (to > 0). Sea §2(¢) un dominio de X, tal que para cada € > 0, viene dado por:

Qe)={U,I,V)eX :I>¢V >c}.

Entonces, acorde al (Lemma 2.7., Apéndice puede demostrarse, que para cada e > 0, la funcién Uy (o,
ULV):=-W(—f(U,I,V))/o,con f(UI,V) = oUe °UFI+3/PV) alcanza un maximo en Q(¢) dado
por Uso (U, €, €). En particular, el valor maximo de U, sobre £2(0) viene dado por U, (U*,0,0) = U,, con
U. = 1/0. De esta forma, dada una condicién inicial arbitraria, (to) = (U(to), I(to), V (t9)), vemos que
Uso(0,Ul(to), I(to), V(o)) € [0,U.]. Basados en este resultado, se puede probar que X'5* es un conjunto
atractivo en X', es decir, que lim; o [|¢(¢; )| xs+ = O para todo x € X'y valores de o (véase Seccién
2.3.3., Apéndice [F). Por otro lado, considerando una condicién inicial (U*,I(to),0), con I(tg) > 0,y
teniendo en cuenta que W (-) es una funcién biyectiva, puede demostrarse que para todo z; € X5t existe
un condicién inicial I(ty) > 0 tal que (U*, I(t), 0) converge a x5. Por ende, dado que cada punto interior
de X5 es necesario para su atractividad, el minimo conjunto atractivo del conjunto de equilibrio, X, viene
dado por X5¢.

4.3.3. Estabilidad asintética de X'

Finalmente, puesto que X! es (i) el dnico conjunto ¢ — § estable de X, y (ii) ademas el minimo conjunto
atractivo, resulta que es el mdximo conjunto asintoticamente estable del modelo @] con un dominio de
atraccién (DOA) dado por X\ X'*™. Por otro lado, X" es inestable.
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4.4. Tratamiento con antivirales

Con el modelo caracterizado, en esta seccion, procederemos a analizar el efecto de los antivirales. Como
se anticipd en la introduccién, los mismos modifican la dindmica del modelo, dependiendo su interaccién
en el ciclo de vida del virus. En esta seccion, estudiaremos el comportamiento transitorio del modelo para
infecciones agudas considerando efectividades sub y supracriticas. Ademds, presentaremos una estrategia
de control -basada en el andlisis de estabilidad del conjunto de equilibrio X- tal que se posibilita, para un
esquema de administracion de antiviral en tiempo finito, el cumplimiento de objetivos de control relaciona-
dos con (i) la prevencién de rebrotes de la carga viral al discontinuar el tratamiento y (ii) minimizar el pico
de la carga viral.

4.4.1. Efectividad del tratamiento con antivirales
Caracterizacion de la efectividad

Con la efectividad critica definida (ver Seccién f.2.3) se procedié a estudiar el comportamiento dina-
mico del modelo para efectividades supra y subcriticas. Respecto a las primeras, se noté que conforme la
efectividad del antiviral se incrementa, la velocidad de descenso de la carga viral es mayor. Esto tltimo
contribuye a i) un menor tiempo de infeccion y ii) a un aumento de las células sanas al final de la infeccién.
Por ende, este tipo de efectividades es compatible con una reduccién de los sintomas y del tiempo que el
paciente propaga la infeccién en la poblacién (implicancias epidemioldgicas). Por otro lado, para efecti-
vidades subcriticas, se denotd la existencia de una tiempo (1 < ty) tal que para tratamientos iniciados
durante intervalos menores a ¢t se produce un incremento monotdénico del tiempo que el paciente estd ac-
tivo conforme la efectividad tiende por arriba a la critica. Esto dltimo puede explicarse, dado que para este
tipo de efectividades, la dindmica de la propagacion del virus experimenta un enaltecimiento, que si bien
no es suficiente para producir su decrecimiento, disminuye la tasa de propagacion a una relacién del orden
de magnitud que la tasa de clearance del mismo.

Caracterizacion de la efectividad considerando efectos combinados

En esta instancia se caracteriz6 una efectividad critica considerando efectos combinados, es decir, an-
tivirales con mds de un blanco en el ciclo de vida de la carga viral. Particularmente, se estudi6 el efecto
en la reproduccién (ARNpolimerasa) y en el contagio (receptores de membrana) para distintas efectivida-
des. Se observaron comportamientos dindmicos similares respecto al caso anterior conforme la efectividad
combinada tiende a la critica.

4.4.2. Control 6ptimo por intervalo simple

A pesar de que la caracterizacién presentada anteriormente fundé las bases para el estudio de la alte-
racién de la dindmica de una infeccién mediante un tratamiento (accién de control), tenia como principal
limitante que se restringia a tratamientos de duracién infinita. Por ende, ante una interrupcion del tratamien-
to, existia un riesgo que se produzca un rebrote de la carga viral (principalmente, en el caso que las células
susceptibles al final del tratamiento estuvieran por encima del nivel critico -equilibrio inestable-). Frente a
esta situacion, en la siguiente seccidn, se calcula una accién de control para tratamientos de duracién finita,
tal que se asegura que una vez discontinuada, el rebrote de la carga viral es evitado.

Tratamiento con antivirales: esquema impulsional

Considerando el modelo [4.1] a lazo cerrado bajo un esquema de administracién impulsional de antivi-
rales (ejemplo, toma de pastillas/infusiones intravenosas) [Rivadeneira et al., 2018||Hernandez-Mejia et al.,
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Figura 4.6: Esquema del modelo UIV con tratamiento antiviral

2019], resulta el siguiente sistema de control impulsivo:

U(t) = =B =n)UMV (L), t# ty, (4.13a)
I(t) = B =) U@V () = 8I(t), t# tx, (4.13b)
V(t) =pI(t) — cV(b), t+#ts, (4.13¢)
D(t) = —6pD(t), t # t, (4.13d)
D(ty) = D(t;, ) + up—1, k€l (4.13e)

donde D(t) representa la concentracién de la droga en el compartimento circundante al 6rgano blanco, dp
su tasa de eliminacién (o clearance), y uy la dosis del antiviral en el tiempo t; := kT, con 7" > 0 un
intervalo de suministro fijo y £ € I. Notese que ¢, denota el tiempo justo antes de ¢, es decir, D(t;/) =
lfm5_>0+ D(tk - (5)
Dada la concentracién D(t), el efecto de la misma n(t) en el ciclo de propagacién del virus, se modela
por:
D(t)

n(t) = D(t) + ECso (4.14)

siendo EC5 la concentracion de la droga correspondiente a una efectividad del 50 % de su médxima efecti-
vidad. Se asume que 7)(t) € [0, Pmax), €ON Nmax < 1. Un diagrama esquemético del modelo propuesto se

detalla en la Figura[4.6]

Objetivo de control

Los objetivos de control para infecciones agudas pueden ser definidos de distintos tipos. Dado que el
pico de la carga viral se encuentra intimamente ligado con la severidad de la infeccion y la inefectividad
del huésped para neutralizar la infeccién, es comiin considerar objetivos tendientes a minimizar el pico. Sin
embargo, bajo este tipo de paradigmas, el nivel de células susceptibles al final de la infeccién podria quedar
por encima U,, por lo que al discontinuar el tratamiento existiria un rebrote de la infeccién. Frente a este
marco contextual, y basados en la caracterizacién dindmica del modelo, definimos el siguiente objetivo de
control:

Definicién 7 (Objetivo de control). Sea el sistema a lazo cerrado el objetivo de control consiste en
(1) maximizar el valor de las células susceptibles al final de la infeccion, Usc, y (2) minimizar el pico de la
carga vial, V. Estos objetivos serdn denotados como Objetivo 1y Objetivo 2, respectivamente.

Como se enuncié en la seccion anterior, los antivirales afectan la tasa de infeccién 3 mediante el factor
tiempo-variante (1 — n(¢)). De esta forma, el nimero de reproduccién (relativo) o resulta también variante
con el tiempo, y viene expresado por

o(t) == W. (4.15)
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En este punto, es importantes aclarar, que a lo largo de esta seccién denotaremos con, ¢ (0), al nimero de
reproduccién (relativo) al inicio de la infeccién (es decir, correspondiente al caso sin accién terapéutica
ug = 0y = 0). Sea ug una accién de control de intervalo simple,

0 fortx €10,¢;),
Ug = u(tk) = u; forty € [ti,th (4.16)
0 forty € (ty,00).

con t; < t(c(0)), siendo #(c(0)) el tiempo de pico del virus libre V() (bajo condiciones sin administra-
cién de antiviral), u; € [0, Umax] (Umax maxima dosis admisible) y ¢ ¢ tiempo (finito) de interrupcién del
suministro. Se destaca que para tiempos mayores a ¢ s, u(ty) = 0, por lo que n(t) — 0, y consecuentemente
o(t) = o(0).

Por ende, dados los objetivo de control (Definicién [7), la meta principal serd computar el perfil de
tratamiento uy, tal que el mismos puedan ser satisfechos.

Estrategia de control: Objetivo 1

En lo que respecta a este objetivo, en una primera instancia (véase Seccién 2.5.1., Apéndice [F), se pro-
pone una dosis de antiviral u¢ = u9(t;) (GAD, del inglés, goldilocks antiviral dose), tal que si es aplicada
para un tiempo t; < (c(0)), el nivel de células susceptibles al final de la infeccion, Uy, (a8, U(t;), I(t;),
V(ti)) = Ue, con o2 determinado por u?. Por ende, bajo este esquema de suministro, se logra maximizar
el nivel de células susceptibles al final de la infeccion, sujeto a evitar el rebrote de la infeccién al inte-
rrumpir el tratamiento en el tiempo ¢ ;. Esto dltimo se debe, a que mediante uY, se guia al sistema en lazo
cerrado al conjunto de equilibrio estable X'** (sin antiviral). Sin embargo, puesto que mediante u9
se logra la convergencia asintdtica al conjunto de equilibrio, vemos que ¢ resultaria infinito. En vistas de
esta situacién, y bajo la asuncién de un tiempo (finito) de tratamiento, resulta mas oportuna la propuesta
de un esquema de suministro, u; (con ¢ finito), tal que el estado del sistema (U (t¢), I(ts),V (ty)) se en-
cuentre arbitrariamente cerca de (U, 0, 0). Puesto que bajo este escenario, el sistema [4.13] alcanzarfa una
condicién de quasi-estado estacionario (QSS, del inglés, quasi-stationary state) E] al final del tratamiento,
se denomina a tal esquema terapéutico esquema de tratamiento quasi-optimo de intervalo simple. Para mas
detalle, en (Seccién 5.1., Apéndice [F) se contrastan esquemas terapéuticos respecto a este tltimo, tal que
a) (U(ty),I(ty),V(ty)) en condicion QSS 'y U(ty) < U., b) (U(ty),I(ty),V(ts)) en condicion QSS y
U(ty) > U, yc) (U(ty), I(ty),V(ts)) no alcanza condicién QSS (interrupcion temprana del tratamiento,
iy reducido).

Estrategia de control: Objetivo 2

En lo que respecta al Objetivo 2, puesto que el drea bajo la curva de la carga viral AUCYy, := | tif V(t)dt ~
1[2(U(t;) — U(ty))], vemos que para un mismo nivel U(ty), dependiendo del esquema de suministro du-
rante el intervalo [¢;,¢s], podrian obtenerse miltiples comportamientos transitorios. Esto da cuenta que el
Objetivo 1 puede ser independiente del Objetivo 2 (principalmente al emplear acciones de control de inter-
valo miltiple, Seccion 5.2., Apéndice[F). Por otro lado, es importante aclarar, que para el caso de una accién
de control de intervalo simple, el pico de la carga viral V' (t,) se encuentra biunivocamente relacionado con
U(ty) (Apéndice @ por lo que cumplimiento del Objetivo 1, U(ts) = U, restringe el cumplimiento del
Objetivo 2 a un V' (¢,) en concordancia con U (t5) = U,.

4.5. Resultados de simulacion
A los fines de tener un mayor grado de comprensién de los conceptos presentados a lo largo del ca-

pitulo, a continuacién se presentan ensayos de simulacién considerando el modelo UIV con pardmetros
identificados de pacientes COVID-19 (para mayores precisiones referirse a los Apéndices [D] [E]y [F).

Dado un sistema dindmico con escalas temporales rapidas y lentas, se dice que el mismo se encuentra en una condicién de quasi-
estado estacionario (QSS), cuando puede asumirse que la dindmica rapida estd en condicién de estado estacionaria respecto a la lenta
(aunque esta ultima se encuentre en fase transitoria) [Kokotovi¢ et al., 1999|
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4.5.1. Comportamiento dindmico: pacientes SARS-CoV-2

De la Figura se observa que el estado U (t) converge al conjunto X'*t, aunque resultados variados
son obtenidos para los distintos pacientes. De hecho, puede advertirse que el nivel de células susceptibles
al final de la infeccién U, se encuentra reducido para pacientes con elevado nimero de reproduccién R
(independientemente que en todos los casos, se asume el mismo nivel de células susceptibles al inicio de la
infeccién Up). Esto puede ser explicado por el hecho que W (Rge™¢) es una funcién monoténicamente
decreciente con Ry > 1, y en consecuencia, 0 < Uso(Ro1) < Uso(Ro2) para Ro1 > Ro2 > 1 (Seccién 5.,
Apéndice[D).
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Figura 4.7: Evolucién dindmica de células susceptibles para modelo UIV identificado con datos de 9 pacientes COVID-
19 [Wolfel et al., 2020].

4.5.2. Tratamiento con efectividades sub y supracriticas

En este caso, la Figura .8 muestra la evolucién de la carga viral (simulada) correspondiente a 9 pa-
cientes COVID-19, cuando el tratamiento es iniciado al momento de deteccién (PCR positivo) (¢, = tpr,
siendo tpy, el tiempo en que la carga viral V(tpr) = 100 copias/mL). Puesto que v <ty < t° <ty
(0,3fv ~ 0,40t°), el sistema se encuentra bajo las hipétesis del Teorema 3.1. (véase Seccién 3., Apéndice

. De esta forma, se visualiza que para efectividades superiores a la critica (), > U;(ttr)) se produce un
decremento de la carga viral al momento del inicio del tratamiento. Ademds, conforme 7, — 7y (t) el
tiempo de duracién de la infeccién experimenta un incremento (producto de enaltecimiento de la propaga-
cién del virus). Por otro lado, para efectividades (17, < ng(ttr)) vemos que si bien, el tiempo de pico se
reduce, la amplitud de la carga viral aumenta, por lo que es esperable una mayor severidad de la infeccién
(para mds detalle, remitirse a la Seccién 5., Apéndice [E).

4.5.3. Control 6ptimo por intervalo simple

Finalmente, de la Figura[4.9] se observa el esquema de tratamiento considerando una accién de control
quasi-6ptima. Se destaca que el nivel de células suscpetibles al final de la infeccién alcanza una condicién
QSS (U(ty) =~ U, = 1/05(0)). Por ende, al discontinuar el tratamiento (t; = 30 h), se evita el rebrote de la
carga viral (véase Seccion 6.3, Apéndice [F).
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Figura 4.8: Evolucién de la carga viral cuando el tratamiento es iniciado en (¢, = tpr) para distintas efectividades
7p (en linea negra se denota el caso no tratado).
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Figura 4.9: Evolucién de carga viral para el paciente A, con u; = v’ = 10,5 mg de antiviral (esquema de tramiento
quasi-éptimo por intervalo simple).
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Conclusiones

La propuesta de estrategias de control y estimacién en sistemas biomédicos conlleva un anélisis dina-
mico del modelo a emplear a los fines de determinar la controlabilidad, identificabilidad y observabilidad
del mismo. A lo largo de esta tesis, tales aspectos fueron estudiados, tomando como ejemplos particulares
el caso del suministro de insulina en diabéticos tipo 1 y la caracterizacién de un modelo dindmico para la
descripcion de infecciones virales. Respecto a los objetivos particulares, se pueden discutir los siguientes
resultados:

= En lo que respecta al objetivo particular 1, se pudo vislumbrar la importancia del andlisis de modelos
dindmicos de la relacién glucosa-insulina previo a intentar controlarlos. Por otro lado, los mismos
pudieron ser identificados y relacionados estructuralmente con modelos maximos usualmente em-
pleados en la bibliografia para la representacién de pacientes diabéticos tipo 1.

= En lo que respecta al objetivo particular 2, se logr6 efectuar el control mediante un controlador pul-
satil por zonas, observandose la factibilidad de emplear equilibrios generalizados como objetivos de
control. Se formularon observadores de perturbacién para la compensacién de diferencias paciente-
modelo, denotdndose que los mismos posibilitan una estima de los estados relacionados a perturba-
ciones exdgenas no modeladas.

= En lo que respecta al objetivo particular 3, se formul6 una restriccion para la insulina a bordo tiempo-
variante, la cual dada un evento de comida combina un perfil exponencial con un perfil constante,
lo cual incrementa la controlabilidad del sistema. Para este tipo de restriccion se propuso un versién
adaptativa. Puesto que tanto el empleo del costo asimétrico y la restriccién pueden interpretarse como
estrategias de mitigacién de riesgos, como trabajos futuros, seria oportuno extender la propuesta de
otro tipo de estrategias de mitigacion de riesgos. De hecho, seria conveniente extender el disefio
considerando controladores tolerante a fallas.

= Respecto al objetivo particular 4, mediante el uso de trayectorias basales como objetivos de control,
se logré extender la formulaciones al caso de variaciones circadianas en la sensibilidad a la insulina.
Esto posibilité: a) mejorar la performance en entornos con variabilidad periédica respecto a formula-
ciones con modelos LTI -adecuando los suministros de insulina acorde a la franja horaria-, b) brindar
garantias de convergencia asintética a trayectorias basales alcanzables (seguridad) e ¢) incrementar el
dominio de atraccién del sistema a lazo cerrado (lo que posibilita preservar la factibilidad del proble-
ma frente a modos de falla que puedan poner el sistema fuera de su dominio de atraccidn, ej. comidas
no anunciadas, desconexién guia suministro). Respecto a esto tltimo, actualmente se estan formulan-
do invariantes de tracking para sistemas periddicos, lo que posibilitaria relajar el requerimiento del
alcanzar una trayectoria basal terminal (ej. de utilidad en entornos perturbados).

= En lo que confiere al objetivo particular 5, se caracteriz6 el conjunto de equilibrio para un modelo
de infecciones agudas, demostrandose la estabilidad asintética de un subconjunto de éste. Como
trabajos futuros seria oportuno caracterizar tales modelos considerando efectos inmunolégicos de
forma explicita.

= En lo que respecta al objetivo particular 6, extendimos el concepto de efectividad critica al caso di-
namico, demostrandose la existencia de una efectividad critica para modelos de infecciones agudas.
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Ademas se formaliz6 la existencia de un tiempo temprano tal que se cumple el crecimiento monoto-
nico de la duracién de la infeccion.

Respecto al objetivo particular 7, se formul6 un perfil de suministro de la insulina por intervalo simple
que maximiza la concentracién de células susceptibles al final de la infeccién (evitando rebrote de
esta al discontinuar el tratamiento). Dado que este esquema de infusién limita la minimizacién del
pico de la carga viral, como trabajos futuros resultaria pertinente explorar acciones de control por
intervalo mdltiple.



Capitulo 6

Contribuciones

6.1. Paper A

En este trabajo se presenta una formulaciéon de MPC pulsatil con garantia de estabilidad para el con-
trol glucémico de pacientes diabéticos, tanto en configuraciones (i) hibridas (anuncio de comida de modo
feedforward), como (ii) full closed-loop (lazo cerrado puro, sin anuncio de comidas). Como modelo de
prediccion, se emplea un modelo de largo término el cual surge de suposiciones de linealidad y anélisis
de estado quasi-estacionario (QSS) para el modelo de Bergman extendido (ej. modelo de Bergman con
subsistemas de comidas e insulina subcutanea). Ademas, como rutina de identificacion, debido a limitan-
tes de identificabilidad practica del modelo, se realiza una regularizacién de la funcién objetivo basada en
informacidn ’a-priori’ de los pardmetros a estimar (los cuales se pueden vincular explicitamente con he-
rramientas de soporte al FIT -conocidas para el paciente en cuestién). Por otro lado, debido a diferencias
planta-modelo, se formulé un observador de perturbacién con restricciones de positividad, tanto para com-
pensacién de offset de salida como para compensacion del error/no aviso en la ingesta de carbohidratos.
Finalmente, empelando un MPC estable por zonas bajo suministro pulsétil, se procedié a valorar el de-
sempefio de la estrategia frente a distintas condiciones en el aviso de comida (sin error/con error/no aviso)
y contemplando variaciones paramétricas de la sensibilidad a la insulina. Esta linea de investigacion fue
presentada en [Godoy et al., 2018al/Godoy et al., 2018bl/Abuin et al., 2019], dando lugar a las siguientes
publicaciones [Rivadeneira et al., 2019,/Abuin et al., 2020b].

6.2. Paper B

En este trabajo [Abuin et al., 2023]], se presenta una version mejorada de la propuesta previa. Se incluyen
dos novedades principales, (i) una restriccién de insulina a bordo (IOB) variante en el tiempo, que promueve
la administracién de insulina distinta de cero después de una infusién de bolo estdndar (aumentando la
controlabilidad del sistema durante periodos posprandiales) y (ii) una versioén con restricciones suaves del
controlador con garantias de estabilidad. Se propone ademds, un método para configurar la restriccién
basado en informacién de conteo de carbohidratos, y se proporciona un algoritmo de ajuste de la amplitud
de la restriccién acorde a informacién de la tasa de cambio de la glucemia.

6.3. Paper C

Dado que para el sistema analizado, bajo variaciones temporales en la sensibilidad a la insulina, no
existirfa una infusién basal admisible tal que el sistema permanezca en un equilibrio para todo tiempo, se
propone una extensioén del conjunto invariante objetivo mediante una secuencia de conjuntos invariantes.
Motivados por la periodicidad de la variacién circadiana de la sensibilidad a la insulina, se opt6 por emplear
trayectorias basales periddicas como conjunto objetivo. En base a esta hipdtesis de trabajo, resulté natural
extender el problema de control a una estrategia de control predictivo para seguimiento de trayectorias. En
este punto, se optd por emplear dos versiones de MPC para seguimiento de trayectoria, donde en ambos
casos se computa una trayectoria objetivo periddica (factible), aunque en solo una se la emplea como varia-
ble de decisién durante la ejecucién del controlado, incrementando de esta forma el dominio de atraccion.
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Se destaca que esta formulacion también puede operar con modelos invariantes en el tiempo (LTI), conser-
vando las garantias, y de hecho para este caso, respecto a MPCs para tracking se logra un incremento del
dominio de atraccién significativo. Como otra contribucién de la linea de trabajo, se propuso una estrategia
de estimacion de pardmetros offline (semi-paramétrica) para modelo variante en tiempo (LTV) basada en
un condicionamiento del pardmetro que determina la sensibilidad a la insulina, con una regularizacién del
costo acorde a informacién ’a-priori’ (ej. pseudo-periodicidad, restriccién de constante a tramos, valores
factibles/uso de informacién a priori relacionada a herramientas FIT). Es importante aclarar que debido a
la caracteristica estable de estos sistemas, y teniendo en cuenta que la perturbacién (comidas) es asintoti-
camente convergente al cero, se pueden relajar las restricciones terminales, aumentando de este modo el
dominio de atraccién del lazo cerrado (sin perder garantia de estabilidad y factibilidad recursiva). Un pri-
mer abordaje al problema de variaciones circadianas, siguiendo la estrategia de referencias variante en el
tiempo, fue presentado en [Abuin et al., 2020c]|. Por otro lado, una versién actualizada de la linea de trabajo,
fue presentada en el congreso de IFAC2022 [Abuin et al., 2022b]], y actualmente, estd en preparacion un
trabajo [Abuin et al., 2022c¢]|| para ser enviado a una revista especializada.

6.4. Paper D

En este trabajo se abord¢ la caracterizacién dindmica, tanto en estado estacionario como en condiciones
transitorias, de un modelo compartimental “in-host” para infecciones agudas limitado por células. Puesto
que del andlisis de estado estacionario se vislumbro la existencia de un conjunto de equilibrio sano, en lugar
de equilibrios aislados (sanos y enfermos), se opt6 por realizar el andlisis de estabilidad en base a conjun-
tos. Se detectaron dos subconjuntos de equilibrio (estable e inestable) dependiendo de si el nivel inicial de
células susceptibles se encontraba por encima o por debajo de un umbral critico, el cual es un valor fijo,
solo dependiente de los parametros del modelo. Para el subconjunto estable, debido a la imposibilidad de
caracterizarlo mediante método indirecto de Lyapunov (existe un autovalor nulo), se opt6 por proponer una
funcién de Lyapunov (utilizada en modelos epidemioldgicos), demostrando la estabilidad de cada punto de
equilibrio del conjunto. En este item, es importante aclarar, que debido a la compacidad del conjunto, se pu-
do inferir la estabilidad (épsilon-delta) del conjunto en base a la mera estabilidad (épsilon-delta) de puntos
de equilibrio pertenecientes al mismo. Por otro lado, mediante el uso de funciones de Lambert, fue posible
demostrar la atractividad del conjunto de equilibrio, y mds atin, la existencia de un minimo conjunto atrac-
tivo, que de hecho, es coincidente con el subconjunto de equilibrio estable. De esta forma, se pudo concluir
que el subconjunto de equilibrio estable es a la vez el tinico conjunto asintéticamente estable del modelo en
cuestion (estabilidad), lo que permite interpretar que una vez iniciada a la infeccién (independientemente
del nimero de reproduccion), el nivel de células susceptibles concluida la infeccién convergera asintdti-
camente a este subconjunto de forma global. Ademads, se incluyé un andlisis de la evolucién de la carga
viral, demostrando que atin para ciertas combinaciones de los pardmetros el virus podria no propagarse, y
se obtuvieron condiciones para que esto ocurra. Los trabajos [[Abuin et al., 2020a] y [Pérez et al., 2022] se
corresponden con resultados de esta linea de investigacion.

6.5. Paper E

En esta linea de trabajo, aprovechando la caracterizacién dindmica del modelo para infecciones agudas,
se procedié a evaluar la existencia de una efectividad critica, ¢(s, ), dependiente del tiempo de tratamiento
(t4-). Empleando un modelo aproximado (previo andlisis QSS, bajo el supuesto que la tasa de clearance
del virus libre (c) es significativamente mayor que la tasa de muerte de células infectadas (9)) se demostrd
que para efectividades supracriticas, 7(ts.-) > n°(ts-), la carga viral es estrictamente decreciente, alcanzado
su valor maximo en t;,.. Mdas audn, se evidencié un aumento monotdnico de la tasa de decrecimiento del
virus libre conforme 7)(;,) tiende a la maxima efectividad admisible. Por otro lado, para efectividades
subcriticas, n(ttr) < n°(ts), y bajo supuesto de t;, < t°¢ < i, (siendo t° una cota para el tiempo de inicio
de tratamiento y ty el tiempo de pico del virus libre sin tratamiento) se reporté un aumento del tiempo de
pico con tratamiento, fy4, > v, conforme 7(tr) tiende a 7°(;,.) por defecto. En este punto, es importante
aclarar, que si bien (i) el tiempo deteccion de carga viral es mds prolongado respecto al caso no tratado
-lo que tendria implicancias epidemiolégicas, requiriendo un mayor tiempo de aislamiento del paciente
tratado-; (ii) el pico de la carga viral y la fraccién de células infectadas al final de la infeccién (indicador de
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severidad) son menores, lo que da indicios de un compromiso entre objetivos contrapuestos (i) y (ii) para
efectividades subcriticas. El articulo [|Abuin et al., 2021]] corresponde a esta linea de trabajo.

6.6. Paper F

En este trabajo, se formalizé la caracterizacién del conjunto de equilibrio para el modelo de infecciones
agudas limitadas por células. Ademads, del andlisis del modelo, se formularon objetivos de control orientados
a 1) maximizar el nivel de células susceptibles al final de la infeccién, Uy, y 2) minimizar el pico de la
carga viral V. Posteriormente, y bajo la consideracién de dindmicas impulsionales, se idearon acciones de
control por intervalo simple orientadas al cumplimiento de tales objetivos, sujeto a evitar el rebrote de la
infeccién al discontinuar el tratamiento. Respecto al objetivo 1, se estudié la existencia de una (Gnica) dosis
de antiviral (denominada goldilock antiviral dose) tal que se evita el repunte de la carga viral, discontinuado
el tratamiento, y se maximiza la disponibilidad de células susceptibles al final de la infeccidn. Respecto al
Objetivo 2, previo andlisis del drea bajo la curva de la carga viral, pudo concluirse que para esquemas de
infusién por intervalo miiltiple, resulta independiente del Objetivo 1.
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Abstract

This work presents a pulsatile Zone Model Predictive Control (pZMPC) for the control of blood
glucose concentration (BGC) in patients with Type 1 Diabetes Mellitus (T1DM). The main nov-
elties of the algorithm - in contrast to other existing strategies - are: (i) it controls the patient
glycemia by injecting short duration insulin boluses for both, the basal and bolus infusions, in an
unified manner, (ii) it performs the predictions and estimations (critical to anticipate both, hypo
and hyperglycemia) based on a physiological individualized long-term model, (iii) it employs
disturbance observers to compensate plant-model mismatches, (iv) it ensures, under standard
assumptions, closed-loop stability, and (v) it can be used - under minor modifications -as an opti-
mal basal-bolus calculator to emulate conventional therapies. Because of the latter characteristic,
a significantly better performance is achieved, not only in terms of classical indexes (time in the
normoglycemia zone, avoidance of hypoglycemia in the short term, avoidance of hyperglycemia
in the long term) but also in terms of its applicability (use of the pump or injections). Such a
performance is tested in a cohort of in-silico patients from the FDA-accepted UVA /Padova simu-
lation platform, considering the most challenging scenarios.

Keywords: Pulsatile Control, Hybrid Control, Model Predictive Control, Artificial Pancreas,
Insulin Functional Therapy, Stability.

1. Introduction

Type 1 Diabetes Mellitus (TIDM) is a chronic disease, affecting approximately 42 million people
around the world (10-15% of all diabetes cases) [1]. It is characterized by a destruction of pancre-
atic f cells due to an auto-immune response (T1DMa, 70-90% cases) or idiopathic causes (T1DMb)
[2] leading to a complete deficiency of endogenous insulin production, thus resulting in higher
blood glucose (BG) levels (fasting BG: > 126 mg/dL, postprandial BG (2hs): > 200 mg/dL) [3].

In order to restore euglycemia levels (fasting BG: 80 — 130 mg/dL, peak postprandial BG (2hs):
< 180 mg/dL)[4] the functional insulin treatment (FIT) was proposed as therapeutic way to ad-
minister exogenous insulin injections, imitating healthy secretion patterns. This way, a basal in-
sulin is delivered to keep glycemia flat during fasting periods, while a bolus insulin is delivered
to counteract postprandial hyperglycemia or bring high glucose levels back to target. Although
these doses can be estimated with FIT support tools (i.e., correction factor (CF), insulin to carbs ra-
tio (CR), duration of insulin action (DIA)) [5] according to BG readings and carb counting values,
T1DM patients still need to estimate and administrate insulin by itself, which inherently entails
risks, as hypoglycemic and hyperglycemic episodes (due to over/under estimation of meal in-
take, unpredicted physiological variabilities, among others) [6].

Facing this situation, the automatic insulin delivery based on glycemia measurement (artificial
pancreas, AP) was proposed as a way to implement FIT in a closed-loop manner [7]. Basically, it
is a medical equipment composed of a continuous glucose monitoring (CGM) sensor, an insulin
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pump (CSII) and a control algorithm which, based on CGM readings, adjusts the insulin delivery
in order to maintain blood glucose concentration in normoglycemia levels. Relying on user inter-
action requirements (i.e., meal announcements, meal boluses, hypoglycemia treatments, patient-
specified correction boluses), APs are classified as hybrid closed-loop (HCL) systems or fully
automated closed-loop (FCL) systems [8], being the former dependent on manual user inputs to
compensate meals or exercise, while the latter gives corrections insulin doses autonomously.

Multiple control algorithms have been proposed for current AP systems, including Proportional-
Integral-Derivative (PID) [9], Fuzzy-Logic [10] and Model Predictive Control (MPC) [11]. Of these
strategies, MPCs has shown to be the most promissory one, because of its ability to anticipate un-
desired glucose excursion and to compute the insulin dosage fulfilling variable constraints (pos-
itivity and maximum constraints). Furthermore, MPC can include, without further complexities,
meal digestion dynamics, insulin absorption delays, glucose-insulin dynamics and physical exer-
cise effect by considering the corresponding mathematical prediction model [12]. Many version
of MPCs has been implemented in AP systems. They can be classified as [13]: unconstrained
MPC [14], multiple-model adaptive MPC [15], zone MPC [16], set-point-based enhanced MPC
(eMPC) [17], adaptive MPC [18, 19], bi-hormonal MPC [20] and policy-based stochastic MPC
[21, 22]. These strategies were tested under in-silico simulators (UVA /Padova [23], Cambridge
[24], Medtronic Virtual Patient [25]) and also, under in-vivo clinical trials.

Most of the MPCs assume a continuous and constant infusion delivery u(t)[U/min] over the
time interval between samples (referred as zero-order hold, ZOH, assumption) in spite of the
fact that pulsatile injections have shown to be preferable in many senses. On one hand, pumps
administer insulin by means of micro boluses [26, 27]; that is, discrete time micro-infusions dis-
tributed along the sampling time interval, which are comparable to pulsatile injections. On the
other hand, the use of pulses has several physiological benefits (in fact, the healthy pancreas seg-
regates insulin in such a way, every 5 — 10 min, [28, 29]). Studies have shown both, experimentally
[6, 5, 30] and theoretically [31, 32], that a better postprandial control is achieved by shot boluses,
especially in the case of meals with high glycemic index (HGI). Moreover, a pulsatile insulin de-
livery suppresses more effectively the hepatic glucose release, as stated in [29, 33].

According to the latter discussion, the objective of this article is to control the glycemia only
by insulin pulses, employing a physiological individualized long-term minimal model of glucose-
insulin evolution [34], and a pulsatile Zone Model Predictive Controller (pZMPC) based on the
use of artificial optimization variables. This approach shows a number of benefits (in contrast
to standard zone MPCs) and guarantees, under full state information and non-persistent distur-
bance assumptions, recursive feasibility and stability of the closed-loop [35, 36]. Furthermore,
given that the model describes TIDM glycemia evolution under fasting and prandial conditions,
the controller administers both, the basal and postprandial infusions simultaneously (opposite to
what is done in all the cited AP controllers). This way, the controllable/stabilizable set of the (pos-
itively constrained) system is drastically enlarged, given that when hypoglycemia is predicted
(not just seen, but anticipated by the model), the controller is able to quickly suspend the basal
insulin infusion. Moreover, this infusion mode permits a super-bolus scheme of administration
[5]; that is, an increment in the meals correction bolus while the basal insulin rate is temporarily
suspended. This infusion scheme, indeed, shows a better postprandial glycemic control than the
conventional ones, mainly due to an increase in the rate of insulin absorption speed [30].

Regarding the meals, even though MPC-based AP is naturally robust to bad announced meals,
studies have revealed that its performance is significantly degraded when the size of meals in-
creases [37]. To deal with this condition, two augmented double-integrator observers are pro-
posed to have an offset-free behavior under both, partially-announced and unannounced meals
scenarios, as well as to cope with moderate plant-model uncertainties. This way, the proposed
controller avoids the need of additional meal detection/estimation algorithms [38]. The general
control loop proposed in this work is depicted in Figure 1, where it can be seen that no additional
blocks, such as safety algorithms, boluses corrections, basal corrections, etc., are utilized.

The outline of the paper is as follows. After the introduction of Section 1, Section 2 presents
the details of glucose-insulin long-term model, including compartment description and parame-
ter estimation strategy. Later, in Section 3, the relative discretization schemes are formulated in
order to get a pulsatile representation of glucose-insulin model, useful for pulse control. In Sec-
tion 4, the state observer using an augmented double integrator model is formulated; while in



~>

J_ Carb counting

—l— Unannounced

I

ins BG Vmed
> —

patient

M. ohserver
|

Figure 1: Control Scheme. The control objective is to maintain the blood glucose (BG) in a safety range (BG target) by
manipulating the pulsatile insulin (u) injected to the patient by means of a pump. The blood glucose is measured by a
CGM while the meal intake (r) can be (or not) announced by means of meal signal 7 (carb counting associated with meal r
or 7 = 0 in case of unannounced meal scenario). An observer is used to estimate the current model states £, based on the
CGM signal y,,,4, the insulin infusion rate u and the meal signal 7.

u

Section 5 the pulsatile zone MPC is described including the use of artificial variables and terminal
cost to ensure asymptotic stability. Later, in Section 6, an optimal basal-bolus calculator based on
an event-triggered formulation is presented. Then, in Section 7 in-silico trials are presented con-
sidering announced and unannounced meals scenarios, and a comparison with conventional FIT
strategy is done to evaluate the potential advantages of an optimal bolus administration scheme.
Finally, in Section 8 some concluding remarks are given.

2. Blood glucose-insulin model

Blood glucose-insulin models can be physiological or data-driven [39, 40]. The former are usu-
ally based on a compartmental representation [41, 24, 42], while the latter ones normally rely on
time-series approaches [43, 44]. Although both kinds of approaches have been used for control-
oriented models [45, 44, 43], physiological-based models are preferable due to their inherent de-
scriptive ability and parameter interpretability. In this work a physiological long-term minimal
model based on Ruan proposal [34] is selected as the control-oriented model to be used for both,
the state estimator and the pZMPC.

2.1. Glucose Dynamics

The glycemia evolution is described by a single compartment:

%it) =00 — 0:1G(t) — 62Q;(t) +63Qq(t) 1)
where G(t) is the blood glucose concentration [mg/dL], Q;(t) is the insulin delivery rate in plasma
[U/min] and Qg (t) represents the rate of carbohydrate absorption from the gut [¢/min]. Further-
more, 6, is the insulin sensitivity [mg/(dL - U)] and 65 is the carbohydrate factor [mg/(dL - g)],
being the rate of glucose appearance in plasma Ra(t) = 63Qq(t)[mg/(dL - min)]. In contrast to
Bergman model [42, 46], equation (1) considers the insulin action on glucose consumption inde-
pendent of the glycemia level (as proposed in [47, 34]). Moreover, 6 is the endogenous glucose
production (EGP) at basal levels EGP, (6y = 681Gy, + 62U, being G, and U], the glucose and insulin
basal rates, respectively) [mg/(dL - min)] while 6; is the glucose effectiveness [/min] or glucose
self-regulation effect to promote its own metabolism (i.e. stimulating glucose uptake by periph-
eral tissues and suppressing hepatic glucose release) [48].



Remark 1. Note that the FIT tools can be easily derived from equation 1. The correction factor (or insulin
sensitivity factor) CF = 6;[mg/ (dL - U)], the raise factor (or carbohydrate factor) RF = 63[mg/(dL-g)],
the carbohydrate-to-insulin ratio (or the number of carbohydrates covered by 1 unit of insulin) CR =
CF/RF = 6,/05[g/ U] and the insulin basal rate U, = (g — 01Gy,)/0,[U /min].

2.2. Insulin Absorption Subsystem

The insulin absorption subsystem represents the insulin pharmacokinetics with the subcuta-
neous and blood compartments [47, 34, 49]:

aQit) 1. 1 Q;
T = —9*4Q1(t) 0, lsub(t)’
insub(t) — _71 i + *1
T — 94 leub (t) 94 u(t) (2)

where Q; . (t) stands for the insulin delivery rate in the subcutaneous compartment [U/min],
6y is the time constant (or time-to-maximum effective insulin concentration)[min] and u(t) is the
insulin infusion rate (bolus and basal) [U/min]. Moreover, the insulin on board (IOB) [U] (the
amount of insulin remaining in the body from previous insulin boluses), can be expressed as
IOB(t) = fot (u(t) — Qi(t))dt where Q;(7) is the plasma insulin infusion rate consumed by
insulin-dependent tissues and [0, {] the interval where insulin boluses were administrated . Since
u(t) — Qi(t) = 04(Q; + Qisub) (from (2)) and assuming initial conditions equal to zero (u(0) =
0,Q;(0) = 0), the IOB becomes IOB(t) = 64(Q;(t) + Q;,,(t)), which is the expression used
hereafter for IOB estimation.

2.3. Meals Absorption Subsystem

The meal absorption subsystem describes the meal-glucose absorption from the stomach to
the gut by a two compartmental model [15, 47]:

dQg(t) 1 1
dr - _@Qg(t) + %Qsto(t)/
dQsto(t) 1 1
dt _%Qsto(t) + 9*57’(1‘) (3)

where Qs stands for the glucose delivery rate from the stomach [g¢/min], 65 is the time constant
(or time-of-maximum appearance rate of glucose in gut Q¢ (t))[min] and r(t) is the rate of oral
ingested carbohydrates [g/min)].

2.4. Affine state space model

According to control purposes, the following affine continuous-time state space model is con-
sidered:

x(t
y(t
where x(t) = [x1(t) x2(t) x3(t) x4(t) x5(t)], withx; = G, x2 = Q;, x3 = Q;,,, x4 = Qg and
x5 = Qsto- The output y(t) is given by the state component x1, i.e., the glycemia to be controlled.
As before, u(t) is the insulin infusion [U/min| and r(t) is the rate of carbohydrate (CHO) intake

[g/min]. E is a constant matrix (affine term) accounting for the basal steady-state endogenous
glucose production (). The model matrices are given by:

Ax(t) + Byu(t) + B,r(t) + E, x(0) = xo,

)
) Cx(t), 4)

0 0 0 0 ) 1
i 1 0
0 -5 @1 0 0 0 0 0 0
A=| 0 0 —4 0 0 |, B,= é ,B=|0],E=|l0],Cc=|0 %)
0 0 0 79175 e%, 0 (1) 0 0
o 0 o0 0 -k 0 3 0 0

o



Constraints for both, states and inputs are considered, in such a way that u € U, x € X', where
Uisgivenby U = {u € R>g | u < Upax }, with Upax =~ 15 [U/min]. Given the cyclic variability
of parameters (according to circadian cycle) and the risk of hypoglycemia during the night, X is
assumed to take two different values along the day:

X =X (t)={x € R | Gpypo<x1(t)<Gpyper, 0a(x2(t)+x3(t))<IOB(t)}, ©)
where
10B(t) = [ [OB:+(CHOu/CR+T-Uy), tel622)h
I0B;, te (22, 6)h

IOBs = 04 - (x5 + x35) = 04 - 2U,, T is the temporal allowable interval of basal suspension during
post-prandial period (i.e.: under superbolus mode of infusion ) [min] and CHO,,; is the meal size
upper bound in [g] [50]. The bounds for x; are given by Gy, = 60 and Gy, = 300 mg/dL. Note
that X' (t) is unbounded for x4, x5, which is consistent with the fact that these two state component
(associated to the meal ingestion) are uncontrollable.

As part of the system /problem description, a target set 1" representing the normoglycemia
is defined as YT ={y € R : Giy <y < Gyax}, where G,;, and Gy are between 70 — 80 mg/dL
and 140 — 180 mg/dL, respectively. !

2.5. Parameter Estimation

Although model (4) is a-priori uniquely identifiable, the lack of internal fluxes measurements
(i.e. EGP, Ra, IOB) jeopardizes the model plausibility; that is, the physiological feasibility of es-
timated parameters [51]. Consequently, an identification technique based on regularized least-
squares (RLS) by carbohydrate-to-insulin ratio (CRY), time-to-maximum effective insulin concen-
tration (92) and time-to-maximum appearance rate of glucose in gut (or plasma) (Qg) is considered.
The proposed objective function is:

ly (k) = 91> | 4o 0

WO =y g O 7
where y(k) is the measured blood glucose from in-silico patient of UVA /Padova simulator, (k) is
its average, (k) is the model predicted output and 6° = (6, — CR%3) (64— 69) (65 — 62)] a reg-
ularization term, with & = diag(1,1,1/(62)?). The minimization of (7) is performed using Matlab
fmincon routine, with individualized initial parameters given by: 6p(0) = 6,(0)G, + 62(0)U,,
61(0) = 69, 6,(0) = CF, 65(0) = RF, 0,4(0) = 6 and 65(0) = 62, with 69 = 0.004[min] [34] and
Gp = y(1). Note that it is assumed that glycemia is at equilibrium at the beginning of identifica-
tion.

The parameter CR? is established according to CR value of each patient while 62 is set in
40[min] [15] for all patients (Table 1). Moreover, since an accurate estimation of 6 is crucial to
avoid insulin stacking problems [49], 6] is determined by minimizing the sum of squared residu-
als (least-squares, LS) between the estimated /OB and the real value of the simulator (see Remark
2).

The proposed model achieved an acceptable goodness of fit (GoF) 2 : median [25th, 75th] of
48.53 [43.30,52.90] for 10 individualized in-silico patients (Table 2). Messori et. al. [45], using a
linearized model of UVA /Padova Model (13 states), reached a GoF of 55.68 [41.22, 66.54] for 100
in-silico adults.

Remark 2. Following the same ideas of Section 2.2, the IOB of the UVA/Padova simulator can be computed
as IOB(t) = fot(u('r) — B Ri(1)) dT = B (Isc1(t) + Isca(t)), where BW is the body weight [kg],
Ry; is the rate of appearance of insulin in plasma [pmol / (min - kg)| and, Iscq(t) and Isco(t) are the
insulin in the first and second subcutaneous compartment [pmol / kg, respectively (see [23]).

INote the difference between a constraint set X’ and a target set ) Tar in the sense that the system may be outside the
latter during the transient regime, while it must be inside the former at any time. X’ is associated to the domain of validity
of the model.

2The goodness of fit (GoF) is calculated according to GoF = 100 (1 — H;{ Eg:%ﬁ;” )-




Table 1: A-priori parameters for individualization of 10 in-silico adults.

Patien 001 002 003 004 005 006 007 008 009 010
92 min 56.0 40.0 52.5 59.5 45.5 52.5 47.5 50.0 47.5 50.0
9g min 40.0 40.0 40.0 40.0 40.0 40.0 40.0 40.0 40.0 40.0
CR [g/U] 19.161 | 22.484 | 14.552 | 19.703 | 13.469 | 8.995 | 18.145 | 8.793 | 19.763 | 13.773
CF [mg/(dL-U)] | 43.854 | 42.101 | 35.151 | 53.204 | 48.019 | 25.890 | 42.604 | 37.062 | 53.445 | 39.503

Table 2: Estimated parameters of 10 individualized in-silico adults.

Patient 001 002 003 004 005 006 007 008 009 010
0 [mg/(dL-min)] | 1.327 | 2.011 | 0.757 | 1.252 | 1.036 2181 | 1.901 | 1.057 | 2.073 | 1.074
61 [/min] 0.0034 | 0.0063 | 0.0010 | 0.0027 | 0.00218 | 0.0081 | 0.0018 | 0.0028 | 0.0058 | 0.0032

6 [mg/(dL - U)] 44223 | 54.185 | 25.271 | 58.349 | 49.843 | 37.488 | 79.44 | 38.425 | 88.105 | 34.591
03 [mg/(dL - g)] 2308 | 2410 | 1.737 | 2961 | 3.871 4173 | 4379 | 4370 | 4459 | 251

04 [min 56.001 | 40.004 | 52.202 | 59.502 | 46.782 | 52.503 | 47.505 | 50.007 | 50.505 | 50.503
05 [min 21.840 | 14.624 | 21.516 | 25.429 | 28.638 | 23.511 | 22.023 | 26.854 | 24.461 | 23.317

3. Discrete-time modeling for pulsatile input signals

As discussed before, a better control of BG is achieved by short duration insulin actions [5, 31,
32]. In this context, pulsatile models - in contrast to zero-order hold assumptions - are necessary
to properly describe the patient dynamics.

If the boluses duration is significantly short in comparison with the time period, the impulsive
approach (i.e., pulses of infinitesimal duration) is valid [35]. However, in the AP problem, it is
not so clear if the (probably fast) insulin injection is quick enough to have a good representation
by the impulsive approach. In any case, having a general pulsatile representation (i.e., pulses
of arbitrary duration) that accounts for both, the zero-order hold input and impulsive input as
particular extreme cases is desired.

Let us consider system (4), a fixed time period (sampling time) T > 0 and a pulsatile input
signal of the form

_ [ u(kT),  te[kT,kT +AT)
u(t) = { 0, te[kT+AT, (k+1)T) ’ o

for k € IN>(, where A € (0,1] is the (arbitrary small) time duration of the pulses. Furthermore
consider that the disturbance r(t) is given by r(t) = r(kT), t € [kT,(k+1)T), k € N>, which is
the typical zero-order hold assumption.

Now, by sampling the continuous-time solution of system (4) at times t = kT, the following
discrete-time system is obtained (see Appendix 10.1 for details):

x((k+1)T) = A%x(kT) + Blu(kT) + Br(kT) + E, )

where, assuming that 6; # 0 (in such a way that A is invertible), Ad=pAT BﬁieA(T’AT) A1 (eAAT —
I5)By, BI=A"1(eAT — I5)B,, E4=A"1(eAT — I5)E. Matrices A, BY and E“ are the discrete-time
counterpart of A, B, and E, respectively, for the fixed time period T, when r and E are piece-wise
constant with a period T. On the other side, BY, which depends on AT, accounts for the effect of
the input u, which is null from AT to T.

Remark 3. Discrete-time system (9) accounts for the two extreme cases in which u is a piece-wise constant
signal with period T (i.e., the zero-order hold assumption) and in which u is an impulsive input u(t) =
u(kT)o(t —kT), t € [kT,(k+1)T), k € N>, where §(t) is a Dirac delta. In the first case it is AT = T
and, so, Bg = A’l(eAT — I5)By,. In the second case it is AT — 0 and, so, Bﬁ = ¢ATB,, (see [35] for
details).

The main dynamical characteristic of pulsatile systems (i.e., system (4), controlled by inputs
(8), with A € (0, 1]) is that there is a free-response (no control) lapse of time, at each period T. This
way, a periodic or pseudo-periodic behavior for the states is observed, even when the sampled
system reaches an equilibrium. Next, a characterization of such a concept is made, to proceed, in
Section 5, with a rigorous MPC formulation for pulsatile systems.



3.1. Equilibrium characterization under pulsatile inputs

Given that the control objective is to steer the continuous-time system output (glucose) to a
desired set, 1", and maintain it there by only applying pulsatile controls, the concept of equilib-
ria for pulsatile systems needs to be defined first. Opposite to the zero-order hold sampling case,
the equilibria of the discrete-time system (9) is not a formal equilibrium of the continuous-time
system (4). In fact, no formal equilibrium of system (4) can be reached when it is controlled by
pulses and, so, a more general equilibiurm definition needs to be used.

Consider a bounded and compact set X’ Tar ¢ x (), for all t > 0, such that CX Tar — yTar,

Definition 1 (Generalized equilibrium set [35]). A set X, C X T is a generalized equilibrium set for
(4), with respect to X0, if for every x5 € XJ" it there exists an input us € U such that (i) states x(kT),
k € N>, remain at x5, when us is applied (i.e., u(kT) = us), and (ii) x(t) € X, fort € (kT, (k+1)T],
k € N.

Given a set X%, two conditions are necessary (under the fasting condition r(t) = 0), for a pair
(us, x5) to be a generalized equilibrium. The pair (us, x;) must be an equilibrium of the pulsatile
discrete-time system (9): x5 = Adx, + BZ us + E, and the free state evolution starting at x;, when
us is applied to the system by pulses, ¢(t; x5, 15, 0), must remains in X Tar (see Appendix 10.1 for
details): ¢(t; x5, us,0) € X, fort € [0, T).

The later condition is relevant given that the continuous-time evolution of physiological state
variables needs to be controlled at any time (not just at the sampling time), when a stationary
condition is reached. Particularly, it ensures that y(t) € ) Tar for all upon convergence.

Given the sets YT and X(t) (defined in section 2.4), it is easy to find an associated state
set3 xTor C x (t),t > 0, such that CX Tar — YTar  However, to find a nonempty generalized
equilibrium set with respect to it, say X/, is not trivial. By following similar steps to the ones
in [35], Property 3, it is possible to establish mild conditions on system (4) and time period T > 0
under which X% can be determined. Sets X/ and Y = CXJ* will be used in Section 5, to
formulate a novel pulsatile MPC for AP.

4. State estimation under pulsatile models

Two state observers are proposed in this work to account for plant-model mismatches, con-
sidering meals as the more significant disturbance. First, an output disturbance observer (ODO)
is formulated under the main assumption that the plant-model mismatch is due to model un-
certainty, without considering any external disturbance effect (i.e., unmodeled meal dynamics).
Then, an input disturbance observer (IDO) is proposed assuming a plant-model mismatch related
to unannounced meals and unmodeled glucose dynamics.

4.1. Output Disturbance Observer (ODO)

In this case, the main assumption is that the measurable state y(k) = x1 (k) is perturbed by a
double integrated white noise process w(k) ~ N(0,¢?), which allows for an offset-free estimation
when the plant-model mismatch is an impulse, a step or a ramp. Therefore, this disturbance
model is proposed in order to cancel unmodeled glycemia effects during fasting (i.e.: constant
mismatch) as well as during postprandial (i.e.:. ramp mismatch) periods. The augmented model
used for the state estimator is given by:

x (k) At B° 0 x(k—1) B4 ulk—1)
di(k) | = 0 1 T di(k=1) |+ 0 rlk—1) HG w(k—1)
d (k) 0 0 1||dk-1)]]o0 1
——
Aﬂug Xaug Baug Ugug

3For instance, X™ = {x € ]R52[J | ymin < xq (1) < Y, xo (1) + x3(t) < 2Uy ).



where A4, B¢ = [B¢ B? EY] and C are the pulsatile matrices defined in Section 3 and B® =
[1 000 0]". This way, B° determines how the integrating disturbance d; (k) [mg/dL)] affects
the glycemia state x;(k) (or system output). Moreover, the process noise covariance Qgr =
E[(Gw(k—1))(Gw(k—1))] = G E[w(k — 1)w(k —1)'] G’ and since, 0 = E[w(k — 1)w(k —1)'],
results in Qgr = G- 02 -G, being G = [0 k; k; 0 0 0 k]’ the disturbance input distribution
matrix. Furthermore, the measurement noise v(k) is assumed as zero-mean white noise v(k) ~
N(0, Rgr) with covariance Rgp = ‘T(ZZGM'

The augmented state x,,¢ is estimated by the following time-varying Kalman filter (KF) algo-
rithm:

Raug (k|k) = AgqugXaug (klk — 1) + Baugtaug + K(k) (y(k) — CRaug(k|k — 1)), (11)
where %4, = [%, dy, dy]' is the augmented estimated state, and
P(klk—1) = AggP(k—1[k— l)A/ﬂug + Qkr,

K(k)
P(k|k)

P(k|k — 1)C'(CP(k|k — 1)C" + Rxr)

(I - K(k)C)P(k|k — 1),

are the covariance of the a-priori estimation error x(k) — £(k|k — 1), the KF gain and the co-
variance of the a-posteriori estimation error x(k) — £(k|k), respectively. The KF is initialized at
£(0) =[G, U, U, 0 0], d1(0) =0,d,(0) = 0and P(0]0) = P(co|co), where the solution of a dis-
crete algebraic Riccati equation calculates P(co|oo) according to system (11). Since the estimated
states are positive physiological variables, a KF with inequality constraints is employed (see: 2.4.
Estimate projection with inequality constraints, [52]).

From Figure 2, it can be seen, that in spite of the fact that meals are announced with different
misestimation errors, the estimated glycemia (£1) and insulin on board (I OB) follow an offset-
free behavior in fasting and postprandial periods. In this sense, note that d; (k) is moved onto
a manifold that cancels meal uncertainty effects on glycemia state (i.e.. when meals are unan-
nounced (UA), d; increases in such a way that compensates meal uncertainty impact on glycemia
state). Note, that this observer is designed to cancel output disturbances, and consequently, Ra is
estimated according to the nominal model.

4.2. Input Disturbance Observer (IDO)

Following the same characterization of disturbance dynamics, in this case, it is assumed that
uncertainty in the carb counting, denoted by d; (k) [¢/min], is driven by a double integrated white
noise process w(k) ~ N(0,02). This way, Bir(k) = B%[¢(k) + d1(k)] = Bé#(k) + BZd,(k), being
r(k) the meal ingest rate [¢/min] and 7(k) the carb counting per sampling time [g/min|. We use
this disturbance model to ensure offset-free estimation for a large class of meal profiles. In this
case, the augmented model is given by (11), but replacing B® by B = B¢ in matrix Agug-

Although this observer explicitly considers the meal dynamic, the augmented double inte-
grator state, dq (k), implicitly assumes that the plant-model mismatch comes exclusively from this
kind of disturbances. Therefore, others source of disturbance, like unmodeled glucose-insulin dy-
namics, sensor noise, etc., will be explained as a meal ingestion, which may cause an aggressive
insulin delivery by the controller. Hence, we proposed to modify Bi by B, = 65 - RF - B° + - BY,
being 65 the meal absorption time constant [min], RF = 63[mg/(dL-g)], B® = [0.01 0 0 0 0]’
and p € [0,1] a tuning parameter to adjust the aggressiveness (signal-to-noise ratio) of the state
observer. Figure 3 shows that despite the fully input observer with B} is more sensible to unan-
nounced meals (fast rejection), the estimated rate of glucose appearance in plasma (Ra Bi ) is af-

fected by uncertainty and noise. On the other hand, the effect of the lumped disturbance d; on
the meal subsystem and glucose dynamic (input observer Bj) provides a smoother estimation of

Ra (see Ra B in Figure 3). u is set heuristically at 0.5 for all patients.

5. Pulsatile MPC formulation

In this section, a novel MPC formulation for system (4) is presented, by extending the so-called
impulsive zone MPC (iZMPC) presented in [53, 35] to the pulsatile case (pZMPC). The glucose
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Figure 2: Performance of the output disturbance observer (ODO) under open-loop, considering unannounced (UA), per-
fectly announced (PA) and announcement with +50% estimation error (E50(+)) meal ingest. KF setting: k; = 1-1072,
ki =1, 0% = 1[mg?/dL?] and 02, = 6.51[mg?/dL?]. Patient: Adult 004.
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Figure 3: Performance of the input disturbance observer (IDO) considering Bi = Bf (red) and Bé =05-RF-B°+pu-
B? (blue) under open-loop, unannounced meal case. KF setting: k; = 11072, k; = 1, 0? = 1[mg?/dL?], 025y =
6.51[mg?/dL?] and u = 0.5. Patient: Adult 004.

(and state) predictions are based on the discrete-time pulsatile system (9), and the control objective
is to drive (and maintain) the blood glucose to a safety zone given by Y, while fulfilling the
input and state constraints in the path. The controller is designed for both, the announced (or
partially-announced) and the unannounced meal cases. For the former, the meal signal, 7, is the
estimated meal ingest rate (or carb counting per sampling time) and the estimated state at the
current time, £ = £(k|k), is calculated by the disturbance observer ODO. For the latter, since no



meals are announced (7 = 0), the meal effect is estimated by the disturbance observer IDO, which
copes with Ra estimation in cases of unannounced scenarios.

Let consider the sets Y = CXJ%, where X% is a generalized equilibrium set with respect
to X1 and both X7 C X(t),forallt > 0,and cxTar = YTar (a5 defined in subsection 3.1). The
cost function of the optimization problem that the MPC solves on-line reads

VN(J?/ f‘/ ySTIZT’; u/ Mﬂ/ ]/u):den (56/ ?r u/ Mﬂ/ ]/a) + ‘/S (ySTllY’ ua/ yll)/

where

N-1

Viyn (2,750, 11g, Ya) = ZO (Cx(j)a) 'Q(Cx(j)—ya H(u(j)—ua) R(u(j)—ua),
£

with Q > 0and R > 0, is a term devoted to steer the system to the artificial equilibrium variables
(Ua,ya) € Us x Vs, and Vs(ygar;ua,ya)ip (distysm (ya)), with p > 0, and dist 4(a) representing
the distance from the point a to the set A, is a stationary cost devoted to steer y, to the target
equilibrium yST % As usual in MPC with economic objectives [54, 55], the stationary term V; can
be designed to account for objectives that are specific for each application. In section 5.1, the form
of such a cost term is discussed for the case of the AP.

In the latter cost, £, # and )I*" are optimization parameters, while u = {u(0), u(1), - ,u(N —
1)}, us and y,, are the optimization variables, being N the control horizon. The optimization
problem to be solved at the current time k by the MPC is given by

Prppc (2,7, Y1)
Juin - Vy (2,7, V17w, 10, ya)
s.t.
x(0) =%, r(0) =7,
x(j+1) = Ax(j)+Blu(j)+Br(j)+E4, j€lopn_
u(j) €U, j € Ton-1
Cx(j) € CX(k), jelin
r(j) =0, j€liN-1
Cx(N) = x,,
Ya = X1,4,

x, = CA%%, + CB%u, + CE“.

Given that only the first three states of model (9) are controllable, constraints can be imposed only
on the first three states x1, xp and x3, by means of matrix C= [I3 O3x2]. Furthermore, given that no
future meals are considered, r is only used for the first prediction step, if available. Note, that it is
assumed that meals are ingested during a sampling period T, although this formulation supports
the distribution of the announcement in an arbitrary interval (D;), in such a way that Dy = nT
with n € Tj.y_1. The constraint Cx(N) = x, is the terminal constraint that forces the state at
the end of control horizon N to reach the artificial equilibrium state x; = [x1,4, X2,4, ¥3,4)" € R>.
Furthermore, the constraint x, = CA%x, + CB%u, + CE? forces the artificial variable pair (uq, x,)
to be a feasible equilibrium of the discrete-time system (9) (not necessarily &5 in the transient
regime). The state set X' (k) is a discretization of set X' () introduced in (6).

Once the Problem Pypc(%, 7, V) is solved, the (optimal) solution is denoted as (u’, u9, x9),
while the optimal cost function is given by VI(\), (%,7, ysT‘”) =VUn(%,7, ysT‘”; u’, ug, xg). The con-
trol law, derived from the application of a receding horizon control policy (RHC), is given by
xppc (2,7, VI7) = u0(0; x), where u?(0; x) is the first element of the solution sequence u’(x).

The main properties of the resulting closed-loop - in the case the state is perfectly measured
and no permanent disturbances are considered - are:

(i) The optimization problem Py;pc(x(k), 7, VI*), considering x(k+1) = A%x(k) +Bxppc(x(k),0, Y
Eis recursively feasible, i.e., if the problem is feasible at x(lAc), then it is feasible for all subsequent
states x(k), with k > k.

(ii) Set X" is stable for the closed loop x(k + 1) = A%x(k) +Bixppc(x(k),0, YIr) +E4, with
a domain of attraction given by the controllable set, in N steps, to the entire equilibrium set of
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system (9), Xy. This means that y(k) — V1% for k — co.
(iii) Assuming x(k) reaches X% at time k (y(k) reaches V™), then x(t) will remains in X" for
all continuous-time t > kT (y(t) will remains in ™). This property follows from Definition 1,
which accounts for the continuous-time system behavior at the equilibrium set.

The proofs of the latter statements follow similar steps than the one in [35], Theorem 3, and
are omitted for the sake of brevity.

5.1. The term V;

The stationary cost V; is designed to account for the fact that, mainly in the short term, hypo-

glycemia is more dangerous than hyperglycemia. Thatis, Vs is defined by Vs(V1%"; ug, ya)= ﬁéﬁyp or T

M%W ,» while the following constraint is added to Pp;pc problem: y;"i" — 5hyp0 <y, <YM+
Onyper- Variables dy,,, and oy, are additional optimization variables, constrained to be positive
(i-e., Spypo = 0, Spyper > 0), p and p are the weights corresponding to hyper and hypoglycemia,
respectively, and y;m'” and Y% are the limits values of yST‘” (as defined in Section 2.4). This
way, by selecting p < p an asymmetric cost function, which penalizes harder the hypoglycemic
episodes, is obtained. In contrast to other MPC formulations for AP, this asymmetry operates ex-
clusively on the stationary predicted regime, since the artificial variables (u,, ;) are generalized
equilibrium pairs of the (controllable part of) system (4).

6. Optimal Basal-Bolus Calculator

To further exploit the advantages of pulsatile infusion mode (specifically, postprandial opti-
mal boluses when meals are announced), an optimal basal-bolus calculator based on an event-
triggered pZMPC is presented. Basically, the idea is to emulate the conventional FIT, but in an
optimal way, in such a way that the controller is switched-on every time a meal is announced,
and remains inactive otherwise (no RHC is implemented).

In this case, the cost function of the optimization problem, reads:

N-1
Vn(%, 75w, us, Onypers (Shypo): Z <5hyper (j)TQ(Shyper (/) ’Hshypo (j)TQ‘Shypa ()
j=0
+ (”(j)fMS)TR(M(]')qu)) Jr(shyper (N)TQ(shyper(N) + ‘5hypo (N)Téghypo (N)

with Q > 0, Q > 0and R > 0, is an asymmetric cost designed to steer the system directly to
ysT o (without artificial variables), and (us, x;) are just auxiliary equilibrium variable in U x XST’”
being, as before, XST’” a generalized equilibrium set of (4), with C XST’” = ysT . The optimization
problem to be solved by the event-triggered pZMPC, whenever a meal event is announced, reads:

Pppc (2,7, YI'):
wu dnin Vi (%, 7, V2w, us, Oy pers Snypo)
s.t.
x(0) =%, r(0) =%,
x(j+1) = A%x(j)+Blu(j)+Blr(j)+E, j€lon-1
u(j) € U(k), j€lon-1
Cx(j) € CX(k), jelin
r(j) =0, jelin
Cx(N) = x5, x5 = CA%xs + CB%u, + CE4,
Ys = xl,s c STar

P = Ghgpo(j) < Cx(j) < VI + Gyper (i), ] € Ton-1
5hyp0(]) >0, 5hyper(]) > 0.

The constraints of the problem are basically the same of the original pZMPC of Section 5. The
main difference is that no artificial variable are used (us and x; are just auxiliary equilibrium
variables, necessary to implement the distance function from the predicted state to the target set
XJ%) and input constraints are given by U = {u € Rsq | #(0) < Upay, 0 < u(1) < 2U,, u(j) =
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u(j—1), for j < 2}. Under this scheme, the receding horizon policy (RHC) is not used, and the N
control actions u = {u(0),u(1),--- ,u(N — 1)} are applied to the system whenever the pZMPC
is triggered by a meal event. In summary, the main distinctive characteristics are: (i) the use of an
infusion mode constraint to ensure a bolus and basal pattern along the control horizon, (ii) the use
of an asymmetric transient stage cost and (iii) each time the controller is activated (meal event),
the whole optimal input sequence is implemented. Furthermore, given that in this formulation
the domain of attraction, X, is reduced (controllable set, in N steps, to target equilibrium set of
system (9)), the control horizon N must be enlarged.

7. Simulation Results

The benefits of the proposed pulsatile Zone Model Predictive Control (pZMPC) will be demon-
strated by means of the commercially available UVA /Padova Type 1 Diabetes Metabolic Simula-
tor (T1DMS2013, Academic Version) with a virtual population of 10 adult patients. Three main
cases are simulated, to show how the controller behaves in realistic stressing scenarios. Firstly,
an hybrid closed-loop scheme is presented, where the meals are announced, perfectly and affected
by random misestimation errors. Secondly, the meals become completely unannounced, in a fully
closed-loop scheme. Thirdly, an event-triggered scheme is proposed, where the pZMPC is activated
each time a meal is announced, to emulate the conventional FIT set be simulator.

7.1. Description of the scenarios, outcome metrics and statistical analysis

For all the cases, three nominal meals per day are considered: breakfast (60 g CHO, at 7:00),
lunch (60 g CHO, at 12:00) and dinner (80 g CHO, at 18:00), affected by random variations in
mealtimes (£10 min) and meal size (£20%) (according to an uniform distribution). The simu-
lation lasts 14 days, and a sampling time of T = 5[min], with a pulse size of AT = 1[min] are
considered. At the beginning (first 6 hs) the virtual patient glycemia is controlled by means of the
FIT provided by the UVA /Padova simulator. After that, the insulin treatment (including both,
basal rate and boluses) is exclusively managed by the proposed pZMPC. The observers are se-
lected depending on the case: an ODO, for the announced-meal and event-triggered scenarios,
and an IDO, for the unannounced instance. The model noise is the one corresponding to Dexcom
G5 Mobile CGM, proposed by Vettoretti et al. [56] (warm-up period omitted), with a9 = 1.04,
bo = —1.42[mg/dL], c; = 1.17, 0%, = 6.51[mg?/dL?] and a; = 0 (no-trend noise). The insulin
pump is the default one, provided by the simulator.

In order to assess the performance of the pZMPC, standard metrics (according to the Inter-
national Consensus on Use of Continuous Glucose Monitoring [57]) are considered. The indexes
are given by: mean glucose (Gy,); glucose standard deviation (SD); coefficient of variation (CV);
time in range 70 — 180 mg/dL; time in tight range 70 — 140 mg/dL; time above 180 and 250 mg /dL,
(G > 180, Gy > 250); time below 70 and 54 mg/dL, (G, < 70, Gy < 54); number of hypo-
glycemia events L1 (G, < 70 mg/dL) and L2 (G, < 54 mg/dL); Total Daily Insulin (TDI); and
Glucose Management Indicator (GMI)[58], which gives an estimation of laboratory glycosylated
hemoglobin (Alc). Postprandial periods (PP) are defined as a 4 hours interval from meal ingest,
while night periods (NP) are established from 0:00-6:00hs. All metrics are expressed as median
[25th, 75th], with the statistical significance assessed by Wilcoxon signed-rank test. The mean (£
SD) is reported for hypoglycemia range, with statistical significance according to paired t-test.

7.2. Hybrid closed-loop scheme: meal announced case.

In this first case, the following scenarios are proposed: perfectly announced meal ingest (PA),
announcement with carb counting estimation error following the regression curve (Fig.3, [59])
with uniform variability of 30% (Ajzge,) and, announcement with £50% estimation error (Asge,),
which is extreme misestimation condition. The ODO presented in Section 4.1 is used as state ob-
server and the meals are directly informed, by considering # = CHO/ T, being CHO the estimated
carbohydrates of meal intake [¢], and T the sampling time [min]|. Moreover, for all in-silico adults,
the controller is tuned by setting p = 1 - 10°, p=1- 107,Q =1and R € [1,100], with the main
objective of minimizing the number of hypoglycemic events (No. L1y, and No. L2,,,,) as well
as maximizing the time on tight target range (70 < G;;, < 140 mg/dL). The control horizon is set
on 6 hours (N = 72) following the American Diabetes Association (ADA) [4] recommendations.

12



T o0 CGM —-—-— G BG CHO intake g
L S e S
E 140 > o
:

[%2]
- Ul e ey e e S | — | — 3
O Il Il Il Il Il Il Il Il Il 0 E

Insulin [U/min]
S

o
0 1Ll - i) | — et
0 5 10 15 20
Time [hour]

Figure 4: pZMPC under perfectly announced (PA) case. Above: CGM, subcutaneous glucose concentration (Gs), blood
glucose (BG) and meal ingest rate (). Middle: insulin on board measurement IOB and estimation I0B, with IOB(t) =
9.10[U] for t € [6, 22) hs and IOB(t) = 2.10[U] for t € [22, 6) hs. Below: insulin pulses u[U/min]. Patient: Adult 002.

Figure 4 shows the behavior of the controller when meals are perfectly announced. Insulin
is administered in a pulsatile way, fulfilling the glycemia and insulin pharmacokinetics con-
straints. Moreover, since meals are assumed to be ingested during just one sampling period
(r(0) = CHO/T; r(j) = 0, j > 0) and the meal absorption subsystem assumes a complete
carbohydrate meal profile, the controller compensates the disturbance by a feedback (optimal)
super-bolus, which is an expected infusion delivery for this case. Moreover, during fasting peri-
ods (i.e.: night period 24:00-30:00 hs, Fig.4) the pZMPC administrates a pulsatile basal infusion
(us ~ 0.1[{U/min]) which steers the glycemia to the output equilibrium set (according to the equi-
librium characterization presented in Section 3.1).

On the other hand, Figure 5 shows the performance of the controller when meals are an-
nounced with a rounding error of £50% (Asqe,). In this case, when meals are overestimated
(ie: CHO = 90[g](+50%)) the constraint on TOB(s ;) becomes active (IOBsn) = IOBs +
(CHO,;/CR + T - Up,) ~ 9.10[U] with IOB; = 2.10[U], CHO,;, = 90[g], CR = 22.484[g/U],
T = 120[min] and U, = 0.0255[U/min]) limiting the insulin infusion. As a result, the hypo-
glycemic risk related to insulin overdosing due to meal overestimation is reduced.

The performance metrics corresponding to the 14-day scenario are reported in Table 3. As
it is expected, the glucose variability increases as the carb misestimation becomes higher, being
statistical significant for the Asg, case (SD = 26.047, p < 0.05). From Figure 6, which shows the
performance of the three scenarios, for the 10 adults, it can be seen that the glycemia variabil-
ity ([25th,75th] percentiles) of Asge, is higher than the one of the Azgy, and PA cases, specially
during postprandial periods. Nevertheless, its coefficient of variation (CV = 21.283,p < 0.05)
is below the upper limit of (CV < 36%)[57], which is in accordance with an stable glucose
profile. The time in target range (70 < G, < 180) is acceptable for the 3 cases, being non-
statistically different for Asp,, and with a reduction of 1.289% for Asge, (mainly related with
the increment of 1.495% reported in the G,; > 180 interval). No hypoglycemia events are re-
ported for PA and Ajzg,; while, for Asy, 0.104(0.235) L1 events are registered, due to patient
007. This can be explained, since this patient has an insulin sensitivity index (S;= — dG,/dU;, =
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Figure 5: pZMPC when meals are informed with +50% error. Above: Blood glucose concentration for PA (blue) and Asge,
(red). Middle: IOB measurement for PA (blue) and Asge, (red), and diurnal IOB limit (I OBi22))- Below: carb counting for

PA case (blue) and Asy, (red). The sign of percentage indicate the overestimated (+)/ underestimated (-) error. Patient:
Adult 002.

0,/61) of 4.413 - 104[(mg/dL) /(U /min)] which is 2.5 times above the cohort mean value of 1.798 -
10%(1.266 - 10%) [(mg/dL) /(U /min)].

For the 3 cases, the total daily insulin (TDI) is in order of 43[U/day] which is an expected
value being TDI = BW - 0.53 = 70[kg] - 0.53 ~ 37[U/day]. The mean glucose of misestimation
cases does not show a significative differences regarding the PA case. The glucose management
indicator (GMI) is in order of 6% for the 3 cases, and taking into account that non-significant L1
events happened, it can be concluded that the proposed hybrid closed-loop scheme ensures an
appropriated Alc management despite of the carb counting errors.

7.3. Fully closed-loop scheme: meal unannounced case.

In this second case, we assess the performance of pZMPC when meals are not announced. The
selected observer is the IDO, presented in Section 4.2, which allows for the estimation of meal
absorption states (£4, £5), both related to the rate of glucose appearance in plasma (Ka), when
meals are unannounced. For all in-silico patients, the pZMPC is tuned by setting p = 1-10%, p =
1-10%,Q =1-10%and R € [1,100], tailored following the same objectives of the previous scheme.
Penalty p is reduced in order to increase the relative penalization of hypoglycemia, given that this
scheme is more sensible to erratic glucose excursions (especially, related with Ra misestimation).
Moreover, matrix Q is increased in order to diminish the glycemia excursion with respect to the
euglycemia zone. This tuning parameter is critical, given that meals are sensed by means of the
Ra estimation signal (Ra), which has an inherently delay of ~ 50 min, due to glucose absorption
dynamics from the gut (~ 40 min) plus the glucose measurement delay from the subcutaneous
space (~ 10 min). On the other hand, the IDO is tailored by setting u = 0.5, for all patients, to
smooth down the Ra estimation.
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Table 3: Performance metrics for hybrid closed-loop scheme under perfectly announced (PA), announcement with ran-
domly 30% misestimation error (Asge,) and announcement with £50% error (Asq,). An asterisk indicates statistical sig-
nificance (p < 0.05) respect to PA case. (Overall).

PA Aszov Asoo
Mean Gy, [mg/dL] 114.013[112.197,117.590] 114.673[112.430,118.417] 114.025[110.467,117.317]
SD [mg/dL} 18.648[16.217,22.034] 21.014[16.828,23.827] 26.047[18.481,27.4871*
CcvV [%] 16.464[14.573,19.639] 18.325[15.030,19.924] 21.283[16.736,23.430]*
70 < Gy < 140 [Ytime 88.577[85.804,90.681] 85.714[83.097,90.007] 85.950[82.304,90.086]
70 < G, < 180 [Y%time 99.792[99.520,100.000] 99.626[98.622,99.911] 98.506[95.465,99.787]*
Gy > 180 |Y%time 0.208[0.000,0.481] 0.374[0.089,1.378] 1.495[0.213,4.536]*
Gy > 250 |Y%time 0.000[0.000,0.000] 0.000[0.000,0.000] 0.000[0.000,0.000]
G < 70 [Yotime] 0.000[0.000,0.000] 0.000[0.000,0.000] 0.000[0.000 0.000]
0.000(0.000) 0.000(0.000) 0.128(0.334)
Gy < 54 [%time] 0.000[0.000,0.000] 0.000[0.000,0.000] 0.000[0.000,0.000]
0.000(0.000) 0.000(0.000) 0.000(0.000)
No. Llhypo 0.000[0.000,0.000] 0.000[0.000,0.000] 0.000[0.000,0.000]
0.000(0.000) 0.000(0.000) 0.104(0.235)
No- L2mpo 0.000[0.000,0.000] 0.000[0.000,0.000] 0.000[0.000,0.000]
0.000(0.000) 0.000(0.000) 0.000(0.000)
TDI [U] 43.754[40.495,55.496] 43.576[40.226,55.248] 45.233[41.329,56.291]
GMI [%] 6.037[5.994,6.123] 6.053[5.999,6.143] 6.038[5.952,6.116]
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Figure 6: Hybrid closed-loop controller performance for PA, A3y, and Asge, cases. Glucose, IOB and insulin profiles are
shown in terms of median (solid lines) surrounded by colored regions representing the [25th, 75th] percentiles.

To properly assess the potential improvement in glycemia control achieved by the described
scheme (pZMPC + IDO) when meals are not announced (UApcr), we also simulated the hybrid
closed-loop scheme (pZMPC + ODO), but considering a missed announcement scenario (UAcr).
That is, the control scheme of the previous subsection is simulated when some of the meal an-
nouncements are lost. Furthermore, the UApc; is compared with the Asp, case (which is the
most realistic case presented in Section 7.2) to asses the significance of glycemia control degrada-
tion when meal announcement signal is eliminated from the loop.

Figure 7 shows that the performance of UAFc; is considerably better than the one of UApcr:
both, median and variability ([25th, 75th] percentiles) are smaller, which is an expected result
given that for the former the meal intake is considered as an input disturbance, allowing the con-
troller to provide a faster rejection when Ka is increasing. This effect can be seen in the insulin
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Table 4: Performance metrics of fully closed-loop scheme (UAfc;) respect to hybrid closed-loop scheme considering
announced with 30% error(Asge,) and missed announced (UApcr) cases. An asterisk indicates statistical significance
(p < 0.05) respect to UAFcy, case. (Overall).

UArcL Azo% UAHncL
Mean G, [mg/dL] 115.955[113.522,119.862] 114.673[112.430,118.417] 129.222[122.452,134.177]*
SD [mg/dL] 27.839[24.820, 31.446] 21.014][16.828,23.827]* 40.037]29.621,44.893]*
CV [%] 23.863[22.532,26.237] 18.325[15.030,19.924]* 29.888[25.500, 34.188]*
70 < G, < 140 |%time 80.653[79.513,86.116] 85.714[83.097,90.007] 70.722[68.851,77.322]*
70 < G, < 180 |%time 96.243[92.570,97.928] 99.626[98.622,99.911]* 84.574[79.994,92.3471*
G > 180 [%time 3.757[2.072,7.430] 0.374[0.089,1.378]* 15.426[7.653,19.996]*
Gy > 250 [%time 0.000[0.000,0.000] 0.000[0.000,0.000] 0.188[0.000,1.110]*
G < 70 [%otime] 0.000[0.000,0.000] 0.000[0.000,0.000] 0.000[0.000,0.000]
0.024(0.056) 0.000(0.000) 0.0188(0.0596)
Gp < 54 [%time] 0.000[0.000,0.000] 0.000[0.000,0.000] 0.000[0.000,0.000]
0.000(0.000) 0.000(0.000) 0.000(0.000)
No. L1pypo 0.000[0.000,0.000] 0.000[0.000,0.000] 0.000[0.000,0.000]
0.007(0.022) 0.000(0.000) 0.0071(0.0226)
No- L2ypo 0.000[0.000,0.000] 0.000[0.000,0.000] 0.000[0.000,0.000]
0.000(0.000) 0.000(0.000) 0.000(0.000)
TDI [U] 46.843[39.082,53.116] 43.576[40.226,55.248] 43.708[36.709,48.258]
GMI [%] 6.084[6.025,6.177] 6.053[5.999,6.143] 6.401[6.239,6.519]*

administration pattern, where for the UArcy, case the insulin delivery is higher during postpran-
dial periods, allowing this way a better compensation of the glycemia excursion. Furthermore,
from IOB estimation (Fig.7) it can be seen that, in spite of the fact the UApc; has a delay of
~ 50min with respect to the announced case (Azg9,), the IOB amplitude is in the same order of
magnitude for both cases. This explains the fact that glycemia control is not seriously degraded
when meals are unannounced.

The performance metrics on the 14-day scenario are presented in Table 4. The UAFc; improves
the postprandial control respect to UA ¢y, reducing the time above 180 mg/dL to 3.757%(p =
0.0046), without a significant increment of hypoglycemia events. The results show that the in-
crement of time below G, < 70 mg/dL is non-statistically significant (UAgcy : 0.024(0.056) vs
UApcr : 0.0188(0.0596), p = 0.85), although the IDO is naturally more sensible to other distur-
bances (noise sensor, non modeled plant parts, etc.) than ODO. The glucose variability (SD) is
decreased by a 30.466% (UApcy, : 27.839 mg/dL vs UAgcr : 40.037 mg/dL, p < 0.05), with an
acceptable coefficient of variation (CV < 36%) for the UAFc; case. In addition, the mean glucose
is reduced by a 11.5% (UApcr : 115.95mg/dL vs UApcy : 129.22 mg/dL, p = 0.0028) which is in
accordance with GMI improvement (UAfrcy : 6.084 % vs UAycy : 6.401 %, p = 0.0028). On the
other hand, from comparison between UArc; and Az, cases, we can argue that the glycemia
control is not considerably degraded when meal announcement signal is removed from the loop.
The time within target range (70 < G;;, < 180) is only reduced by a 3.0% (UAFcy, : 96.243 vs Azge, :
99.626, p < 0.05), being this fact mainly related to the increment of the time above 180 mg/dL for
the UArc; scheme. No significant hypoglycemia increments are reported. Despite the glucose
variability (SD) is higher for the UApc; case (UAfpcy, : 27.839 mg/dL vs Asyy, : 21.014 mg/dL,
p < 0.01), no significant differences are reported in the mean glycemia management. This is an
expected result given that postprandial control is achieved by a sequence of pulses compensating
Ra increments (in spite of the super-bolus mode of administration). These results suggest that the
proposed scheme could replace the hybrid closed-loop under misestimation errors, avoiding the
carbohydrate counting.

7.4. Circadian variability

The Ajzgy, and Upcy cases are assessed considering circadian variability of insulin sensitiv-
ity. The sensitivity is affected by sinusoidal variations with 24 hours period, random ampli-
tude according to a uniform distribution of £30% and random phase [60]. Under this scenario,
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Figure 7: Comparison of the fully closed-loop scheme (UAFcr) respect to hybrid closed-loop proposal when meals are
announced with 30% error(Aszge,) and missed announced (UAgcr). Blood glucose, IOB and insulin profiles are shown in
terms of median (solid lines) surrounded by colored regions representing the [25th, 75th| percentiles.

non significative changes are observed respect to the nominal case. For Ajzg, case, the per-
centage of time in tight range is 85.186[83.831,88.163|(p = 0.791); in 70 — 180 mg/dL range,
99.546[97.566,99.679](p = 0.52) and above 180 mg/dL, 0.454[0.322,2.434](p = 0.499). Neither L1
and L2 events are reported. On the other hand, for Urcy, case, the percentage of time in tight range
is 79.223[76.034,81.100](p = 0.212); in 70 — 180 mg/dL range, 94.585[90.473,96.976](p = 0.385);
and above 180 mg/dL, 5.415 [3.0237,9.527] (p = 0.385). The percentage of time in hypoglycemia
range (Gm<70) is 0.0352 (0.0781) (p = 0.66) with 0.0143(0.03) (p = 0.343) L1 events. As for the
nominal case, no L2 event is reported and the percentage of time in hypoglycemia range (Gm<54)
is 0(0). This brief simulation suggest that the inherent robustness of the controller is able to ac-
count for this kind of variability. Future research should include the use of time-varying models
(floquet) to better account for any circadian variability.

7.5. Event-triggered scheme: meal announced case.

In this third case, the performance of the event-triggerd pZMPC presented in Section 6 is
evaluated. As for the hybrid closed-loop scheme, the output disturbance observer (ODO) is em-
ployed, restricting the simulations to perfectly announced case (PA). The control horizon was set
in 14 hours (N = 168) for all patients, except for patient 003, for which it was increased to 24
hours (N = 288). Notice that this patient has a glucose effectiveness (6;) of 0.0010[min] which is
3.8 times below the cohort mean value of 0.0037[/min] (see Table 2).

Figure 8 shows that the proposed controller (denoted as FITgT) achieves a better postpran-
dial performance than the conventional therapy, set by the UVA /Padova simulator (denoted as
FITcT). In spite of the fact that both strategies have the same glucose target, the former is tuned
to achieve a minimal postprandial hyperglycemia, which is in accordance with glycemia lower
bound constraint activation (see [31]), while the latter is adjusted according to more conservative
specifications (see: Determination of CR and CF, [23]). It is important to note, that the proposed
strategy takes into account IOB constraints, avoiding insulin overdosing when meals are mises-
timated or remaining boluses still active. Furthermore, the pulsatile basal insulin delivery is up-
dated whenever the pZMPC is triggered by a meal event (i.e., U, = u%(2), when the pZMPC is in-
active). Table 5 shows that the FITgt increases the time in tight target by a 15.4% (FITgt : 82.785%
vs FITcr @ 71.746%, p < 0.05) without statistical significant L1 events (no L2 events are re-
ported). Therefore, since the mean glucose is reduced by a 9.15% (FITgr : 116.334 mg/dL vs
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Figure 8: Comparison of the event-trigged scheme (FITgT) respect to conventional therapy (FITcr) under perfectly an-
nounced meal case. Blood glucose, IOB and insulin profiles are shown in terms of median (solid lines) surrounded by
colored regions representing the [25th, 75th] percentiles.

FITcr :128.0461 mg/dL, p < 0.05) and the time in hypoglycemia range is not significant, the pro-
posed strategy would impact on a enhancement of Alc management (GMI, FITgr : 6.093 % vs
FITcr : 6.373 %, p = 0.005). In this context, the proposed controller could be used as an optimal
basal-bolus calculator, designed for computing both, basal and bolus infusions, according to the
solution of an optimization problem.

8. Conclusion

An AP based on a stable pZMPC with individualized model was proposed. The approach
aims to steer blood glucose to target zone, by employing a pulsatile insulin administration for
both, basal and bolus infusions. A daily state set considering normoglycemia range as well as
insulin on board constraints was included in order to restrict the insulin infusion, especially dur-
ing post prandial periods (i.e.: due to overestimated meal intake) and night intervals (i.e.: due
to insulin stacking, circadian variability of insulin sensitivity, missing out a dinner, etc.). Fur-
thermore, the presented controller was implemented taking into account announced as well as
unannounced meal intake, employing dedicated disturbance observers. For the announced case
(hybrid closed-loop scheme) the controller administrates insulin in a super-bolus mode since a
fully carbohydrate meal ingest rate (during a sampling period) is assumed. Moreover, the perfor-
mance was not significantly degraded when meals were announced with 30% error (Aszge,). On
the other hand, for the unannounced case (fully closed-loop scheme, Urcy), the Ra estimation
(by means of an input disturbance observer) allowed an improvement of glycemia control respect
to missed announced case (Uycy). Moreover, this formulation achieved a behavior comparable
with the hybrid scheme under regular carb counting misestimation errors (Azp,). Furthermore,
the Asgy, and Upcp cases were assessed considering circadian variability of insulin sensitivity,
with not significant differences respect to nominal case. To take advantage of the pulsatile mode,
the proposed controller was finally used as an optimal basal-bolus calculator. A better glycemia
control respect to conventional FIT therapy was obtained thanks to the explicit use of predictions,
state and inputs constraints, and asymmetric stage costs. Future research includes the explicit use
of time-variant linear /nonlinear model for predictions, to better account for any kind a variability.
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Table 5: Performance metrics of event-triggered scheme (FITET) respect to conventional therapy (FITcr) set by simulator.
An asterisk indicates statistical significance (p < 0.05) respect to FITgr case. (Overall).

FITer FlTcr

Mean G,, [mg/dL] 116.334[114.692,118.451] | 128.046[125.987,136.855]*

SD [mg/dL] 23.356 [21.490,28.653] 25.288[21.574,28.935]

CV [%] 19.406[18.651,24.983] 18.752[17.917,22.966]

70 < Gy, < 140 [%otime 82.785[86.547,86.547] 71.746]74.864,74.864]F

70 < Gy, < 180 [%otime 98.999[99.371,99.371] 96.572[95.930,95.930]

G > 180 [%time 1.001[0.630,0.630] 3.428[4.070,4.070]

G > 250 [%otime 0.000[0.000,0.000] 0.000[0.000,0.000]

G < 70 [%time] 0.000[0.000,0.000] 0.000[0.000,0.000]
0.0169(0.0533) 0.000(0.000)

G < 54 [%time] 0.000[0.000,0.000] 0.000[0.000,0.000]
0.000(0.000) 0.000(0.000)

No. L1y po 0.000[0.000,0.000] 0.000[0.000,0.000]
0.0071(0.0226) 0.000(0.000)

No. L0 0.000[0.000,0.000] 0.000[0.000,0.000]
0.000(0.000) 0.000(0.000)

TDI [U] 16.551[39.497,52.454] 13.111[37.051,47.080]

GMI [%] 6.093[6.053,6.143] 6.373[6.324,6 584
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10. Appendices

10.1. Appendix Al

Next, the detailed steps to obtain discrete-time system (9) from the sampling of the continuous-
time one (4), considering the pulsatile input (8) and constant meals along the period are given.
The continuous-time solution of (4), on each periods T, can be written as:

H(0) = g(ix(kT), u(), () = ATy 4 [ A D)
toAE-) toA(-0)
+ /kTe ! d@Brr(kT)Jr/kTe =04cE,

for t € [kT, (k+ 1)T], where the disturbance r is now out of the integral, because it is constant
all along the time period [kT, (k +1)T). To obtain a discrete-time system, the latter solution is
sampled at times t = kT, k € IN. Furthermore, taking into account that input u(t) is null in
[kT + AT, (k+1)T), it follows that:

KT+AT
x((k+1)T) eARADT=KT) v (kT) 4 /kT eAHDT=0) g7 B 1 (kT)

/(k+1)T ASDT-0 g7 (kT) 1 /(k+1)T (AT g7,
kT kT

Given that the model matrices are time-invariant, we can consider kT = 0 in the integrals, without
loss of generality, and so

AT T T
2((k+1)T)=eATx (kT) + /0 AT 4z B u(kT)+ /O AT 4z B,r (KT)+ /O AT g, (12)
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Figure 9: Pulsive scheme. Continuous-time evolution and sampled system.

But the second term of the latter equation can be written as
/O AT 04, u(kT) = £ATAT) /O M A0 47 B u(kT)
and then, equation (12) reads
2((k+1)T) = eATx(kT)eAT8T) /0 MeABT0) gz g (kT /0 "eAT-0) 4z, r(kT)
+ /0 " AT-047E = Adx(kT) + BIu(KT) + BIr(kT) + E¥

where A = AT, Bl = AT-AT) [AT (AT -0)grp, — oA(T-0T) A-1(oAST _ 1), Bd— [T oA(T-0)agB, —

A~1(eAT — I5)B, and E¥ = fOT eAT=8)drE = A=1(eAT — I5)E. Figure 9 shows an schematic plot of
the pulsatile evolution of a system, where it can be seen that there are two different components:
the first one corresponds to the response forced by the input u, while the other is a free response.
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Abstract

This paper presents an improved version of the pulsatile Zone Model Predictive Control (pZMPC) for
glycemic control in type 1 diabetic patients presented in [1]. Two main novelties were included: (i) a time-
varying insulin on board constraint (/O B(t)), which promotes a non-zero insulin delivery after a standard
bolus infusion (increasing the system controllability during postprandial periods), and (ii) a soft-constrained
version of the controller which ensures stability with an enlarged domain of attraction. Furthermore, a
configuration method for the IOB constraint based on a carb counting regression model is proposed, and an
algorithm is given to adjust the amplitude of the constraint based on glycemia rate of change information.
In-silico results in the FDA-approved UVA/Padova simulator, under over/underestimation of meal amount,
show a superiority of the glucose control over postprandial periods when the aforementioned ingredients
are employed.

Keywords: Insulin on board, Carbohydrate counting error, Soft constraints, Model Predictive Control,
Artificial pancreas

1. Introduction

Type 1 Diabetes Mellitus (T1IDM) is a chronic disease characterized by a destruction of pancreatic (3
cells [2], which leads to a complete deficiency of endogenous insulin production, thus resulting in higher
blood glucose (BG) levels (fasting BG: > 126 mg/dL, postprandial BG (2hs): > 200 mg/dL) [3]. It
accounts for 5-15% of approximately 422 million worldwide patients with diabetes, and its incidence is
increasing at a rate of 3.9% per year [2]. Due to the hyperglycemia condition, diabetic patients are prone
to have long-term complications, such as nephropathy, neuropathy, coronary heart disease and peripheral
artery disease, as well as short-term complications, such as, diabetic ketoacidosis (that is, acidosis due to
the breakdown of lipids to ketones as an alternative source of glucose).

To restore euglycemia levels (fasting BG: 80 — 140 mg/dL, peak postprandial BG (2hs): < 180 mg/dL)
[4], avoiding hypoglycemia episodes in the path (BG: < 70 mg/dL, severe hypoglycemia leads to cerebral
damage or even death), patients with T1IDM require the delivery of insulin in an optimized manner. As
result, the artificial pancreas (AP) was proposed as a medical device to control glycemia in a closed-loop
mode, through a continuous glucose monitoring (CGM) sensor, an insulin pump (CSII), and a control
algorithm, which based on the CGM readings, adjusts the insulin delivery. Several control algorithms
have been proposed for current AP systems, including Proportional-Integral-Derivative (PID) [5], Fuzzy-
Logic [6], and Model Predictive Control (MPC) [7, 8, 1], which have been tested under in-silico simulators
(UVA/Padova [9], Cambridge [10], Medtronic Virtual Patient [11]) and also under in-vivo clinical trials
[12, 13, 14]. Among all these control strategies, MPC has shown to be the most promissory one, because
of its ability to compute optimal control actions (insulin for the single-hormonal, and insulin and glucagon
for the bi-hormonal) based on the solution of a optimization problem that takes into account a mathematical
prediction model of the glucose-insulin dynamic, and input and output or state constraints. While input
constraints often represent physical limitations of the actuators (i.e. insulin pump accuracy , operation
range), and thus, can not been exceeded, output or state constraints are usually desirable limitations that
may not be fulfilled depending on the disturbances affecting the system. It is often the function of the MPC
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controller to determine in real time if the output or state constraints are not achievable, and relax them in
some satisfactory manner (i.e. by penalizing the severity degree related to the constraint unfulfillment).

Even though insulin administration via intraperitoenal route has improved pharmacoki-
netic/pharmacodynamic properties [15, 16], the majority of AP systems administers the insulin sub-
cutaneously, which for the rapid-acting insulin induces a lag of ~ 80 min since the insulin is infused until
its peak effect (i.e. 50 min for insulin absorption and 30 min for insulin action) [17, 18]. Therefore, the
non-negligible dynamic between injections and their effects in the blood needs to be explicitly considered.
A reported well known phenomenon occurring when this dynamic is disregarded or underestimated by the
controller is insulin stacking - a phenomenon frequently intensified by closed-loop algorithms that infuse
insulin continuously [5, 19]. To counteract this effect that increase the risk of hypoglycemic events, safety
modules based on the estimation and limitation of the plasma insulin and/or the insulin on board (IOB) -
insulin depot remaining at the subcutaneous tissue before entering circulation - have been proposed [20].
In the context of MPC controllers this safety limitation is accounted for, directly, through constraints in
states associated with plasma insulin and/or IOB [21, 1] or, indirectly, through constraints on the insulin
delivery rate u(¢) [U/min] [22, 23]. Regarding the former, it is important to mention, that several works
[24, 20] have considered an external feedback loop, called safety auxiliary feedback element (SAFE), to
keep IOB inside predefined limits in non-constrained formulations.

Furthermore, since the major disturbance corresponds to meal ingestion, which is normally counteracted
by insulin carb-boluses, IOB constraints with exponential decay curves have been employed [8, 24, 25],
which mimics the pharmacokinetic (PK) profile corresponding to bolus injections [26]. This way, the con-
trol performance does not deteriorate significantly, while hypoglycemic episodes are avoided. However,
forcing this mode of infusion, may be not optimal for meals with slow absorption dynamics, where a better
blood glucose control is achieved by a bolus plus a non-zero flow delivery [27], or when an ’extended bolus’
(square wave) posterior to the bolus injection is desired in, a so-called, 'dual-wave infusion policy’ [28, 29].
Moreover, since the IOB constraint is normally designed based on the estimated ’carb/correction bolus’ of
the conventional therapy [20, 30, 31], it could be restrictive in case of underestimated meal ingest and/or
overestimated functional insulin therapy (FIT) parameters, so significantly reducing the T1DM controllabil-
ity at hyperglycemic conditions. Studies have reported that T1DM patients are prone to underestimate large
meals [32, 33, 34], which impacts on BG control, denoting an increased risk of hyperglycemic episodes.
Furthermore, due to the exponential decay rate, insulin delivery could be limited in case of an unannounced
meal intake during the postprandial period of the configured bolus delivery. Therefore, it could be desirable
to have an IOB constraint which, in addition to a bolus infusion, allows for a non-zero insulin delivery over
a predefined time interval. As it will be detailed below, the study and modification of the IOB constraint is
one of the main contributions of this work.

Concerning the MPC formulations for APs, the majority of them lacks of stabilizing ingredients (termi-
nal cost function and terminal constraint). To the best of the current author’s knowledge, some exceptions
can be found in [7, 35, 36, 37, 38, 39]. To avoid increasing the computational cost related to terminal in-
gredients consideration (i.e. terminal set handling by additional constraints), prediction horizon sufficiently
large such that the terminal state reaches an equilibria condition are usually employed [40]. This way, since
meals represent the major perturbation, and taking into account that the postprandial period after a well-
configured carb-bolus lasts ~ 4 h, prediction horizons of 6 — 10 h are used. In addition, most of them are
formulated by minimizing the deviation between the predicted glycemia and a fixed set-point (i.e. integral
MPC [41], set-point enhanced MPC [42, 40]) or a set-interval (i.e. zone MPC [8, 30]). Therefore, since the
constraints and the terminal conditions of the optimization related problem will depend on the selected tar-
get, if it is changed (i.e. blood glucose zone varying over the day [30], time-varying setpoint in accordance
to blood glucose level [40]), the controller feasibility could be lost. Furthermore, imposing hard state or out-
put constraints can be overly conservative or render the optimization problem infeasible in the closed-loop
operation (for example, due to unmodelled glucose-insulin effects, intraday-variations of insulin sensitivity,
sensor noise, among others). Even though a possible remedy is to soften the state constraints by penalizing
(in the AP context, see [22, 40]), standard soft-constrained formulations do not provide stability guarantees.
Therefore, as an additional contribution of this work, the pulsatile Zone Model Predictive Control presented
in Abuin et. al. [1], which is an MPC for tracking zone regions under changing operation conditions and
has recursive feasibility and stability guarantees by design (under nominal conditions)[43], was extended
to the soft-constrained case, based on Zeilinger et. al. [44] proposal. This way, under the assumption that
a not-necessary feasible equilibrium (in the hard sense) is reached at the end of the control horizon (i.e.
meals fully absorbed during prediction horizon), the recursive feasibility and stability of the closed-loop are



guaranteed for all time. Furthermore, because of the proper use of constraints, the domain of attraction is
increased.

Finally, since the glucose control problem of T1DM is highly asymmetric (the consequences of hypo-
glycemia are faster and more detrimental than those of hyperglycemia, in the single-hormone AP there is
no antagonist control action to insulin, insulin can not be removed, etc.) we added: a) an asymmetric stage
cost which, by penalizing harder hypoglycemic excursions over the prediction horizon, promotes the con-
vergence of the predicted trajectory to the artificial set-point from above, and b) an asymmetric stationary
cost, both to decrease the artificial setpoint convergence at hyperglycemic conditions (and thus, decreas-
ing the controller overreaction) and to encourage the insulin suspension as the blood glucose is below the
target zone. Moreover, as a special setting, we extended the aforementioned stationary cost by including
a velocity-dependent function which modifies the artificial setpoint convergence to the zone in accordance
with the glycemic rate of change.

According to the aforementioned discussion, the main novelties of this work are:

1. A novel time-varying constraint for the insulin on board (IOB) is proposed, which promotes a non-
zero insulin flow after a bolus delivery, so increasing the system controllability during postprandial periods.
Furthermore, a configuration method of the constraint based on a carb counting regression model is pro-
posed, and an algorithm is given, to adjust the amplitude of the constraint, according to the glycemia rate
of change.

2. A soft-constrained version of the pulsatile zone MPC (pZMPC) introduced in Abuin et al. [1] is
proposed, which ensures stability with an enlarged domain of attraction.

After the introduction given in Section 1 the article is organized as follows. Section 2 presents the
glucose—insulin model and the time-varying constraints of the blood glucose problem under insulin therapy.
In Section 3 the non-standard IOB constraint is formulated and a configuration methodology according to
a carb counting regression model is explained. An extended algorithm is included to deal with a relaxation
of constraint amplitude in the case of excessive glycemia rise. In Section 4, the discretization schemes are
formulated in order to get a pulsatile representation of the glucose-insulin model. Then, in Section 5, the
pulsatile zone MPC is presented and the soft-constrained formulation is detailed. In Section 6, in-silico
trials are performed considering different settings of the non-standard IOB constraint and carb counting
estimation errors. Finally, in Section 7, a complete discussion concerning glycemic control under the novel
IOB constraint is fulfilled, and some concluding remarks are given.

2. Control-oriented model

According to control purposes, and regarding its inherent descriptive capability and parameter inter-
pretability, the following physiological long-term minimal model based on Ruan et. al. [45] proposal, is
considered:

(t) = Ax(t)+ Byu(t) + Byr(t) + E, x(0) = zo,
y(t) = Cua(t), 2.1

where z(t) = [x1(t) x2(t) x3(t) xa(t) z5(t)]’, with 21 being the blood glucose concentration [mg/dL],
22 being the insulin delivery rate in plasma [U/min], x5 being the insulin delivery rate in the subcutaneous
compartment [U/min], x4 being the rate of carbohydrate absorption from the gut [g/min] and x5 being the
glucose delivery rate from the stomach [g/min]. The output y(t) is given by the state component z1, i.e.,
the glycemia to be controlled. Furthermore, u(t) denotes the exogenous insulin infusion rate [U/min] and
r(t) the carbohydrate amount (CHO) eaten in the unit of time [g/min]. The state matrices are given by:

~

-0 -0 0 03 0 0 0 0o 1
0 -5 7 0 0 0 0
A=[ 0 0 -5 0 |,B=|g|.B=|0]|,E=|0]|,C=[0],
0 0 0o -+ X 0 0 0 0
o o0 o o -a 0 L 0 0
—% L

where 65 is the insulin sensitivity [mg/(dL-U)] (it measures the ability of insulin to enhance the disappear-
ance of glucose from plasma, both by inhibiting glucose production and by stimulating glucose utilization in



insulin-dependent tissues) and 63 is the raise factor [mg/(dL-g)] (change in blood glucose concentration per
unit of time when 1 g of CHO is absorbed), being the rate of glucose appearance in plasma R, = 03x4(t)
[mg/(dL-min)]. Moreover, 6 is the glucose effectiveness [/min] or glucose self-regulation effect to promote
its own metabolism (i.e. stimulating glucose uptake by peripheral tissues and suppressing hepatic glucose
release) and 6 the endogenous glucose production at basal levels EG P, (8 = 601Gy, + 02U, being G, and
U, the glucose and insulin rate at basal levels) [mg/(dL - min)]. The insulin absorption kinetics is expressed
by 0, (time-to-maximum effective insulin concentration) [min] while the time constant related to the meal
absorption subsystem is represented by 65 (or time-of-maximum appearance rate of glucose in gut) [min].

The unconstrained set of equilibrium pairs (us, ) of system (2.1) (which are obtained by making
@(t) = 01in (2.1)), is given by the pairs (us, z5) € R>o x RY that fulfills 75 1 = (6p — Ous) /01, x2s =
23, = us and w4 s = 25 s = 0. Among all the pairs (us, :Es) constituting an equilibrium condition, the
one corresponding to basal conditions is denoted (Up, 23), where xp := [z1p Z2p T3p Tap Tsp) =
[Gy, Uy, U, 0 0], Uy is the basal insulin dose and Gy, is the basal glycemia, i.e., a fasting normoglycemia
value (G =~ 110 [ml/dL]). The basal regime refers simultaneously to equilibrium and fasting conditions
(there is no equilibrium with meals). Furthermore, it is possible to define glycemia and insulin basal sets
(GbT‘”” and UbT ar with GbT‘”’ = (6p — 020, bT @) /61), instead of basal points, to reinforce the idea that there
is a complete zone of values Gy, (i.e. 80 < Gy, < 140 [mg/dL]) where the blood glucose concentration is
considered normal.

Remark 1. Due to the affine term, E, basal conditions are explicitly accounted for in model (2.1) (i.e.
Gy = (0g — 02Uy) /01). This way, the input u can be expressed as

u(t) == Uy +at), 2.2)

in such a way that both, the basal Uy, and bolus/postprandial u(t) infusions are accounted for simultane-
ously, allowing null insulin infusion when u(t) = 0. This consideration significantly increases the system
controllability when, for instance, a complete reduction of the basal delivery is needed after an insulin
super-bolus’ (i.e. optimal insulin delivery for meals with full CHO content), or a postprandial hypo-
glycemia episode is unavoidable for any non-null basal delivery.

Remark 2. Under the assumption that 01 =~ 0 (see [46, 47]), FIT tools can be derived from the analysis
of the dynamic model (2.1). Owing to this, the correction factor (or insulin sensitivity factor) CF =
0> [mg/dL U)], the raise factor RF = 03 [mg/(dL g)], and the carbohydrate-to-insulin ratio (or the
number of carbohydrates covered by 1 unit of insulin) CR = 05/605 [g/U]. It is important to mention,
that since the glucose self-regulation effect is not accounted (i.e. note that it counteracts the insulin effect
on BG reduction), the mentioned parameters are conservative in sense of the optimal achievable values
[48, 49, 50].

Remark 3. The so-called insulin-on-board (IOB) - that is, the amount of insulin remaining in the body from
the previous insulin boluses - can also be expressed in terms of the system (2.1) states. Indeed, according
to [51], the IOB is given by IOB(t) := fJ(U(T) — x2(7)) dr. Since u(7) — x2(7) = 04(22(7) + E5(7)),
then IOB(t) = 04(x2(t) + x5(t)) (Where it is assumed x2(0) = 0 and x3(0) = 0).

Remark 4. According to the superposition of basal and bolus (or postprandial) components of the input
u(t), and the model (2.1) linearity, it is possible to denote the state variable by the superposition of this two
component x;(t) = x; p + &;(t), i = {1, 2, 3}. The same follows for the IOB, IOB(t) = IOB, + IOB(t).

2.1. Time-varying input and state constraints

System (2.1) is assumed to be constrained in both, states and input, such that w € U, x € X, where U is
given by U = {u € R>¢ | u < Upag }» With Upae = 15 [U/min] (i.e.: maximum infusion dose of insulin
pumps) [52]. Furthermore, X is assumed to be time-varying along the day, to account for additional insulin
requirements over postprandial periods. For the sake of simplicity, let consider a meal-related event ! of
amplitude C’fIOo [g] at t = . Then, for t > ¢,

X(t):={x € R‘;O | Ghypo <x1(t) < Ghypers Oa(z2(t)+23(t)) <IOB(t)}, 2.3)

Meal announcement through the estimated carbohydrate content C HO.



where IOB(t) = IOBy maz + IOBmM(t; tO,CﬁOO), being IOBy ;mqy; a constant associated with
basal/equilibrium conditions 2and IOB maz (t;t0, C H Oyp) a time-varying term accounting for insulin deliv-
ery over the postprandial period, which is explicitly defined in Section 3 and it can be configured according
to an admissible carb bolus, Uy = CHO, /CR. To avoid insulin overdoses due to an overestimated C' HoO,
Up can be computed using a fixed meal size upper bound (i.e: 55 g for all CHO) [31], meal size classi-
fication levels (i.e.: small meals CHO < 35 g, medium meals CHO € [35,65) g, large meals > 65 g)
[53, 31], or an assumed CHO counting error model (i.e. CHO = f(CHO)) as it will be detailed next,
in Section (3.2). The bounds for x; are given by Gpypo = 60 and Gpyper = 300 [mg/dL]. Note that
X (t) is unbounded from above for x4, x5, which is consistent with the fact that these two state components
(associated to the meal ingestion) are uncontrollable. The constrained equilibrium set is given by the pairs
(us, x,) that fulfill 0 < uy < Upmazs With Up maz = (00 — 01Gp min) /02, Ghypo < T1,5 < Ghyper and
04(z2,s + 23,5) < IOBp mae- Note that equilibrium is, by definition, associated with a basal condition,
since equilibrium implies a fasting state, i.e., x4, = x5, = 0. Furthermore, it is clear that every feasible
equilibrium state is in X' (t), for all t > ¢.

Remark 5. In contrast to [1], where a piecewise IOB constraint was employed, with fixed bounds over
diurnal and nocturnal periods, in this work, we propose a time-varying IOB constraint according to an
admissible insulin absorption pattern after a meal-related event. As a result, the constraint is only relaxed
when a carb bolus is required, ensuring glycemia compensation over postprandial periods, and avoiding
insulin over delivery during fasting periods (i.e. increased risk of hypoglycemia events overnight interval
due to a blunted sympathoadrenal response to falling blood glucose concentration [54, 55]). Moreover, in
comparison with the piecewise IOB constraint, where infeasibility problems could arise if a meal-related
event takes place in the vicinity of constraint tightening; by using a time-varying profile - in accordance to
the insulin absorption dynamic - the risk of infeasibility is decreased.

3. Non-standard IOB constraint

Several types of time-varying IOB constraints have been proposed for AP control algorithms ([56, 8,
24, 31]), the majority of which were designed to accomplish IOB decay curves after the standard bolus
injections. However, this model of infusion is right only for meals with rapid-absorption dynamics i.e.
high degree of carbohydrate content, but may be significantly restrictive for those with slow absorption
dynamics (i.e. high proportion of protein/fat, low glycemic index(GI)) where at least, theoretically, a better
glycemic control is achieved by a bolus followed by non-zero insulin flow [27]. Moreover, since the IOB
constraint is usually configured according to the estimated CHO counting (CHO), the insulin delivery
could be insufficient when the meal intake is underestimated, thus augmenting the time in hyperglycemia
and increasing the blood glucose variability. As it will be shown later, employing this type of IOB decay
curve, the insulin infusion could be too restrictive in the case of unannounced meals posterior to constraint
triggering. In this section, a time-varying less restrictive IOB constraint is proposed, which permits a bolus
infusion followed by a non-null insulin delivery over a configurable time interval. Furthermore, by means
of a carbohydrate counting error model, the constraint is set to avoid hypoglycemia episodes due to CHO
overestimation. An algorithm is proposed to augment the IOB constraint amplitude according to the rate of
change (ROC) of blood glucose.

3.1. IOBmM formulation

Given that the postprandial insulin on board is given by IOB(t) = 04(Zo(t) + #3(t)), its time evolution
for a predefined insulin pattern can be obtained by solving the insulin subsystem. For instance, assuming
a standard bolus therapy of amplitude Uo = CHOy/CR applied at some t, > 0, the IOB(t) profile
results TOB(t) = Uge (t=10)/0s(1 4 L (t — tp)) (see Appendix (8.1)), which can be employed as an
upper bound constraint for insulin admlmstratlon Even though this mode of constraint may be optimal
for carb/correction boluses adequately computed, it could be too restrictive when a high insulin dose is
required (i.e. if an underestimated CHO - or an overestimated CR ratio - is employed for the constraint
setting). Moreover, the insulin infusion could be wrongly limited when additional boluses are required to

2Given that IOB(t) = 04(z2(t) + z3(t)), it is possible to define a maximal basal infusion U oz = (60 — 01Gp min)/02,
such that IOBy ymaz = 04(22,5,maz + 23,b,maz) = 042Us maz» being Gy, iy a minimal safety basal value of G (G min = 70
[mg/dL]).
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Figure 1: Upper panel. Insulin patterns related to (i) non-standard IOB constraint (single bolus followed by an exponential increasing
flow, in black), and (ii) exponential IOB constraint (single bolus, in dashed red). Lower panel. Proposed non-standard IOB constraint
(in black) and exponential IOB constraint (in dashed red). The time of meal announcement is o = 3 h while ¢y = 5 h. For both
constraints: Up = 7 U.

compensate for unannounced meals, or when a non-null insulin administration after the bolus injection is
needed (dual-wave policy). Therefore, designing an IOB postprandial constraint that accounts for insulin
infusions over a predefined time interval after the meal announcement could be advantageous. This way,
we define the non-standard IOB constraint as the one that permits a single bolus infusion followed by a
non-zero insulin delivery period in which IOB remains constant. The following definition formalizes this
new concept:

Definition 1. Let consider a meal-related event of amplitude CHOy at time to > 0. So, the “non-standard
insulin on board constraint” I0B 4. (t;to, CHOy), t > tg, is given by

0 t =to,
I0Bomas (t;to, CHOY) = Uy t € (to,t], 3.1
Upe™ =00 (1 & (1)) 1 € (17,00),

where Uy = CH Oo/CR is the amplitude of the insulin bolus (that takes into account the estimated carb
amount CHQO and the carbohydrate-to-insulin ratio CR), and ty > tg is a finite time that will be specified
later, according to additional insulin requirements. In the sequel, we will denote ATjop =ty — to.

Note that the difference between the proposed upper bound constraint and that consisting in just using
IO Bmax(t) = Uge™10)/%4 (1 4 2-(t — ty)), which is a limit case of the former when AT;op — 0, is
that now, for a non-zero ATop, the upper bound is considered constant. This way, according to insulin
requirements, an additional flow (over basal delivery) is permitted during postprandial period to better
compensate different types of meals. The hyperglycemia excursion degree respect to the euglycemic zone
will be handled by selecting an appropriate value for AT;op while the hypoglycemia risk will be managed
by Uy setting (see Section 3.2). Figure 1, lower panel, shows a schematic plot of both type of constraints,
the proposed less restrictive and the exponential one. A question that naturally arises at this point is that
concerning the form of the input (insulin pattern) that corresponds to the proposed constraint. The next
Theorem shows the feasible insulin infusion pattern that fulfills with equality the IO B,,4, > constraint.

Theorem 3.1. Consider the system (2.1) at basal initial conditions and a meal-related event of amplitude
CHQOy at time tg > 0. The “non-standard IOB constraint” of Definition(1), results from the insulin

3For the sake of clarity, in the sequel, we will omit the parameters of the non-standard IOB constraint defined in 3.1, referring
interchangeably to this, by /OB az-



subsystem solution under the following insulin pattern:

Uo t = to,

~ 2 (t—

at) = 19Ba1— e u )t e (t,ty), (3.2)
0 t e (ty,o0),

where Uy = CﬂOO/CR and 10 By is the value of IOB(t) right after the insulin bolus, i.e., IOBy =
TOB(t) = 04(Za2(t]) + T3(td)) *.

Proof. Consider the insulin pattern described by (3.2), with g > 0 and ¢; > ¢, and consider, without loss
of generality, that the system is at steady state at t( (i.e., z2(tg) = x3(to) = Us, where Uy, is the basal insulin
delivery). Since we are analyzing the system behavior after meal announcement, only the postprandial state
components will be considered. After the impulse, at ¢, states T3 and Zo are given by T (tar ) = 0 and
E3(tg) = 52 and, so, IOB, := IOB(t{) = Uj.

On the other hand, over the interval (tJ,t], IOB(t) is constant, so IOB(t) = 0 and, consequently,
IOB(t) = IOBy, for t € (t§,t¢], due to continuity of IOB(t).

From system (2.1), Z(t) + #3(t) = ;—:(ﬂ(t) — Z9(t)), and given that TOB(t) = 04(Z2(t) + 23(t)) = 0,
it results that #5(¢) = @(t). Then, replacing #5(t) by @(t) in IO B(t), it follows that Z3(t) = 198 — a(t).
Taking Z5(t) = —ii(t) and accounting that Z3(t) = g—jig )+ éﬂ(t), with Z3(t) = % —a(t), it results
that the insulin infusion @ (¢) must satisfy the following differential equation

. 2 IOB
at) = galt) + 2 2 (3.3)

in order to get a constant IOB profile. Solving the aforementioned differential equation, we have the fol-
lowing insulin profile @(t) = Ig%(l — e~ (2/04)(t=t0)) over the predefined interval (Zo,¢]. If the system
is not at steady state, then /O By # Uy, but the proof follows the same steps. O

Remark 6. Despite the non-standard IOB constraint (Definition 1) was formulated assuming basal initial
conditions, in order to clear up the explanation; its applicability could be limited when such a condition
is not satisfied (i.e. constraint updating during the postprandial period of a meal-related event, see later
in Section 3.3). This way, in Appendix 8.2, a complete definition under non-steady state initial conditions
is presented, and it is shown, that also results from the solution of the insulin subsystem under the insulin
pattern (3.3).

Theorem 3.1 helps us to understand what type of insulin pattern is indirectly forced/constrained by the
non-standard IOB constraint, when this latter is active: an impulse (or thin pulse) followed by an increasing
dose up to a given time ¢ ¢.

To have a first insight into the effect of the upper bound I OB naq in the general meal compensation,
some preliminary simulations are carried out next. Figure (2) shows the BG control when the OB, q.
constraint is configured in accordance with CR = 65 /65, under different AT;op periods. As it can be
seen, if ATop is increased, both for the perfectly announced (60 g at 7:00 h and 80g at 18:00 h) as well as
the underestimated (60 (—50%) g at 12:00 h) meal-related events, the time span where BG is above the 140
[mg/dL] limit is reduced. Particularly, for the underestimated event, it can be observed that the increment
of ATjop promotes the insulin infusion over a prolonged interval of time, and thus, a faster euglycemia
restitution. In addition, if an unannounced meal occurs over the interval where I O~Bmaz is active (i.e.
snack of 50 g at 20 h), the hyperglycemia episode is better counteracted by the IOB constraints with wider
ATjrop periods. Note that if AT;op = 150 [min], insulin infusions of higher amplitude are admitted,
and thus, a better BG compensation is achieved. On the other hand, if meals are overestimated, since the
IOB constraint amplitude is augmented for the aforementioned configurations, the risk of hypoglycemic
episodes will be increased. Anyway, as it will be shown in Section 3.2, by handing the IO B, upper
bound, the risk can be managed to tolerable levels. From this discussion, it is possible to infer, that based
on “a priori” carbohydrate counting error information, the upper bound Uy and time interval AT7op of the
TIOB,4, can be computed in order to guarantee that commensurate insulin infusions will be applied.

4Note that if the system is at steady state at to, then IOBgy = Up
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Figure 2: Blood glucose control employing the non-standard IOB constraint, with different sizes of AT7op interval. Case 1:
ATrop = 0 [min], standard bolus case (black). Case 2: AT;op = 60 [min] (black). Case 3: ATrop = 150 [min] (red).
Meal-related events: 60 g at 7:00 h, 60 (—50%) g at 12:00 h, and 80 g at 18:00 h followed by an unannounced meal snack of 50 g at
20:00 h. IOB(t): estimated IOB by a dedicated observer (ODO, [1]). m(t): IOB constraint for insulin delivery over fasting and
postprandial periods. The sign of percentage indicates the overestimated (+)/underestimated (—) error.

Remark 7. It is important to mention that by restricting 10B(t) < IOB",az(t;to,CI:IOO), the in-
sulin on board state I0B(t) is bounded by the IOB 4 (t;to, CHOy) profile.  Furthermore, since

I O~Bmw(t; to, CH Oy) has an associated insulin delivery pattern u(t) (Theorem 3.1), then the maximal

ATroB ~

accumulated insulin dosage over [tg, c0) will be Uy + fto u(t)dt. Therefore, by including the re-

striction IOB(t) < I0B 0z (t; to, CfIOO), a) IOB(t) will not exceeded I0B 0 (t; to, CfIOO) for a
given t, and b) ftzo u(t)dt < Up + ftﬁTIOB @(t)dt. Notice that, IOB(t) = h * u(t), where * denotes the
convolution operator and h represents the impulse response of the insulin pharmacokinetic system. Then,
hxu(t) < h*a(t), and consequently, by integrating both sides, from tq to oo, and by Fubini’s theorem,
results in j;io u(t)dt < Up+ j;fTIOB a(t)dt. In other words, the maximal accumulated dose over a given in-
terval will be restricted by the maximal dose allowed by the restriction. On the other hand, if the constraint
is only considered on the maximal dose, u(t) < Upnar(CHOy), not on the pattern followed by the IOB(t),
the time-invariant upper bound limit 1 OBmam = Unaz (Cﬁ[ Oy) is a feasible restriction. In this case, the
accumulated dose over [ty, 00) keeps unbounded. Notice Jo): m (t; to, CfIOO) < IOBmax (CfIOO)for
allt > ty.

3.2. Accounting for CHO counting error models

Provided that the proposed IOB constraints [ OBWW is a function of CH O, through Uy in (3.1), pos-
sible errors in the carb counting should be explicitly considered. Previous studies attempting to quantify
the carbohydrate counting error in T1DM patients have reported that they tend to overestimate small meals
and underestimate large meals. Thus, an increment of hyperglycemia episodes has been reported in clinical
trials, both under open-loop [34, 33] and closed-loop [57]. If the IOB constraint is configured according to
CHO, insulin over-delivery could occur for the first case, so increasing the hypoglycemic risk, while for
the second case, the insulin infusion might be insufficient to compensate for hyperglycemia episodes. To
account for these potential carb counting errors, the IOB constraint should be designed to avoid insulin over-
delivery when meal ingest is overestimated, ensuring an adequate infusion when meals are underestimated.



Since IO Bina, has an interval of non-zero insulin infusion after the bolus- those in which JOB (t) =0,
the accumulated dose can be incremented without augmenting the bolus amplitude. Moreover, from the so-
lution of (3.3) over the time interval (ta' ,tr], it can be seen that this type of constraint forces the reduction
of the insulin delivery posterior to bolus and, consequently, the risk of insulin over-delivery diminishes.
Let us now consider a carbohydrate counting regression model, CHO = f (CHO; B), where f is a
known function of the carbohydrate amount, CHO, and the fitted parameters § (with abuse of notation,
f(CHO) := f(CHO;p)). Furthermore, for a fixed C HOy, assume a known meal prediction interval,
given by f(CHOq) £ AC HOy, where ACHO, is a term related to prediction error variability [58]. The
key idea is to get a prediction interval for the actual carb amount C'HO, also called ’calibration inter-
val’, according to a given carbohydrate counting CHOy (see Figure (3)). This way, we will consider an
announced C'HO, and a fitted regression model, CHO = f (CHO), with upper/lower bounds of the pre-
diction interval, given by f.,(CHO) = f(CHO) + ACHO and f,(CHO) = f(CHO) — ACHO,
respectively. Employing approximated methods for inverse regression [59], the upper and lower bounds for
the actual carb intake can be estimated by CHOy;, = flgl(CI-jOo) and CHO,;, = 7;}(C’HOO). Fur-
thermore, the expected value of CHO, E(CHO) = CHO, is given by CHO = f~'(CHOy). From
Figure (3) (1.a), it can be seen the aforementioned bounds for an estimated CH Op = 80 [g]. Moreover,
in Figure (3) (1.b,1,c), two additional carbohydrates counting regression model based on real data [32, 33]
are presented. Since for the mentioned studies the prediction intervals were not reported, it was assumed
that f;,(CHO) = ki, f(CHO) and f,;,(CHO) = ky,f(CHO) for some constants kp, kyp > 0 (het-
eroscedasticity of variance) in order to deal with the observed variability of the CHO counting error (defined
as CHO := CHO — C HO) against the meal CHO count (see Figure 1 (C) in [34] and Figure 3 in [33]).
Now, based on the estimated lower/upper bounds for the actual carb amount, CHOy, = flgl (C H Oo)
and CHOy, = f jbl (C H 0y), respectively, the non-standard IOB constraint (Definition 1) is configured in

such a way that: 1) Uy = CHOy,/CR, and ii) ATrop = ATroBub » Where ATro pup is a time interval such
that the maximal accumulated insulin dose is CHO,,;,/CR (see. Lemma 1). This way, Uy = CHOy;,/CR
limits the bolus amplitude at the worst case, that is, when the actual carb amount CHO = CH Oy, while
ATiop = ATiopupy guarantees that the accumulated insulin dose over ATjpp will be the required for
all CHO < CHOyy, according to the conventional therapy rule i.e. CHO/CR. As detailed next, the
expected value of the CHO, CHO = f -1 (Cﬁ 0y), will be informed to the pZMPC and the state observer
as the best available meal estimation.

The following lemma states an analytical expression for the AT;o g period.

Lemma 1. Let us consider an insulin pattern fulfilling equation (3.3) with Uy = CHOy;,/CR and
ATriop = ATroBub in such away that the accumulated insulin dose over the aforementioned interval
is given by CHQO,,/CR. Then, AT10 pup fulfills the following non-linear equation

04672ATIOBub/94 04 CHOyu, — CHOyy
ATiopuy + —————— = = (4
TOBub + ( CHOy,

1). 34
5 5 +1) (3.4)
Proof. Given the insulin pattern (3.3), the accumulated dose over ATjop = t;y — to can be calcu-
lated as fttof u(t)dt = Uy + f:Jr w(t) dt. Furthermore, by hypothesis, if ATjop = ATioBup, With
0]
Uy = CHOy,/CR, the accumulated dose over the time period is CHO,;/CR. Then, CHO,;,/CR =
CHOy,/CR + ['7 a(t) dt, and consequently, f:* a(t)dt = (CHOu, — CHOy,)/CR. Since, u(t) =
0

to

%(1 - efi(t*to)) for ¢ € (to,ty], and defining 7 := ¢ — to, results

CHOu — CHOypp

(1—e @) dr = e

ATros
/ 10B, 45)
0

20,4

where IOBy = Uy since it is assumed that the system is at steady state before ty. From the solution of
(3.5), with Uy = CHOy;,/CR, the non-lineal equality (3.4) follows. O

Assumption 1. [t is important to mention that the aforementioned configuration of the I OB pas resides
on the assumption of a significant carb counting error model of the cohort under study. In this sense, hypo-
glycemic episodes could arise if the carb counting error model assumes that the patient is underestimating
meal size, while in fact, he/she is overestimating these one. Anyway, this effect can be counteracted, by
setting carb counting error models with gradual degree of accuracy i.e., start with models which considers
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Figure 3: Upper plot: CHO estimation (CHO) against meal CHO amount according to the regression model CHO = f (CHO)
(filled line) + variability interval in the CHO estimation (dash-dot lines). Model 1 (black): nominal model, f(CHO) = CHO.
Model 2 (black): linear regression model, f(CHO) = 10.54 + 0.72C HO [34]. Model 3 (red): polynomial regression model,
f(CHO) = —0.05CHO? + 1.104CHO + 0.415 [33]. Note the significant variability in the CHO amount [C HOyp, CHO43),
according to a given CHO estimation. Lower plot: CHO estimation error, CHO = CHO — CHO, against meal CHO amount.

overestimation of meal amount, and depending on the hypo/hyperglycemia ratio, employ models for under-
estimation case. On the other hand, even though, an accurate model of the patient under study could be
found, if its variability is miss-estimated, hypoglycemic/hyperglycemic episodes could arise depending on
CHOub/CHOlb ratio.

Remark 8. Since Uy also depends on the carbohydrate-to-insulin ratio (CR), if C R differs from the real
patient value, insulin delivery could be excessive in case of an underestimated value. Although this issue
was not considered in the present work, assuming a regression model for CR, the proposed constraint can
be configured to avoid hypoglycemia episodes.

3.3. Adaptive IOB 40

Although the mentioned configuration for the IOB constraint avoids an excessive insulin delivery in
case of overestimated meal ingests, it could be restrictive when the meal ingests are underestimated. That
is, even though an interval of constant IOB is allowable for the insulin delivery, it could not be enough to
compensate a postprandial hyperglycemic event. Therefore, in this section, an algorithm for the constraint
modulation is introduced, which allows an increment of the [ O~Bm(m amplitude according to the rate of
change (ROC) of blood glucose. This way, if i) the ROC of glycemia, ¢ (t), is higher than a predefined
threshold G4y, and ii) the ROC of the ROC of glycemia, G(t), is positive (i.e. meal effect on the glycemia
acceleration is higher than the related to insulin absorption), the 1 OB ay constraint is relaxed allowing a
bolus delivery of higher amplitude (Algorithm 1). Hence, if the blood glucose is increasing in such a way
that the aforementioned conditions are satisfied, and taking into account, that at least for meals with a high
glycemic index, the optimal delivery consists of a bolus infusion (i.e. it is assumed that meal announcements
before the meal ingestion time are not considered), then by relaxing constraint amplitude, commensurable
insulin infusions can be applied. Mainly, if the actual carb amount C HO is higher than the lower bound
C H Oy, employed to constraint setting.

Figure (4) shows the blood glucose control under three configurations of the IOB constraint, in-
dicated as: TOBYZ  TOBLE & and TOBLB?. In TOBUE , the constraint upper bound is set in
Uy = CHO,,/CR, in order to admit, at the meal announcement time, carb boluses for actual carb
amounts CHO < CHO,;. The time interval of constant IOB is fixed in AT;op = 0. In TOBLB | the
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Algorithm 1 OBnas updating according to G and G estimation

Require: CﬁOo, Gin, CHOyp, CHOp,, CR, 10Bb maz» 0cmo (discretization step for the carb amount
calibration interval), and d pp (postprandial period).
1: Set IOB a4, with Uy = CHOypy /CR and AT10p = ATio By (Lemma 1).
2: Fix the IO By 4, relaxed amplitude step size, AUy = (CHO,, — CHOy)/(CRnygyp), where ng, =
Z’nt((CHOub - CHOZI))/5CHO)-

3: Initialize t3 = tq.

4: while |t — to| < dpp and ng, > 0 do

5: Estimate G(;) and G(ty,).

6: if G(t.) > G, and G(t},) > 0 then

7: Compute Z;(tx) = zi(tk) — Tibmaz» Where x;(tx) is an insulin-related state (i.e. estimated by
a dedicated state observer, see ODO in [1]) and % ;s = IO By mas/(204) (i = 2, 3).

8: Update the [ (ijam in accordance with Appendix 8.2 by setting: Z20 = Za2(tx), T30 =
.i‘g(t;c), ATiop = 0and Uy = AUj.

9: Ngp = Ngp — L.

10: end if

11: tr =t +715%.
12: end while

constraint is configured according to enunciated method in Section 3.2, that is, Uy = C HOy;,/CR (to limit
bolus amplitude at the worst case) and AT;op = ATropup (to ensure the maximal accumulated dose is
the corresponding to C HO,). In TOBEB®, the constraint is assembled as it is detailed in Algorithm 1. A
threshold of Gy, = 2 [mg/(dL min)] was considered in accordance with the expected ROC of the blood
glucose concentration when underestimated meal amounts are tackled. Furthermore, the discretization step
for the carb amount calibration interval (0o o) was set in 10 g, while the admissible interval for constraint
updating (dpp) in 240 min (which is in accordance with a 4h postprandial period). For all configurations,
the nominal carb counting error model (model 1, Figure 3) with kj;, = 2 (to deal with overestimated meal
amounts by +100 %) and k,;, = 0.5 (to deal with underestimated meal amounts by -50 %) was employed to
CHOyy, CHO, and C'HOyy, estimation. In this sense, it is important to mention, that for all meal-related
events (45 g at 7:00 h, 80 g at 12:00 h and 130 g at 18:00 h), a fixed carb counting of 80 g was considered,
and thus, CHOy, =40 g, CHO = 80 g, and CHO,;;, = 160 g. This way, when the meal is overestimated
(i.e. 45 g at 7:00h), due to configured C' HOy, limit (CHOy;, <45), the hypoglycemia episode reported
for the TOBYB  case is avoided for both, TOBLE and TOBLB® settings. On the other hand, if the
meal ingest is underestimated (130 g at 18:00 h), due to constraint relaxation, insulin administrations of
higher amplitude are allowed for the I OBLBa getting. Consequently, the hyperglycemic peak is reduced,

achieving a similar performance than the [ OBYB case. As aresult, by the I OBLBa configuration for the
IOB constraint, insulin overdoses due to overestimated meal amount are prevented, while hyperglycemic
conditions are diminished when the reported meal amount is underestimated. As it will be shown in Section

6, this configuration of the OB ap constraint is promising, mainly, when carb counting errors are tackled.

Remark 9. Notice that the Algorithm 1 for 1 OB mas updating follows the recommendations for dealing
with uncertainty in meal amount proposed by Townsend et. al. [60], that is, decide the magnitude of
the bolus based on the minimum amount of consumed carbohydrate and/or reduce the insulin flow when
the maximum blood glucose level occurs (since the insulin effect begins to dominate the blood glucose
response). In addition, it can be related to the IOB constraint modification curve, in accordance with the
blood glucose concentration, proposed in [42].

Remark 10. In Algorithm 1, the threshold for the ROC of the glycemia can be set by user (i.e. see Table 2.6
in [28]) or estimated according to the expected ROC following an allowable insulin pattern and considering
an actual meal ingest higher than CHOy,. Furthermore, G(t) and G(t) are estimated using an Euler
discretization (Ts = 5 min), and a KF algorithm, as it is detailed in [61].

Remark 11. Even though releasing the 10B constraint amplitude is more favourable when meals are
underestimated, since an insulin delivery by a bolus mode will be achieved (which is optimal, even when
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Figure 4: Blood glucose profiles employing the TOBYB_ (red), I OBTL,LEQ (green), and TOBLBa (black) configurations for the

max max
10 By aq constraint. A fixed carb counting of 80 g was announced to the controller and state observer during the meal-related events

(CHO = 80 g). Actual meal amounts: 45 g at 7:00 h, 80 g at 12:00 h and 130 g at 18:00 h.

insulin infusion is delayed [62]), it would be not necessarily safe. For instance, if meals are actually
overestimated, and threshold conditions (detailed in Algorithm 1) are satisfied, hypoglycemic episodes
could arise due to an excessive delivery during the glycemia up-hill phase. Hence, in this configuration of
the non-standard constraint, threshold conditions establishment is crucial to avoid false positive activation.

Remark 12. Notice that since OB,y (tp) <1I O~Bmam(t;€ + T) during constraint updating, if this mode
of constraint is employed in an MPC controller, recursive feasibility will be preserved for all ty..

4. Discrete-time model for pulsatile input signals

To be able to use the continuous-time model (2.1) as prediction models in an MPC controller, they
should be previously sampled. As it is detailed in [62, 27] a better BG control could be achieved by means
of short-duration insulin actions: meals with both rapid and slow absorption times with respect to insulin
action time, at least theoretically, demands a shot bolus of insulin (in the second case, followed by a non-
zero insulin profile). So, we select the pulsatile scheme proposed in [1] which, for a given sampling time
T, and a pulse duration 0 < A < 1, considers the following input form:

o = w(kTy), t € [kTy, kT, + ATy),
wt) = 0,  tekT,+ ATy, (k+1)T), k€l o0

This input leads to the following discrete-time sub-models:
w((k+1)T.) = A%(kT.) + Biu(kT.) + Bir(kTy) + EY, .1
where k € I[[o o) represents k7, and the pulsatile discrete-time matrices are given by:

At = AT

)

Bz = eA(TS—ATS)14—1(eAATS _ IB)BU7
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B! = AN - I5)B,,
EY = AN AT - I)E.

Matrices A%, Bﬁ and F are the discrete-time counterpart of A, B,. and F, respectively, for the fixed time
period T, when r and E are piece-wise constant with a period 7. On the other side, B, which depends
on ATy}, accounts for the effect of the input u, which is null from AT} to 7. Furthermore, the time-varying
state constraints set, X'(t), can be sampled by considering X (k) := X' (kT}), k € Ijo ). Further details on
the discrete-time version of a linear system under pulsatile inputs can be found in [1].

Remark 13. The characterization of equilibria for pulsatile systems requires some care to account for
some bounds on the free responses (those going from ATy to Ts at each period). See Definition 1, in
[1], for further details. For the sake of simplicity, we assume that equilibria are directly characterized
by pairs (us, ) fulfilling the condition x, = A%z, + Blu, + E? and, because of the pulsatile nature
of the inputs, these equilibria do not coincide with the continuous-time equilibria. Feasible equilibria
are those equilibrium pairs (us,xs) that also fulfill 0 < us < Upmaz Ghypo < T1,s < Ghyper and
94(1‘273 + $3,s) < IOBb,max‘

5. Pulsatile MPC formulation

In this section, a pulsatile zone MPC (pZMPC, which is an extension of the one originally introduced
n [1]) that explicitly incorporates the IOB constraints discussed in the previous sections is presented.

The glucose (and state) predictions are based on the discrete-time pulsatile representation (4.1), intro-
duced in the previous section. The control objective is to drive (and maintain) the blood glucose to a safety
zone given by GT" .= {G € R>o| G <G < G, denoted as normoglycemia zone, where G = 90 and
G = 120 [mg/dL]. Furthermore, the input and state constraints must be fulfilled at any time. Unless stated
otherwise, the estimated state at current time &, given by z, is computed based on an ’output disturbance
observer’ (ODO), which provides an offset-free estimation when the plant-model mismatch is an impulse, a
step, or a ramp (see [1] for details). Although the pZMPC is designed for both, the announced (or partially
announced) and the unannounced meal cases, in the present work, only the announced meal case will be
considered. This way, the estimated carb-counting at a given time k, denoted as CH O(k) [gl, is assumed
to be consumed during an arbitrary interval, Dy, in such a way that the rate of oral ingested carbohydrates
announced to the controller is specified by the sequence #(k) = {#;} ', with #; = CHO(k)/Dt [g/min]
fori € [0,n) and #; = O fori € [n, N — 1], being n = D;/Ts < N — 1 the meal duration (in sampling
times) and N the control horizon.

The cost function of the optimization problem to be solved by the MPC, reads:

VN('%» f‘v GTaT; u, Ug Ya, 5hyper7 5hyp0)inyn (:'i.a f‘; u, Ugy Ya, 5hyper7 5hypo) + VS(GTaT§ Ugq, ya)~ (51)

where
Vayn (2, B34, Ua, Ya, Ohyper; Shypo) = Z 16hyper(7) ||2 + [16nypo (j )Hé + | (u(G) = ua) Iz (52)

with u = {u(O),u(l),~-~ ,u(N — 1)} being the sequence of future control actions, Jnyper
{5hyper( )s Onyper(1)s -+ s Onyper (N — 1)} and Shypo = {0nypo(0); Snypo(1),** , Snypo(N — 1)} be-
ing deviation variables from Yo associated to the hyper and hypoglycemic eplsodes respectively, with
Snyper() >0, Shypo(§) > 0,5 € To.v—1, Q@ > Q > 0, and R > 0 being penalization matrices, and
(ugq, Yy ) being auxiliary input and output variables associated to an equilibrium pair (u,, x,) at the end of
the control horizon N. Vy,,, is a cost term devoted to steer the predictions to the auxiliary pair (uq, y,) in
the predicted transient regime. Furthermore,

Vo(G"""stay ya) 1= p (distarer (3a))

with p > 0, and dist 4 (a) representing the distance from the point a to the set A4, is a stationary cost devoted
to steer the auxiliary output y, to the target GT%". Notice that, in comparison with [1], two additional opti-
mization variables sequences, dhyper and dnypo, Were included to obtain an asymmetric stage cost, which
allows commanding the way the predicted trajectory reaches the artificial set-point y,. Thus, by setting
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Q> Q >0, the predicted trajectory converges to y, from above, decreasing hypoglycemic excursions
respect to the artificial set-point over the prediction horizon.

Before introducing the MPC optimization problem, the different state and input sets will be expressed
in their polytopic form, to simplify the notation. That is, sets & and X'(k), k € Ijg o), are rewritten as
H,u < b, and H,x < b, (k), respectively, where

]' Umam
H, = ( -1 >7bu = ( 0 ) (5.3)

1 0 0 0 0 Ghyper
Ho=| -1 0 0 0 0 |,b.(k) = Cypo A (5.4)
0 6, 64 0 O IOBb,ma:z: + IOB(k,k’Q,CHO())

being ko an arbitrary time (in sample times) where a meal-related event of amplitude CHO, occurs.
Furthermore, for basal conditions, matrices b,, and b,, takes the form

G,
U max yper
b, = ( " ) W= Gy |- (5.5)

IOBb,max

The equilibrium condition for a pair (u,zs), corresponding to the discrete-time system (4.1), x5 =
CAlg, + CBffus + CE?, where C = [I5 03x2] is a matrix devoted to isolate the first three states (which
are the controllable ones), can be expressed as H[us zs]" = by, where H, = [-CBE C(I5 — Ad)] and
b, = CE“.

Remark 14. Given that the insulin subsystem is positive (see in [63]), then for any nonnegative initial
state and for any nonnegative input its state and output are nonnegative. Consequently, since u(j) > 0 and
Z(0) > 0 (nonnegative constraints are imposed in the estimated states, see [1]), the nonnegativity of the
insulin subsystem solution (x2(j), x3(j)) is guaranteed for any j € To.n—1.

Then, the optimal control problem to be solved by the MPC, at each event (&, #, G797, k), is given by

Py (2,7, GTo k):

min Vn (&, %, GT"; 1, Ua, Ya, Ohypers Shypo)
U,Uq,Ya;0hyper:Shypo
s.t.

z(0) = &,
2(j + 1) = A%2(j)+ Bilu(j) + Bi#(j) + B, j €lon-1
Hyu(j) < b, Jj €lon—1
Hyx(j) < ba(k +7), J€lon-1
Cx(N) = z,, (5.6)
Hs[ua xa}/ = bs:
Hyzq < bzv
Hyuq, < bz:
Ya = T1,a,
—0Onypo(J) < Cx(§) — Ya < dnyper(d), Jj €lon—1
6hup0(j) >0, 5hyper(j) >0, Jje To:n—1

Note that the state constraint (fourth constraint) is updated each time a meal related-event is announced
(or eventually, detected by a meal detector algorithm in case of unannounced scenario) to the controller,
so the whole optimization problem depends on this event (i.e., we have an event-based MPC). Let kj be
the time where a meal-related event of amplitude CH Oy arises, then the third component of b, (ko + ©) is
given by 10By yar + IOB(k:O + 1; ko, CﬁOo) with i € Ijg g}, being H a predefined horizon such that
IOB (ko + H; ko, CH Op) = 0 (i.e.: abasal condition is reached at the end of the horizon). Furthermore,
the first constraint accounts for the initialization of the estimated state, while the second to third, account for
the system dynamics and input constraint. The fifth constraint is a terminal condition that forces the state at
the end of control horizon N to reach a feasible auxiliary equilibrium state x, = [21,4, %2 4, 23.4] € R3,
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with C' = [I3 O3x2] (z, is forced to be a feasible basal equilibrium by constraints sixth to eighth). The
ninth constraint links the output auxiliary variable y, to the state auxiliary variable z,. Finally, the last three
constraints establish the relationship between y, and the asymmetric deviation variables dhyper and dhypo-

Once the Problem Py (#,%,GT% k) is solved, the (optimal) solution is denoted as

(u%,ug, 20, 0py pers Ohypo)»  While the optimal cost function is given by Vi (2, t,GTr)
= Vn(GT;u% ug, 29, 0pyper> Ohypo)-  The time-varying control law, derived from the applica-

tion of a receding horizon control policy (RHC), is given by xapc (%, £, G197, k) := u°(0), where u°(0)
0

is the first element of the solution sequence u".
Remark 15. The fourth constraint, as it was said, is an an event-based constraint which makes the whole
problem Py (2, %, G197 k) event based. Indeed, the set X (t), defined in (3.1), depends on a meal-related
event CHOy at an arbitrary meal time 1o, in such a way that X (t) is enlarged over postprandial period
t > to. Because of this constraint, the recursive feasibility and stability of the resulting pZMPC controller
can be ensured only in periods of time after meal announcements.

Remark 16. In comparison with the standard target-tracking MPC formulation, where the set-point track-
ing problem is treated as a regulation problem under suitable coordinate transformation, in the presented
formulation, by means of an artificial set point y, which can move to any feasible steady-state, the domain
of attraction Xy, that is, the set of states which can admissibility be steered to the target zone is increased.

Next, a softening of the constraints is proposed to ensure the recursive feasibility at any time.

5.1. Soft constrained MPC setup

In order to avoid infeasibility issues related to hard state constraints, they can be relaxed by adding
slack variables and minimizing the amount of constraint violation in the pZMPC cost. Following the
soft constrained formulation presented in [44], two different types of slack variables, denoted as ¢ =
{€(0),€(1),--- ,e(N — 1)} and €, were included to soft both, transient and stationary state constraints,
respectively. The main objective of this formulation, which is an extension of one introduced in [1], is
to relax both the state and terminal constraints (enlarging the domain of attraction), while maintaining the
condition that ensures stability.

The proposed soft-constrained pZMPC problem reads

P35 (3, %, GTor k)

. s (A~ o~ ~Tar, o 5 o (Tar,
min VI&I(IILI',G ar7uyuayya,(shypen(shyptwﬁ 65) = VN(-T7T7G a71u7 ua7ya75hyper75hypo)

W,%a,Ya;0hyper:Ohypo:€:€s

+ 32000 (@) + €)1 + llesll?

s.t.
z(0) = %,
2(j +1) = A%a(j)+Biu(j)+ Bi#(j)+ B, J € Ton-
HuU(J) < bu7 ] € llo.n—1
Hya() < bolk + ) + €(j) + s, j € lov-s
Cx(N) = z,,
Ya = T1,a,

Hs[ua xa], = b57
Hyxo < bz + €s,

Hyug < B,

—Ohypo(J) < Cx(f) — Yo < Snyper(4) Jj€lon_1
6hypo(j) 2 075hype’r‘(j) 2 07 ] S HO:Nfl
€(j) > 0,es >0, j €lo.n-1

where S is symmetric positive semi-definite matrix, defined by

thyper O O
5= 0 pon,. O |, (5.8)
0 0 DPIoB

and whose entries are the weights related to upper and lower bounds of glycemia constraint, pg,,,., and
DG, .- TESPectively, and the weight corresponding to IOB limit p;o 5.
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In contrast to the hard state constraint formulation - nominal MPC problem Py (&, t, GT" k) (5.6)-
in this case both the state constraints and the terminal set for tracking are relaxed. In this way, the state
constraints (fourth constraint) are relaxed by the slack variables €(j) and e - allowing the hard state con-
straints to be violated over the transient period - while the terminal set for tracking (eighth constraint)
relaxed by €, - allowing the artificial pair (z,,u,) to move any steady state (seventh constraint) satisfy-
ing only the input constraint (ninth constraint). As a result, the domain of attraction (for the same control
horizon) is increased with respect to the nominal MPC formulation as well as the nominal MPC formu-
lation with only state constraints relaxed. In spite of the fact, by softening the mentioned constraints, the
recursive feasibility is preserved, even when, the hard state constraints are not fulfilled (i.e., when tight
state constraints are employed for safety reasons and unexpected disturbances take place), the stability
guarantee will be lost if a non-cautious design is considered. In this sense, by employing ¢(j) + € as
the slack variable for each state constraint (fourth constraint), and taking into account, both the equality
terminal constraint (fifth constraint) and the terminal set constraint (eighth constraint), it is ensured that
the terminal state, 2:(IN), will lie inside the state constraints relaxed by the amount e, and will not require
further constraint relaxation (i.e. ey = 0, where ey is the slack variable of the terminal state defined
by H,z(N) < b2 + €, + en). Consequently, considering the optimal solution of the P§ (%, %, GT" k)
problem at a time k, denoted as (u®, u?, 29, 5gyper, gyp or €, €9), then the shifted slack variable sequence
e = {2(1;2),..., (N — 1;%),0, €%}, where €2(j;2) = €°(j; &) — €2, will be feasible for a successor
state at time k + 1 (ie., v = A% + B%°(0;2), no model mismatch and fasting conditions consid-
ered). In this sense, following standard stability proofs (for details, see [44]), it can be proved that the
system controlled by the proposed formulation preserves asymptotic stability to the zone. It is important
to mention, that if only the state constraints are relaxed, the stability guarantee of the nominal formulation
Py(2,%,GT" k) is preserved (i.e., it can be interpreted as the soft constrained formulation with e, = 0).
However, this approach could degrade the controller performance, mainly, when short control horizons are
used and meal-related events of higher amplitude are present.

Remark 17. The penalty term Z;V:_Ol l(e; + €s)||2, which is included in the cost Vi to minimize the

constraint violation as long as possible, competes with the dynamic and stationary costs, Vayy, and Vi,
respectively, which are devoted to steer the glycemia to the target zone, GT%". As a result, if the state
constraints are configured without considering physiological ranges, the controller performance (i.e., its
capability to bring high glucose levels back to target) could deteriorate. For example, if the IOB constraint
described in Section 3 is set by employing an overestimated carbohydrate-to-insulin ratio CR, then the
upper bound Uy could be too small so producing hyperglycemia episodes.

6. Simulations results

In this section, the pulsatile Zone Model Predictive Control (pZMPC) will be assessed under differ-
ent settings of the IOB,,,,, constraint, by means of the commercially available UVA/Padova simulator
(T1IDMS2013, Academic Version) with a virtual population of 10 adult patients. The controller will be
implemented by YALMIP toolbox for optimization and modeling in MATLAB [64].

6.1. Controller personalization & tuning

The controller customization resides mainly on individualized glucose-insulin models (2.1) identified
as described in [1]. Despite the fact that a controller tuning according to patient specific information (i.e.
carbohydrate-to-insulin ratio, correction factor, body weight, euglycemic zone, etc.) [41, 65] is a desirable
feature of MPC controllers applied to AP systems, in the sequel, the same configuration will be used for
all in-silico subjects (except for one patient, denoted as Adult 007, whose insulin sensitivity is significantly
higher than the cohort value ). Notice the main objective will be to evaluate the pZMPC performance under
different settings of the I OB s, instead of judging its behavior under optimal controller tuning. Anyway,
based on “a priori” clinical knowledge and BG records under closed-loop operation, iterative algorithms for
MPC tuning could be added to improve its performance.

SNotice that this patient has an insulin sensitivity index, S; := — %Lul = %’ of 4.413 - 10 [(mg/dL)/(U/min)] which is 2.5
SSs

times above the cohort value of 1.445 - 104[1.081 - 10%, 2.286 - 10%] (median [25th, 75th]). For details, see Table 2 in [1].
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Table 1: pZMPC weighting parameters
= = > -
Q Q o) P thyper thypo PIOB
all cohort (except Adult 007) 1 0.5 - 102 1 106 109 1 109 109
Adult 007 1 0.5 - 103 1 104 109 1 109 109

As it was detailed in Section 5, to cost to be minimized includes (i) an asymmetric stage cost, which
measures the glycemia excursion within the control horizon, penalizing BG deviation from above and below
the artificial reference by Q and Q, respectively, (ii) an offset cost, which measures the distance between
the artificial reference and the target zone, and (iii) a penalty cost related to constraint violation. Con-
sequently, to reduce the hypoglycemic excursion during the control horizon, and thus, over closed-loop
operation, the stage cost was configured by setting Q > Q Furthermore, an asymmetric offset cost was
considered, both to decrease the controller overreaction when the artificial reference is above the target
zone (i.e. hyperglycemia condition during postprandial period), and to promote the pump-attenuation when
the artificial reference is below the target zone (i.e. hypoglycemic episode overnight period). In this vein,
from [1], Vi(GT; g, ya)= péhyper st péhypo <> where p and p are the weights corresponding to hy-
per and hypoglycemia, respectively, and 0pypo,s and dpyper,s NONNegative optimization variables such that
G — dnypos < Yo < G+ Onyper,s- This way, by selecting p > p, with Q < p, the convergence to the
zone is harder penalized when y, approaches below (y, ,* G). On the other hand, the soft constraint
weights were fixed in accordance with the severity implication of constraint unfulfillment. Table 3 shows
the parameter setting of the pZMPC cost function for the study cohort. The control horizon was set to 6
hours (N = 72) in order to ensure that the terminal state satisfies the equilibrium condition posterior to
meal ingestion ((z4,z5) = (0,0)). For the discrete-time system under pulsatile input, a sampling time of
T = 5 [min] with a pulse size of ATy = 1 [min] was considered.

Depending on the IOB constraint configuration, the pZMPC was implemented in three ways: (i)
pZMPCUBI U(] = CHOub/CR and AT]OB = 0, (ll) pZMPCLBZ U() = CHOlb/CR and AT[OB =
ATIOBub: and (iii) pZMPCLBa UO = CHOlb/CR AT[OB = ATIOBub, 5C’HO =10 [g] and Gth =2
[mg/(dL min)] for all cases. In cases (ii) and (iii) the time interval of constant IOB, AT;o g5, Was set ac-
cording to Lemma 1 under a fixed carb estimation of CHO = 80 g. Moreover, CHO = f~ (C’H 0),
which is the expected value for the CHO ingestion following the regression model C' HO=f (CHO), was
announced to the pZMPC controller and to the output disturbance observer (ODO). It is important to note
that for the aforementioned configurations, the total accumulated dose over the postprandial period is equal.
This allows us to make fair comparisons.

6.2. Description of the scenarios and outcome metrics

The simulation lasts 14 days, and for all cases, three nominal meals per day were considered: breakfast
(60 g CHO, at 7:00), lunch (60 g CHO, at 12:00) and dinner (80 g CHO, at 18:00), affected by random
variations in mealtimes (+ 10 min) and meal size (+ 20 %). The meal scenarios are performed with: (i)
error on meal carbohydrate amount overestimated by 50%, (ii) error on meal carbohydrate amount under-
estimated by 50%, and (iii) errors on meal carbohydrate amount following the regression curve (Figure (3),
model 2) with uniform variability (£30%), reduction of fraction of intestinal absorption of CHO (15%),
and intraday variability of insulin sensitivity. The CGM model noise is the one corresponding to Dexcom
G5 Mobile CGM, proposed by Vettoretti et al. [66] with a sampling time of 7" = 5 [min].

To evaluate the performance of the proposed controller, the following indices [4] were considered: mean
glucose (G), glucose standard deviation (Gsp), coefficient of variation (C'V'), percentage of time spent in
the euglycemic range 70 — 180 mg/dL (Tt), percentage of time in the tight euglycemic range 70 — 140
mg/dL (T'tt), percentage of time above 180 mg/dL (T3g0) and percentage of time spent below 70 and 54
mg/dL (T7g and T4, respectively). No. L1y, and No. L2y, denote the number of hypoglycemia events
L1 (G < 70 mg/dL) and L2 (G < 54 mg/dL). For each of these metrics, the median and the interquartile
range (IQR : [25th, T5th]) over the specific pool of patients were reported. Postprandial periods (PP) are
defined as a 4 hours interval from meal ingest, while night periods (NP) are established from 0:00-6:00
h. The statistical significance of possible improvements obtained with pZ M PCr g and pZM PCy g,
with respect to pZ M PCy p, were evaluated through the Wilcoxon signed-rank test (significance level
5%). Moreover, the safety (reduction of hypoglycemia) and efficacy (attenuation of hyperglycemia) of
the proposals were quantitatively evaluated using the control variability grid analysis (CVGA). This tool
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provides a simultaneous visual and numerical assessment of the overall quality of glycemic control, where
a single point (case study) represents the couple of 2.5 and 97.5 percentiles of BG values reached by a
virtual patient during a single day.

6.3. Meal size overestimated by 50% (scenario i)

In this case, the meal carbohydrate amount was overestimated by 50%. Although this carbohydrate error
variability is high compared with the values reported in the bibliography (i.e. average absolute estimation
error of 11.3 + 14.7% for meals > 40 g [67]), we use it to stress the controller and grade the robustness
of the IOB constraint under severe conditions in carb estimation. Furthermore, since the error in the CHO
counting was considered respect with to the perfectly announced case, the IOB constraint was configured
by employing the nominal regression curve (model 1, Figure 3) with a variability of 50%. That is, for
an estimated CHO [g], the upper and lower bound for the IOB setting were CHOy, = f _bl(CfI O) and

CHOy, = flgl(ClEIO), with f,,(CHO) = 1.5f(CHO) and f;;,(CHO) = 0.5f(CHO).

As shown in Figure 5 (a), both the configurations pZ M PC'p and pZM PC g,, reduce the hypo-
glycemia events during postprandial periods, at the cost of a modest increase in the hyperglycemic range.
Such a result is confirmed in the CVGA plot (Figure 5 (b)), where, in comparison with the pZM PCyp
setting (which is characterized by a marked increase in the region of hyperglycemia over-correction), the
minimum glycemia levels are moved to normoglycemia zone. Note that 0.71% and 0% of the cases studies
were in zone C for pZM PCrg and pZ M PCy g,, respectively, vs 30% for pZ M PCy g, which shows
the additional protection given by the IOB constraint, with Uy = C HOy;,/C'R, in case of an overestimated
meal ingest. These results are corroborated in Table 2, where it can be seen a significant reduction of the
time below 70 mg/dL for both, pZ M PC' g and pZ M PC, g, configurations.

Remark 18. In spite of this fact, the IOB constraint was set in accordance with an assumed CHO counting
calibration interval [C HOy,, CHO,p), where (i) Uy = CHOy,/CR and (ii) ATiop < CHO,,/CR
(Lemma 1), if the current CHO}, < CHOy, the hypoglycemic risk due to controller over-reaction will
be increased. Remember that for a meal-related event of amplitude CHOy, the expected value of CHO,
CHO = f_l(CﬁOO), is announced to pZMPC controller, and thus, as CHO}, < CHOy, < CHO,
the IOB protection against carb counting overestimation will be decreased. Although was not considered
in this scenario, to deal with C'R subestimation (i.e., due to an increased insulin sensitivity) a safety factor
can be added to CR, that is, CR = A\CR,, (where A > 1 and CR,, = 05/03).

Table 2: Performance metrics of pZ M PCr g, pZM PC|, B, and pZ M PCy; g considering a meal size overestimated by 50%. An
asterisk indicates statistical significance (p—value < 0.05) respect to pZ M PCy g case (postprandial period).

pZMPCLB pZMPCLBa pZMPCUB

G [mg/dL] 126.74[124.82,129.78]*  126.63[122.93,129.92]* 108.24[106.46,110.65]
Gsp [mg/dL] 22.49[19.54,26.13] 22.04[20.70,25.64] 23.18[22.24,26.28]
CV [%] 17.22[15.99,20.93]* 16.99[16.81,20.05]* 21.78[20.78,24.65]
Tt [%] 98.87[98.15,99.69] 99.07[98.23,100.00] 98.25[96.99,99.76]
Ttt [%] 71.04[68.46,78.45]* 71.57[67.49,78.48]* 86.25[83.29,88.41]
Tugo [%] 1.13[0.31,1.85]* 0.83[0.00,1.77] 0.00[0.00,0.195]
Tro [%0] 0.00[0.00,0.00]* 0.00[0.00,0.007* 1.13[0.24,2.77]
Ts4 [%0] 0.00[0.00,0.00] 0.00[0.00,0.00] 0.00[0.00,0.08]
No. Lljypo 0.00[0.00,0.007* 0.00[0.00,0.007* 0.21[0.07,1.43]
No. L2pypo 0.00[0.00,0.00] 0.00[0.00,0.00] 0.00[0.00,0.00]

6.4. Meal size underestimated by 50% (scenario ii)

In case of underestimation of meal carbohydrate amount by 50 %, for all configurations, it is noticed an
increment of hyperglycemic episodes (Figure 6). Furthermore, for the pZ M PC, i setting, the percentage
of case studies in zone C and D increments to 17.14% and 0.71%, respectively. This can be explained by the
fact the IOB is forced to be below a constant safety limit, given by Uy = C HOy;,/C R, and consequently, if
the hyperglycemia excursion is high enough, a controller over-correction could be induced, so increasing the
risk of postprandial hypoglycemia events. Nevertheless, for the pZ M PC', g, setting, since the amplitude of
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PZMPCys : A = 5.71% B = 93.57% C = 0.71% D — 0%
a) b) PZMPCrg, : A = 6.43% B = 93.57% C = 0% D = 0%
PZMPCug : A = 0% B = 69.20% C — 30% D — 0.71%
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Figure 5: (a) Simulated CGM profiles achieved by pZ M PCr g, pZM PC, By, and pZM PCpy g on 10 TIDM virtual subjects
at a single day (Day 10). CGM profiles are shown in terms of median (solid lines) surrounded by colored regions representing
the [25th, 75th] percentiles. (b) CVGA plot for 10 TIDM virtual subjects during the 14 days scenario. Each point represents the

combination of the 2.5 and 97.5 percentiles reached by a virtual patient during a single day. Case: overestimated CHO with (+50%)
error.

the IOB constraint can be relaxed according to ROC glycemia conditions (Algorithm 1), insulin infusions of
higher amplitude are allowed, avoiding the risk of controller over-reaction when an excessive BG excursion
is noticed. It is important to mention that meals with high glycemic index are considered, hence, the optimal
insulin delivery will be infusions with a bolus pattern. Furthermore, as it is confirmed in Table 3, the time
spent above 180 mg/dL is 15.65%(p = 0.089) for pZ M PC', g, vs 23.22%(p = 0.0091) for pZM PC g,
which is consistent with the better regulation achieved by bolus infusions in case of meals whose effect
precede the insulin response (i.e. 05 < 04 in (2.1)).

It is important to mention that the controller over-delivery under the pZ M PC,p setting can be miti-
gated by using a velocity-dependent stationary cost. Thus, if G(t) < 0 (down-hill phase), the main idea
is to adapt the p weight, decreasing it whenever an increased falling of G(t) is noticed. For this purpose,
we adopted the velocity-weighting function presented by [8] to the pZ M PC'1p setting, denoting it by
pZMPCH, B(G’). ®. From Figure 7, it can be seen, that by this configuration the percentage of case studies
in zone C and D are significantly decreased in comparison with pZ M PC'p setting, which discloses the
underlying advantages of using a velocity-dependent stationary cost when the non-standard constraint is
employed. In other words, by this configuration, the degree of accumulated insulin dose over the postpran-
dial period is managed by cost, while the maximum accumulated dosage and the IOB pattern are established
by the IOB constraint.

'6F0r the pZMPCrLp (&) setting the following velocity-dependent stationary cost function is employed: PQ) :=pif G >0,
P(G) == aif G < —1,and p(G) := %[cos(Gw)(l — a) + (1 + «)]$ otherwise. For all cases, a = 1.
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Figure 6: (a) Simulated CGM profiles achieved by pZ M PCr g, pZM PC, By, and pZM PCpy g on 10 TIDM virtual subjects
at a single day (Day 5). CGM profiles are shown in terms of median (solid lines) surrounded by colored regions representing the
[25th, 75th] percentiles. (b) CVGA plot for 10 TIDM virtual subjects during the 14 days scenario. Each point represents the

combination of the 2.5 and 97.5 percentiles reached by a virtual patient during a single day. Case: underestimated CHO with
(—50%) error.

Table 3: Performance metrics of pZ M PCp g, pZM PCp, g, and pZ M PCy g considering a meal size underestimated by 50%.
An asterisk indicates statistical significance (p—value < 0.05) respect to pZ M PCYy g case (postprandial period).

pZMPOLB pZMPCLBa pZMPCUB
G [mg/dL] 154.15[148.93,160.51]*  147.72[141.96,154.66] 139.97[136.15,148.20]
Gsp [mg/dL] 32.51[29.38,36.90]* 29.28[27.21,35.32] 24.36[22.51,29.79]

CV [%] 21.72[18.83,23.72]* 20.14[18.74,23.65] 17.53[16.78,21.04]
Tt [%] 76.76[66.56,83.83]* 84.35[77.32,92.56] 93.91[85.56,97.93]
Ttt [%] 31.82[26.45,42.53]* 40.11[32.48,53.81] 52.86[36.54,62.58]
T1so [70] 23.22[16.17,33.44]* 15.65[7.44,22.68] 6.09[2.07,14.44]
Tro [%0] 0.00[0.00,0.03] 0.00[0.00,0.00] 0.00[0.00,0.00]
Ts4 [70] 0.00[0.00,0.00] 0.00[0.00,0.00] 0.00[0.00,0.00]
No. Llpypo 0.00[0.00,0.00] 0.00[0.00,0.00] 0.00[0.00,0.00]
No. L2pyp0 0.00[0.00,0.00] 0.00[0.00,0.00] 0.00[0.00,0.00]

6.5. Meal content estimated based on Roversi et. al. [34] regression model (scenario iii)

In this case, the pZMPC was assessed employing the CHO counting regression model presented in [34]
(model 2, Figure 3) which was identified based on Brazeau et. al. [32] real data. In order to account for
the maximum variability reported in [34], a uniform random variability of +30% was added. Furthermore,
an intraday variability of insulin sensitivity was simulated by sinusoidal variations, with random amplitude
according to a uniform distribution of +30%, and random phase [68]. Moreover, the fraction of intestinal
absorption was reduced by 15% to consider an overestimated raise factor (or carbohydrate factor) given by
RF = 63 [mg/(dLg)]. Notice that 3 was identified in [1] under nominal conditions of intestinal absorption.

From Figure 8 (a) it can be seen that both, in pZM PCpp and pZM PC',g,, the hypoglycemic ex-
cursion during postprandial periods is decreased. Furthermore, from Figure 8 (b), it is noted that scatter
plots for pZ M PCrp and pZ M PC g, configurations are within A and B regions, denoting that the over-
all glucose control performance is not compromised. Moreover, Table 4 shows a significant (p < 0.05)
reduction of the time below 70 mg/dL for pZ M PC, g and pZ M PC', g, settings. Although the percentage
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Figure 7: (a) Simulated CGM profiles achieved by pZ M PC, g and pZ M PC,g(G) on 10 TIDM virtual subjects at a single day
(Day 12). CGM profiles are shown in terms of median (solid lines) surrounded by colored regions representing the [25th, 75th]
percentiles. (b) CVGA plot for 10 T1DM virtual subjects during the 14 days scenario. Each point represents the combination of the
2.5 and 97.5 percentiles reached by a virtual patient during a single day. Case: underestimated CHO with (—50%) error.
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Figure 8: (a) Simulated CGM profiles achieved by pZM PCr g, pZM PCp ., and pZM PCy g on 10 TIDM virtual subjects
at a single day (Day 9). CGM profiles are shown in terms of median (solid lines) surrounded by colored regions representing the
[25th, 75th] percentiles. (b) CVGA plot for 10 TIDM virtual subjects during the 14 days scenario. Each point represents the
combination of the 2.5 and 97.5 percentiles reached by a virtual patient during a single day. Case: carbohydrate counting error
following the regression model presented in [34] with uniform variability of (+30%).

time above 180 mg/dL is 1.19%(p = 0.12) for pZM PCpp and 1.44%(p = 0.13) for pZM PC/,p,, its
increment is not significant respect to pZ M PC,p case, suggesting that the aforementioned settings does
not compromise meaningfully the BG control. It is important to remark, that a non-significant statistical
difference is observed between metrics of pZM PCpp and pZ M PC g, settings, which reveals that the

former might be satisfactory at meal events with ordinary error variability, and under the assumption, of a
known carbohydrate counting model.
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Table 4: Performance metrics of pZM PCr g, pZM PCL, g, and pZ M PCy p considering the carbohydrate counting error model
given in [34] with uniform variability of (+30%). An asterisk indicates statistical significance (p < 0.05) respect to pZM PCy g
case (postprandial period).

pZMPCLB pZMPCLBa pZMPCUB

G [mg/dL] 130.70[127.75,131.32]*  127.93[127.02,130.38]* 120.85[118.24,125.97]
Gsp [mg/dL] 20.83[20.09,24.52] 22.43[20.85,26.62] 23.33[20.49,24.89]
CV [%] 16.00[15.62,18.69] 18.05[16.29,19.74] 18.94[16.45,21.16]
Tt (%] 98.81[97.81,99.90] 98.49[96.46,99.72] 98.98[96.87,99.62]
Ttt (%] 67.61[63.80,73.94]* 70.27[66.16,72.64]* 79.346[74.79,82.24]
T80 [%0] 1.19[0.10,2.19] 1.44[0.28,3.54] 0.45[0.00,0.65]
Tro [%] 0.00[0.00,0.007* 0.00[0.00,0.007* 0.36[0.00,1.51]
Ts4 [%] 0.00[0.00,0.00] 0.00[0.00,0.00] 0.00[0.00,0.00]
No. Llpypo 0.00[0.00,0.00]* 0.00[0.00,0.00]* 0.07[0.00,0.29]
No. L2pypo 0.00[0.00,0.00] 0.00[0.00,0.00] 0.00[0.00,0.00]

7. Discussion

7.1. Non-standard IOB constraint

Automatic blood glycemic control is the core objective of AP systems. In spite of the fact that several
control algorithms have been formulated, insulin stacking problems have been reported in the subcutaneous
route of insulin administration. Owing to this, safety systems based on IOB estimation and limitation
have been employed, both for constrained as well as unconstrained control algorithms. Since normally the
major perturbation corresponds to meal ingestion, which is usually counteracted by carb-correction bolus,
IOB constraints with an exponential decay curve have been adopted. However, employing this mode of
constraint, insulin delivery could be limited to a single bolus over the postprandial period, thus reducing the
glucose-insulin system controllability. In this work, a novel IOB constraint that allows a non-zero insulin
delivery after bolus administration is proposed to overcome this kind of problem.

Even though fully automated APs - without meal announcement - are preferred in contrast to hybrid APs
configurations, due to the considerable delay between the insulin action and the meal-glucose absorption,
the achievement of the former in a fully automated manner is limited (at least, under subcutaneous route
of insulin infusion). Consequently, meal announcements are usually required, demanding an effort for
the TIDM patients to estimate the carbohydrate content. Studies have reported that TIDM patients are
prone to estimate carbohydrate content with errors, being normally overestimated for small meals while
underestimated for large meals (i.e. fear of hypoglycemia). Although several trials have assessed the impact
of CHO counting error, both ’in-silico’ [67, 69] and under outpatient conditions [57], none have considered
explicitly “a-priori” information related to CHO counting error. This way, as a second contribution of this
work, based on an assumed CHO counting regression model, a method to configure the proposed IOB
constraint was designed. Moreover, an extended algorithm was formulated, to relax the IOB constraint in
case of an excessive blood glucose increment.

Therefore, concerning the “non-standard constraint” under the mentioned configuration, the following
results can be summarized:

i. In the case of an overestimated meal, hypoglycemia episodes are significantly decreased (in both,
pZMPCprp and pZ M PC g, configurations), by arranging the non-standard IOB constraint upper
bound in a conservative value, Uy = CHOy;,/CR. Notice that this result is observed, even when
the expected meal amount, C' HO, which is CHO > C'HOy, is announced to the controller and to
the state observer. For larger variability in the carbohydrate counting error, a disturbance observer
robust to CHO miss-estimation should be considered. Even tough, non-significant hypoglycemic
episodes were reported for the pZ M PC' g, configuration, it is important to remark, that it is highly
dependent on the threshold conditions used for constraint triggering. Owing to this, in scenarios with
high variability (i.e., delayed meal announcement, increased insulin sensitivity) residual information
could be added to cope with false-positive activation.
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ii. In the case of underestimated meal amount, although AT7op > 0 increases the glucose-insulin sys-
tem controllability, it is observed an augmented risk of hypoglycemic episodes (particularly, for pa-
tients with high insulin sensitivity). This can be explained by the fact, that according to the [ OBnas
upper limit mentioned in item ii), a restrictive insulin administration is allowed over the postprandial
period, and consequently, high hyperglycemic excursions could be promoted. Therefore, in spirit to
guide the blood glucose concentration to the euglycemic zone, a controller over-correction could be
induced, and thus, due to the amplitude restrictive setting of the constraint, a delayed insulin absorp-
tion and action will take place. Facing this situation, three options could be handled: i) decrease
ATOB interval (notice, that according to Lemma 1, it is calculated considering only accumulated
dose respect to conventional therapy, and thus a hypoglycemia-free behavior is not guaranteed), ii)
adjust the constraint upper bound as suggested by the adaptive [ OB ax algorithm (Section 3.3), or
iii) employ a velocity-dependent asymmetric stationary cost (as it was shown in Section 6.4). Al-
though all these, pare down the extended insulin delivery, it is preferable to the second and the third
one, since ii) allows for insulin administration of higher amplitude during the up-hill phase (and thus,
also reduces hyperglycemic episodes) while iii) commands the accumulated dose over the down-hill
period (and thus, mitigate the hypoglycemic risk due to a prolonged infusion).

iii. Taking into account a real carb counting scenario (Brazeau et. al. dataset [32]), and under the
assumption of a known carbohydrate counting model, performances achieved by pZM PCp and
pZ M PC1,p, settings are not statically different. Consequently, under scenarios with not-extensive
meal announcement errors, additional insulin requirements can be managed by the pZ M PC g set-
ting. Since this configuration does not depend on triggering conditions, the risk of the controller
overreaction due to false positive activation is reduced.

Although it was not simulated in the present work, since the formulated IOB constraint allows for the
administration of a non-zero insulin profile after bolus, it may be employed considering meals with slow
absorption dynamic (i.e.: high protein/high lipid diet) or when drugs to reduce gastric emptying are admin-
istered. In this sense, following Goodwin et. al. [27] and assuming 64 > 05 in 2.1, a suitable upper bound
for Uy and AT;op for the IO B,y,4, can be reached.

It is important to mention that the aforementioned configuration of the IOB constraint, might be applied
to increase the robustness of partial feedforward-feedback strategies for APs [70]; that is, strategies where
instead of inputting the exact amount of carbohydrates contained in the meal, provides an indication of the
meal size. This way, a reduction on the load associated to carb-counting could be performed in a safety
manner.

7.2. MPC formulation

Although several MPC algorithms have been proposed for APs, few of them account for stability issues:
[7, 71] use an infinite prediction horizon but neither input nor state constraints are considered, while [36]
considers constraints and bases the stability on the use of artificial variables under an impulsive scheme.
In the same vein, the strategy proposed [1] bases its benefits on the use of artificial variables and impul-
sive/pulsatile schemes, and adds a time-varying constraint that improves the general closed-loop perfor-
mance. The soft-constrained pZMPC proposed in this work also ensures stability but shows several extra
benefits in contrast to [1]. The main advantages of the proposed controller are listed below:

i. Recursive Feasibility. Despite the pZMPC presented in [1] has an extended domain of attraction and
it can track any admissible target set (zone) in an admissible fashion, it’s assumed that the system
evolution satisfies state constraints for all time. However, imposing hard state or output constraints
can be overly conservative or render the optimization problem infeasible in closed-loop operation.
For example, in medical device systems, where due to safety issues, tighter constraints are usually
used. Consequently, in other to overpass this situation, and preserve the desirable properties of the
PZMPC, a soft version was employed [44] which preserves stability guarantee, even when, the termi-
nal constraint is relaxed. This way, a larger domain of attraction is obtained, being the optimization
problem feasible, even for initial conditions outside the hard constraint. It is important to mention
that because of the equality terminal constraint, it is required that the terminal state reaches an equi-
librium condition. Hence, since large disturbances correspond to meal ingestion, the control horizon
should be designed such that the meals are fully absorbed at the end of the horizon. However, by
employing a TIDM invariant set [63] as a terminal condition, the control horizon could be reduced.

23



ii. Stability. The pZMPC formulation, both under hard- and soft constraints, and assuming that the
state is perfectly measured and no permanent disturbances are considered, satisfies the basic stabil-
ity assumptions. As a result, for any feasible initial state xg € Xy (or zy € X3, soft case, with
Xy C &%) and for a given target operation zone GT" | the glucose-insulin system controlled by the
proposed MPC krpe(Z, T, GTar, k) is stable, fulfills the constraints throughout the time evolution
and asymptotically converges to a steady output y, € G797,

iii. Performance. Up to the authors’ knowledge, the main benefits of the proposed controller concern its
generally good performance. In comparison to other MPC formulations for APs, characterized by
computing the carb-bolus according to conventional therapy rules, and thus, being the main role of
the controller to counteract plant-model mismatches, the proposed controller computes the carb-bolus
infusion directly from the optimization problem solution. As a result, insulin over-delivery could
occur if hypoglycemic excursions are not accounted over the prediction horizon, even though, G(j) >
G hypo fulfillment can be managed by pamin penalization (see. Section 5.1, soft constrained MPC).
Owing to this, an asymmetric stage cost was incorporated to manage the hypo- and hyperglycemia
deviation with respect to an auxiliary variable y, over the prediction horizon. Even though, in [1],
an asymmetric offset cost has been proposed to deal with hypo and hyperglycemia episodes during
closed-loop operation, since the former employs a sequence of deviation variables, a better handle of
glycemia excursion is achieved. Future works: add a velocity-dependent stationary cost to mitigate
controller over actuation during glycemia down-hill phase (i.e., crucial to avoid hypoglycemic events
during insulin sensitivity transitions).

8. Appendix

8.1. IOB profile under FIT therapy
ansider the system (2.1) at non-basal conditions and a meal-event of amplitude C HOy at ty. Then,
the IO B(t) profile when a bolus of Uy amplitude is applied at ¢, is given by

+
m?’éto (¢~ to))emtt=tores, (8.1)
4

IOB(t) = 04(Z3(tJ) + Z2(td) +

where Z5(t1) = F2(to) and Z3(t7) = F3(to) + Uop/04. Notice that the bolus amplitude related to meal-
event (carb bolus), can be computed in accordance with bolus calculator standard rules [72]. Hence, Uy =
CHOO/CR — IOB,, where CR is the carbohydrate-to-insulin [g/U] and IOB, = 04(Z2(to) + Z3(t0))
is the remaining insulin on board from previous boluses. If basal initial conditions are assumed, then
TOB(t) = Upe=(t=10)/%4(1 + 4-(t — to)) with Uy = CHOy/CR.

8.2. Non-standard IOB constraint at non-basal initial conditions

Let consider the system (2.1) at non-basal initial conditions and meal-related event of amplitude
CH Op at time tg > 0. Then, the “non-standard IOB constraint at non-basal initial conditions”
IOBmaw(t; to, CﬁOQ, i‘270, 5?3’0), t> to, is speciﬁed by

i ) 04(Z2,0 + T3,0) t = to,
IOBma$(t;t0, CHOO,ZZ'2707ZZ’3’Q) = 04(5%2,0 + i‘S,O + %}) te (thth (82)
02(T20 + T30+ G2 + (Fao+ §h) g5 (L —1p)e” 00 L€ (g, 00),

where 23 ¢ and T3 o are the initial values of the insulin-related states to the IOB constraint (i.e. I OB maz,0 =
04(Z2,0 + Z3,0)), and Uy = CHO, JCR—1T OBWWO according to conventional FIT therapy (note that the
reaming IOB due to previous carb bolus is taken into account). Following similar steps to Theorem 3.1, it
can be demonstrated that the aforementioned constraint, results from the insulin subsystem solution under
the insulin pattern given in Section 3.1 with OBy := TOB(t{) = 04 (&2 (t0 ) +E3(t])), and Zo(t]) = 220
and Z3(tJ) = 23,0 + Uo/04.

Remark 19. In comparison with the Definition 1, we see that in this case, the initial conditions of the
constraint must be considered every time we want to update it (i.e. when another meal-related event has
happened, an excessive rate of change of glycemia is measured, among others). Consequently, they can be
obtained from (i) the insulin-related states previously computed when the constraint was triggered, or (ii)
by reconciling them according to an estimation of the actual insulin states (i.e. by using a state observer).
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Abstract: Closed-loop glycemic control algorithms have demonstrated the ability to improve glucose
regulation in patients with type 1 diabetes mellitus (T1D), both in silico and clinical trials. Many of
the proposed control strategies have been developed, based on time-invariant linear models, without
considering the parametric variations of TI1DM subjects. In this work, a pulsatile Zone Model Predictive
Control (pZMPC) is proposed, which explicitly considers patterns of intra-day insulin sensitivity (S7),
according to the latest updates of the FDA-approved UVA/Padova simulator. Results show a significant
improvement in the performance, which a-priori justifies the increment in the controller complexity.

Keywords: Insulin sensitivity variations, trajectory tracking, MPC, Artificial Pancreas

1. INTRODUCTION

Blood glucose regulation in type 1 diabetes (T1D) patients is
not an easy task: glucose metabolism is affected by several
factors during the day, such as daily variations in subject phys-
iological parameters, different composition of ingested meals,
physical activity, irregular pattern of sleep, stress, illness, men-
strual cycle, etc (Kudva et al., 2014; Mansell et al., 2017).
Among them, circadian variability (24-h) of insulin sensitivity
(Sy) is a well known phenomenon that occurs in T1D sub-
jects, characterized by a periodic insulin sensitivity pattern,
being lower, on average, at breakfast in comparison with lunch
and dinner (Hinshaw et al., 2013). Although this pattern has
been associated with the effect of counter-regulatory hormones
(i.e. cortisol, melatonin, growth hormone) (Schrezenmeir et al.,
1993) or the so-called dawn phenomena, a study conducted by
(Hinshaw et al., 2013) did not find such a link, arguing that
the modulation of diurnal patterns of S; could be more related
to sleep architecture. Moreover, in comparison with healthy
St pattern, they noted a large inter-subject variability in T1D
patients, which was later corroborated by (Visentin et al., 2015)
who, using a minimal model for S; estimation, detected 7
classes of St profiles.

Several mathematical models of the S; profile have been
proposed employing piecewise, sinusoidal and variable basis
(Mansell et al., 2017). Indeed, this effect has been included
in the UVA/Padova Maximal Model (Visentin et al., 2018)
by modifying parameters, such as k,3 and V,,;, according to
a given St class. In addition, some control algorithms have
been formulated considering intra-patient variability, but few
of them have explicitly taken into account the periodicity of the

St patterns due to circadian variability, to make predictions.
Recently, some new adaptive strategies were also proposed. By
taking into account that the meal intake and physical activity
follow a periodicity pattern, (Ortmann et al., 2017) has pro-
posed a Gaussian-process controller with an offset free Model
Predictive Controller (MPC) approach to make predictions un-
der the mini-pig model. Moreover, (Toffanin et al., 2013) used
the circadian S; variability to formulate a dynamic Insulin-
on-Board (IOB) constraint for the MPC controller previously
presented in (Patek et al., 2012). Finally, (Gondhalekar et al.,
2016) proposed to include a periodic reference in order to tackle
St circadian variability, avoiding overnight hypoglycemia.

In this work, we explicitly consider Sy intra-day variability
in the prediction model, which leads to the concept of basal
trajectories - in contrast to basal fixed levels. Basal trajectories
increase the general system controllability, to better avoid hypo
and hyperglycemia episodes. On the one hand, when the S
is high, a reasonable option is to keep the glycemia in a high
basal level, to counteract eventual falls due to miss-estimation
of the S;. On the other hand, when the Sy is low, a reasonable
option is to keep the glycemia in a low basal level, to pre-
vent the insufficient effect of insulin boluses that compensate
meals. Further benefits of MPC that are exploited in this work
are: the consideration of ’zones objectives’ around the basal
glycemic trajectories, which define the normoglycemia range
and avoid over control (Gondhalekar et al., 2016, 2018; Abuin
et al., 2020); asymmetric cost functions (penalizing harder hy-
poglycemic than hyperglycemic episodes) (Gondhalekar et al.,
2016; Abuin et al., 2020); and the use of pulsatile insulin infu-
sions (Gonzalez et al., 2020; Abuin et al., 2020), which better



reproduces the pump behavior both, in basal and postprandial
scenarios.

Notation: R and I are the sets of real and integer numbers.
Rﬁl’ b (R?a, b)) is the set of real vectors x, of dimension n, which
component-wise fulfill a < x < b (a < z < b). Similarly, Ija,p)
(I(a,p) ) is the set of integers k such that a < k <b (a <k <D).
The n-norm for vectors z € R™, with n € H[Loo), is denoted
[|z]|.- Given a set X C R™, P(X) is the power set of X' (i.e.,
the set of all subsets of X). z(-) : Ryq 5 — Rﬁ:‘d] denotes the

continuous-time functions, that goes from ¢ € [a,b] to real
vectors in IR?Q R Similarly, x : Ij, 4 — RFC, 4) Tepresents the
discrete-time sequences, that goes from k € [a, b] to vectors in
R? .
[e,d]
2. PHYSIOLOGICAL BLOOD GLUCOSE-INSULIN
MODEL

The following affine continuous-time time-varying state space
model, which is a physiological minimal model based on (Ruan
et al., 2016), is considered to describe the glucose-insulin sub-
system under intra-day variations of insulin sensitivity (Sy(t)):

#(t) = Ay ()2 (t)+ Buu(t)+ Bo2(t) + B, 2(0)=z0, (1)

where z(t) = [z1(t) z2(t) x3(t)] denotes the system state,
with z; = G being the blood glucose concentration [mg/dL],
To being the insulin delivery rate in plasma [U/min] and x3
being the insulin delivery rate in the subcutaneous compartment
[U/min], and u(t) denotes the exogenous insulin infusion rate
[U/min]. Variable z is a state representing the meal absorption
subsystem, which is in turn described by the following subsys-

tem:

(t) = Azz(t) + Byr(t), 2(0) = 20, )
where z(t) = [21(t) 22(t)]’, with 21 being the rate of carbohy-
drate absorption from the gut [g/min] and z, being the glucose
delivery rate from the stomach [g/min], and r(t) is the rate of

carbohydrate (CHO) intake [g/min].
The subsystems matrices are given by:

—01 *921(75) 9 0 5
Ay(t=| 0 —5; o , By= (1) , E={0|,

U3 1 1 0

Bz: 0 8-| 3 Az:|: 005 951:| 5 B7':|:1:| 5 (3)
00 05 05

where 62(+) : Rig,00) = R{g,,,,.,.02ma.] 15 the insulin sensitivity
under intra-day variations [mg/(dL-U)] , 3 is the raise factor
[mg/(dL-g)] and 6, is the glucose effectiveness [/min] or glu-
cose self-regulation effect to promote its own metabolism. Fur-
thermore, 6 is the extrapolated endogenous glucose production
(EGP) at zero glucose and insulin levels [mg/(dL-min)], 6,4 is
the insulin absorption kinetics time constant [min], and 65 is
the meal absorption subsystem time constant [min].

The outputs of subsystem (1) are given by G(t) = Cix(t),
where C; = [1 0 0] (glycemia to be controlled), and TOB(t) =
Cyx(t) where Cy = [0 64 4] (insulin on board, to be con-
strained for safety reasons).

Assumption 1. Parameter 05(-) : Ryg ooy — Rig,..0 020m0n]
is assumed be 05(t) := 0 + ég(t), t >0, where 05 > 0is a
constant nominal value, and 05 (t) is a periodic one, accounting
for the insulin sensitivity variations due to circadian rhythms:
i.e., O(t) = 0y(t4T), forallt > 0, being T the circadian cycle

equal to 24 hours (or 1440 minutes). Furthermore, 02(t) > 0
forallt > 0.

Subsystems (1) and (2), with 65(t) = 6, are referred to as
the nominal system. Note that due to the affine term (F),
physiological basal conditions are explicitly accounted for in
subsystem (1), since null values of v does not produce null
values of G, even in fasting periods where r(¢t) = 0 and
z(t) = 0.

2.1 Constraints under circadian insulin sensitivity variations

The input and states of subsystem (1) are assumed to be
constrained to belong to sets ¢/ and X, respectively. Set I/, on
one hand, accounts for the positivity and the maximal infusion
dose of the insulin pump, and it is given by:

U=Rpa, | )

with %4, = 15 [U] (i.e.: maximum infusion dose of insulin
pumps). Given that - for safety reasons - IO B(t) = 04(w2(t) +
x3(t)) should have different maximum values for different
periods of the day, and system (1) is time-variant, the state
constraints set &’ is defined as a time-variant set. The idea is
to consider X'(-) : Rjg oy — P(X) periodic, with period T’;
thatis X (¢t) = X(t+T), for all t > 0. More precisely, the state
constraint set X'(¢) is given by:

X)) :={z € X |xmin <Cx < Zpa(t)}, t>0, (5

with C = [C1,C5), Tmin = [Ghypo, 0], and Tpes(t) =
[GhypE'M IOBma:z: (t)]/ Ghypo = 60 [mg/dL], Ghyper =
250 [mg/dL], and IOBuae(-) == Oa(xp2(-) + zp3(-)) +
CHO(-)/CR, with CR representing the carbohydrate-to-
insulin ratio, that provides the nominal bolus given by the ra-
tio CHO(-)/CR. Moreover, (zp,2, Zp,3) represent the value of
states (xo, x3) at a basal trajectory, which will be defined later
on.

2.2 Basal conditions analysis

Subsystems (1) and (2) without meal intakes (r(¢) = 0 and
z(t) =0) are referred to as the ’system under basal conditions’
and, in such fasting scenario, subsystem (1) describes the whole
system dynamic.

Nominal case. For the nominal case (i.e. 03(t) = 0s), the
equilibrium set of subsystem (1) is given by a set of pairs
(us,zs) fulfilling the condition =5 = [v51,%52,7s3] =

[90_97(?2“5, us, us]". If, in addition, the input and state constraints
are considered, the state equilibrium set is defined as the set of
all state =, that belongs to X', for which there exists some u
belonging to I/. We denote this latter set X’s and the correspond-
ing input set, U;.

Among the pairs (z;,us) € Xs x Us we define the nominal
basal equilibrium (z, up) as the one corresponding to a specific
value of z,; := Gy, where Gy, represents a fixed basal level
for the glucose (usually G = 110 [mg/dL]). This way, we
have a basal equilibrium state x, = [Gp, up, up)’, and a basal

equilibrium input u, = %. See Figure 1 for a schematic
plot of X5 (blue line) and x; (green point).

Time-varying case. If now 0y(t) = 0y + 05(t), with a pe-
riodic 02(t) = 62(t + T), for ¢ > 0, the whole concept
of equilibrium is lost, i.e., there is no longer an input that
maintains the state fixed in time. However, as long as 65(t)
is not large enough to cause feasibility problems, it is still
possible to define a trajectory such that G(t) = x;(t) remains



Fig. 1. Equilibrium set X, (blue line), basal state z; (green

point) and basal trajectory corresponding to Gy, = 110 (red
periodic trajectory), for subsystem (1). The yellow planes
represents bounds for G = z

fixed at G, while the other two states z2(t) and x3(t) are
periodic as it is 6 (¢). This trajectory of period T, defined as
zp(t) = [zp1(t), wo2(t), 26,3(t)] = [Go,wp2(t), 20,3(1)]',
t > 0, corresponds to a periodic input wu(¢), and can be
obtained explicitly as follows:

. Gh
lb’l(t) 60—Gp1
zp(t) = |wo2(t)| = 0(1) s ©
Tp 3(t) 00—Gpb1 _ (00—Gp01)0402(t)
’ L 02(%) 03(1) J

with up(t) = xp,3(t) + 0adp 3(t). Figure 1 shows a schematic
plot of a;,(¢) (red trajectory).

The latter periodic trajectory x(¢) is, however, one of many
possible (the one that maintains x4 (¢) at G). In a more general
framework, we may propose a problem to find out the basal
state and input trajectories, such that state x;(¢) approaches as

long as possible (i.e., fulfilling the constraints) a general Ggef ,
periodic in [0, T']. The following definition summarizes this new
concept:

Definition 1 (Basal state and input trajectories). Consider
subsystem (1) constrained by X and U, and a given glycemia

periodic reference Ggef(~) C Rio,o0) = RiGhypo,Gryperls With

period T (i.e., Ggef(t) = Ggef(t +T), for t > 0). A basal
state and input trajectories are given by the periodic state
trajectory wy(-) : Rjg o) — & and the corresponding input
up(+) : Rig,00) = U that minimizes ||Cyxy(t) —G;ef(t) , for
t>0.

Remark 1. Note that the concept of basal state and input
trajectories can be also defined for LTI models. However,
the periodic (and significant) variability of S; (which is not
considered in LTI models) may reinforce low values of G, so
producing hypoglycemic episodes.

3. IDENTIFICATION OF CIRCADIAN S; RHYTHMS

In order to obtain an estimation of the periodic insulin sensi-
tivity pattern, 65(t), a constrained optimization problem was
formulated by imposing a periodicity constraint on the time-
varying parameter. Furthermore, physiological constraints were
added for 02(t) estimation, such that 02(¢t) € O, with © =
R0.808,,1.2,] (@ = 0.4) and 6 being the insulin sensitivity
nominal value. A variability of £20% was assumed, as reported
in (Visentin et al., 2015). The system period was fixed in a
daily basis (I' = 1440 min) so the circadian insulin sensitiv-
ity rhythm can be computed as the solution of the following
constrained convex quadratic problem:

05 = arg min 3 |Gin(j) = GO + Mlls()]3
+A2||Abar (7)1
5.0.G(j)=Cr[ Dt —
+ B2 ( ') E),
2(j) = [ — A1 B, (), j €T, Neas
02(7 )<92T( )+ s(5), JGH[O,NCI},
02(4) 2021 (j) — s(5), J € Ljo,Ne,1s
027 (j)=021(j+T),02(5) € O, j €L Ne,]
5(j) 20, j€ljone)

where 02" is the optimal estimation of the daily circadian
Sy pattern, A1, A2 > 0 are penalty scalars, G.,(j) denotes
the measured BG, G(j) is the BG predicted by the model, ¢
is a forward shift operator (qz(j) := x(j + 1)), f2r is an
auxiliary periodic variable, and s a dispersion/slack variable.
A, (j) indicates that the state space matrix varies throughout
the prediction horizon, due to the time variability of 65(j)
(Euler discretization). N is the length of the dataset (Ngqys -
(288/day), if Ts = 5 min). Due to the inherent inter-day
variability of the insulin sensitivity, 02(t) =~ 02(t + T') (quasi-
periodic behavior), so the periodic constraint was relaxed via
the slack variable s(j), whose variations are penalized by the
[-2 norm regularization term (weighted by A; > 0). In addition,
since the Sy profile follows a piecewise constant evolution,
a sparsity-promotion term of the first order time differences,
given by Afar(j) = 027 (j) — 0217 (j —1), was included in order
to detect Sy transitions over periods of flat S} progression.

4. DISCRETE-TIME LTV MODELING FOR PULSIVE
INPUT SIGNALS

Ay (J)]il (Buu(j)

J € Lo,nea)s
1B

In order to use the continuous-time models (1) and (2) as
prediction models in an MPC controller, they should be pre-
viously sampled. We select in this work the pulsatile scheme
proposed in (Abuin et al., 2020) which, for a given sampling
time T (such that 7" is a multiple of 7%) and a pulse duration
0 < A < T, consists in the following discrete-time sub-

models:
w(k + 1) = Fu(k, 2(k), u(k), 2(k)),
2(k +1) = Fz(2(k), r(F)), ©)
G(k) = Cra(k), 10B(k) = Cyx(k),
where k € Ijo ) represents kT, Fp(-,z(-),u(-),2(-)) :=

AG()x()+B(Ju()+BL(-)2(-)+E () and Fy(2(-), (")) :=
Agz( -) 4+ Bdr(-). The time varying pulsatile discrete-time ma-
trices are: Ad( ) 1= eAe(bT)Ts - Bd(k) 1= eAe(RTe)(TmATy)
A (KT) (e (T )AT 13)Bude(k) =A, (KT) (e )T
13 Bz,Ed kf? =A; eAe(FT)Ts 1, )E Ad:=eA=T: and
Ig B (Abum et al., 2020).
Note that 1n the previous discretization it was assumed that
01 # 0 (in such a way that A, is invertible) and time vary-
ing parameters are assumed constant during the sampling-time
interval Ty, that is, 05(t) := 02(kTy), t € [kTs, (k + 1)T5),
k € ljo,00) (zero-order hold assumption). Furthermore, the

time-varying state constraints set, X'(¢), can be sampled by
considering X (k) := X (kT%), k € Ijg o).

5. PULSATILE MPC FORMULATIONS
In this section, a pulsatile MPC controller devoted to track the
basal state and input trajectories is presented, which is based

on concepts introduced in (Limon et al., 2015) and (Abuin et al.,
2020). Although the MPC is designed for both, the announced



(or partially-announced) and the unannounced meal cases, in
the present work only the (not in advanced) announced meal
case will be considered. The general control problem can be
defined as follows:

Definition 2 (Control problem: basal trajectory tracking). Con-
sider system (7) constrained by X (k), k € ljp o) and U,

and a desired basal reference for the blood glucose Ggef :
Io,00) — Ry with period T, which is a sampled

version of Gref (+), in Definition 1, and T is now the period
in sampling tlmes. Then, given the estimated states T and 2
and the meal announcement 7, at the current time k, the con-
trol problem consists in steering the system to the basal state
and input trajectory !, denoted as x(-) : To,00) — A and
uy(-) : Ijo,00) — U, which minimize ||Cray (k) — GT (k)| for
all k > 0.

GhypovchypeT]’

To account for the latter control problem, the following MPC
schemes are proposed.

5.1 Basal trajectory tracking, two stage approach

Given G/ (k), over the period [0, T, we solve first the basal

trajectory computation problem, B7C(G ”f ), to obtain up
and x;:

ef'ﬁb,ib)
st up(j) €U, T(j) € X(k+j),
xb(]"_l) Fy (k—l—j,:i‘b(j),ﬂb(j),()),
7(0) = Fy e+ T—1, 3 (T~ 1), (T 1), 0),
with U, X given by (4) - (5), respectively, and V;,,; given by:

Z S)C12(5)

with S > 0 being an approprlate positive penalty.

The solution of problem BTC(G;°') is given by XJ(-)
Iorp — X and @)(:) : Ijor) — U, which fulfills Z})(0)
ZY(T) and @) (0) = (T, respectively. Note that if GTPf(
is reachable over the period [0, T'], then Vi, ; (Gref a), xY)
0, since in such case, the blood glucose reference can be
followed by means of a feasible insulin trajectory, and fol-
lowing a feasible state trajectory, over [0,7]. Otherwise,
Virai (G300, %9) > 0, but given that the later optimization
problem is convex, the solution @Y and X} is unique.

Once @) and XY are obtained from BTC(G;*'), the basal
state and input traJectorles , up and X, are obtained by
concatenating 0 and X} over all the positive discrete times,
in such a way that up (k) = up(k + T') and zp (k) =ap(k + T,
respectively, for all k£ > 0.

J €Iy (8)

Vira; (G1F 01p, %) -G ©

..

Consider now the estimated states® #, 2 and the carb counting,
7, at the current time k. The meal announcement sequence
ro: H[O,T] — R[O,Tmax]’ is such that ’I"(k?) =rif k =0,
and r(k) = 0, otherwise. Then, the MPC trajectory tracking
problem, MPCr(Z, 2,r, uy, Xp, k), to be solved at each time
k, is given by:

1 That can be seen as a sampled version of x; (-) and uy(+), of Definition 1

2 Note that ﬁg and 5{2 are defined over [0, T'] while the basal state and input
trajectories, x;, and uy, are defined over [0, o)

3 The states = and z are assumed to be estimated by an output disturbance
observer (ODO) as the one presented in Abuin et al. (2020)

z(j+1 :Fx(k+j,g:(j),u(j)72(j)), 7 € Lo (10

2(j +1) = F.(2(5),7(4)), J € Lo,Ny
u(])ELA (L’(])EXk—f—]), JE]I[O,N—I]
z(N) = zp(N),

where N<T' is the control horizon and Virack 18 given by:

Z Qll=(5)

+ Rllu(J) —up(k+ )3, (11)

with @>0 and R>0 being positive definite penalty matrices. In
problem MPCr7(Z, 2,r,u, Xp, k), T, 2, up, Xp, T are param-
eters, while u : Ijp y7 — U is the optimization variable. Once
problem MPCy is solved, the optimal solution is denoted u®,
with an associated state sequence x°. Following the receding
horizon control (RHC) policy, only the first optimal input/dose,
u?(0), is applied to the patient, time goes from k to k + 1,
and the whole problem MPCr+ is solved again. It can be
shown that the control scheme derived from the application of
MPCr - provided that Problem B7 C has a unique solution -
steers the system feasibly to uy, X3 as k— co.

%rack(x Z r ub7xb7 7565 k+]))”§

5.2 Basal trajectory tracking, single stage approach

Now, based on the use of artificial trajectory, originally in-
troduced in (Limon et al., 2015), the core idea is to merge
both, B7C and MPCr7 problems, in a single one, denoted

by MPCsr7. Given %, 2, © and Gzef, at the current time k,
the cost function of the problem to be solved at & is given by:

PN re
Vn(Z, 2,1, Gb f, ki g, xq):=

+Viraj (G ks ua, x,) (12)

‘/track(:%a 2; ryu,u,, Xa)

where

N-1
Vrtrack(‘r Z r;u, uavxa Z QH:E ))H2

+R||U(J)*Ua(J)H27 (13)

is a term designed to steer the system to the artificial trajectory
variables u, : H[O,T] — U, x4 : H[O,T] — X, in the transient

regime, and .
Viraf Gy ks wa, X0 )=y _SI|Chaa () = Gy (k)13 (14)
=0

is a term devoted to steer the state artificial trajectory to the
desired basal reference G/

The optimization problem MPCBTT(i,é,r,GZef ,k) to be
solved by the MPC is then given by:

bef, k;u,u,,x,)

st.x(0) =2, z(0)=2

Z(]+1):FZ(Z(])7T(]))7 jGHON]
u(g) €U, x(j) € X(k+ ), i €lpn—q1)
() = 1u(N), 0

l'a(] + 1) (k+j,$a(]),ua(]),0), J € H[O,T—l]
uq(j) €U, x4(j) € X(k+j), J €l -1
fL'a(O) == F (k+T_an(T_1) ua(T_l) O)

Notlce that this approach is convenient (i) to allow changes
in GTe profile, that are instantaneously accounted for in the
smgle optimization problem (i.e., terminal constraint does not



depend on a pre-computed basal trajectory), and (ii) to enlarge
the domain of attraction of the controller (i.e., due to the fact
of having a basal reachable trajectory as a decision variable
instead of a particular one).

5.3 Basal tube tracking

The idea now is to extend the latter formulation to the case
of zone control, that is, control schemes in which the control
objective is to follow a region or zone of possible values of
G (or a tube made of several zones varying over the time)
instead of a particular reference. Taking advantage of the use
of artificial variables, this extension can be made by replacing
the trajectory cost (14), Virq;, by

!

V;Sraj(GZefa k;ug, Xq, G*) =

SlCiza(3) = G* ()13,

<
Il
=)

where G*(j) is an additional optimization variable, only re-
stricted by G*(j) € [Gzef(k +3) = G§ ins Gzef(k +J) +
G7 ozl being G, and G the lower and upper bounds
of the zone, respectively. Moreover, following the ideas pre-
sented in (Abuin et al., 2020, Section 6), it is possible to con-
sider asymmetric tubes, by harder penalizing the excursion of

G(t) under the reference value G,/

For the sake of brevity, we do not analyse here the feasibility
and stability of the proposed control schemes. However, they
can proved by following similar steps as in (Limon et al., 2015).

6. SIMULATIONS RESULTS

The performance of the proposed MPC formulations is evalu-
ated through the commercially available UVA/Padova simulator
(T1DMS2013, Academic Version) with a virtual average adult
patient (CR = 22.48 [g/U]). Sensitivity insulin variations are
added, acting on kgy, according to randomly-noisy smoothed
variation of the nominal profile reported in (Visentin et al.,
2015, 2018). The identification of #5(¢) is done offline follow-
ing what is presented in Section 3. The controller parameters
are @ = 1, R = 1, and S = 102 for all the cases.

6.1 Assessment of the M'PCyr+ and M'PCgr1 formulations:
nominal vs time-varying prediction model

In this first case, we evaluate the MPC formulations, with and
without trajectory planning, MPCyr and MPCg7, respec-
tively, when a nominal and a time-varying prediction model is
employed. For both configurations, a prediction horizon N =30
(2.5 hours) was proposed, to highlight the potential strengths of
defining the planned reachable basal trajectory as a decision
variable instead of a fix trajectory. The blood glucose reference

was fixed in a constant value, Ggef =110 [mg/dL].

Figure 2 shows the glycemia evolution under the MPCrs
employing a nominal LTI (red) and a LTV (blue) prediction
model. It can be seen, that the LTV setting manages the insulin
delivery in accordance to the circadian variations of Sy(t). As
expected, the insulin delivery is reduced in an anticipatory way
when a S; transition from a low S to a high S level is pre-
dicted over the control horizon (i.e. IOB reduction from 10:00
to 12:00 hs). Similarly, it is increased when a S transition
from a high to a low level is forecasted (i.e. IOB increment
from 16:00 to 18:00 hs). In addition, the meal related-events
are better counteracted by the LTV configuration, increasing,
for the same carb content, the bolus amplitude over intervals of
reduced Sy (i.e. IOB at 7:00 and 12:00 hs, being CHO = 80 g).

u [U/min]

N N
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Fig. 2. Blood glucose control employing the MPCr formu-
lation, under nominal LTI (red) and LTV (blue) settings.
Insulin sensitivity modulation pattern kgy(t).

Nevertheless, for the MPC+ formulation, since its domain of
attraction is smaller, a higher number infeasibility episodes are
reported (mainly during post prandial intervals, where the BG
level is augmented, and thus, feasible control sequences might
not be found). See Table 1 for a 7 days scenario.

Table 1. Infeasibility episodes (IE) over 7 days scenario

MPCrT MPCrTT
LTI LTV LTI LTV

#IE 15 52 1 0

6.2 Assessment of the MPCgrr formulation: constant vs
time-varying Gzef
In this second case, the idea is to assess the MPCgr1 per-

formance when a time-varying Gzef is considered, in such
a way that G} () = AXO)G  + (1= X1)G<L. | with

b,mazx b,min’
()= (057 (0)=031,0)/ (Oia—03ritsn)- Notice that 657 (1) =
max(62(t) —62,0) to filter eventual non-physiological insulin
sensitivity reductions (i.e., f2(t) falling down during postpran-
dial intervals due to structural identifiability limits). To increase
the safety from hypoglycemic episodes during intervals of high

Sy, the bounds of the time-reference were set in GZ%M_ =140
mg/dL and Gzejnn =110 mg/dL. The insulin sensitivity pattern

was augmented in 25% (i.e., kin?" () =1.25ks ().

As shown in Figure 3 (i), hypoglycemic episodes are reduced
when the aforementioned reference is employed, since it forces
the system to steer higher BG levels during periods of high
S7. This strategy allows us to deal with the case in which
the identified 02(¢) underestimates the actual S;(¢) pattern
(i.e., inter-day variability of circadian S7). Furthermore, if
an asymmetric tracking cost is added, the transient evolution
before the convergence to the reachable basal trajectory better
counteracts the hypoglycemic excursions, thus improving the
closed-loop performance. A prediction horizon of N = 60 (5§
hs) was used in order to increase the influence of the transient
regimen effect in the optimization problem MPCzr7.

6.3 Assessment of the M'PCgr (tube): time-varying Gzef

Finally, in this third case, the MPCpys is compared to
MPCpr1T (tube), where zones are used as control objectives
instead of a fixed trajectory. In order to highlight the poten-
tial advantages of the latter proposal, a disturbance on the ex-
pected circadian variation of S7(t), given by a physical exercise
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Fig. 3. Blood glucose control using the MPCp77 formulation,
under: (i) G;/ = 110 mg/dL (red), (i) G}/ () (blue),
and (iii) G}/ (¢) and asymmetric stage cost, Q/Q = 5 -
102, (green).
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Fig. 4. Blood glucose profile when the control objective is to
follow a zone of basal periodic trajectories. MPCpy7:
(red dash-dot line). MPCp7T (tube): Gf ... = 30 (blue
filled line). MPCpTT (wider tube): G = 60 (green
filled line). G% =10.

b,min

z
b,max

episode (moderate exercise 30 min, model C (Dalla Man et al.,
2009)) at 20:00 hs was simulated. For both configurations, the
time-varying reference proposed in Section 6.2 was considered.

Figure 4 (i) shows that when zones of wider amplitude are em-
ployed, the hypoglycemic risk after meal ingestion is reduced.
Notice that the periodic basal trajectories (Figure 4 (ii)) are now
free to move over a wider zone. The asymmetric cost allows the
controller to better anticipate hypoglycemic episodes.

7. CONCLUSION

In this work, a novel trajectory tracking MPC controller that
accounts for circadian variability is proposed for the artificial
pancreas problem. Although the formulation is (slightly) more
complex than classical MPCs, the performance of the simu-
lation on the average virtual patient case-study (in both, the
handling of hyper and hypoglycemic episodes) suggests that
the strategy may be a first step in a new form of tackling the
AP problem under MPC.

REFERENCES

Abuin, P., Rivadeneira, P., Ferramosca, A., and Gonzalez, A.
(2020). Artificial pancreas under stable pulsatile mpc: Im-
proving the closed-loop performance. Journal of Process
Control, 92, 246-260.

Dalla Man, C., Breton, M.D., and Cobelli, C. (2009). Physical
activity into the meal glucose—insulin model of type 1
diabetes: In silico studies.

Gondhalekar, R., Dassau, E., and Doyle III, FJ. (2018).
Velocity-weighting and velocity-penalty MPC of an artificial
pancreas: Improved safety and performance. Automatica,
91(48), 105-117.

Gondhalekar, R., Dassau, E., and Doyle III, FJ. (2016). Pe-
riodic zone-mpc with asymmetric costs for outpatient-ready
safety of an artificial pancreas to treat type 1 diabetes. Auto-
matica, 71, 237-246.

Gonzdlez, A.H., Rivadeneira, P.S., Ferramosca, A., Magde-
laine, N., and Moog, C.H. (2020). Stable impulsive zone
model predictive control for type 1 diabetic patients based
on a long-term model. Optimal Control Applications and
Methods, 41(6), 2115-2136.

Hinshaw, L., Dalla Man, C., Nandy, D.K., et al. (2013). Diurnal
pattern of insulin action in type 1 diabetes: implications for a
closed-loop system. Diabetes, 62(7), 2223-2229.

Kudva, Y.C., Carter, R.E., Cobelli, C., Basu, R., and Basu, A.
(2014). Closed-loop artificial pancreas systems: physiologi-
cal input to enhance next-generation devices. Diabetes care,
37(5), 1184-1190.

Limon, D., Pereira, M., de la Pena, D.M., Alamo, T., Jones,
C.N., and Zeilinger, M.N. (2015). Mpc for tracking periodic
references. IEEE Transactions on Automatic Control, 61(4),
1123-1128.

Mansell, E.J., Docherty, P.D., and Chase, J.G. (2017). Shedding
light on grey noise in diabetes modelling. Biomedical Signal
Processing and Control, 31, 16-30.

Ortmann, L., Shi, D., Dassau, E., Doyle, FJ., Leonhardt, S.,
and Misgeld, B.J. (2017). Gaussian process-based model
predictive control of blood glucose for patients with type 1
diabetes mellitus. In 2017 11th Asian Control Conference
(ASCC), 1092-1097. IEEE.

Patek, S.D., Magni, L., Dassau, E., Karvetski, C., Toffanin, C.,
De Nicolao, G., Del Favero, S., Breton, M., Dalla Man, C.,
Renard, E., et al. (2012). Modular closed-loop control of
diabetes. IEEE Transactions on Biomedical Engineering,
59(11), 2986-2999.

Ruan, Y., Wilinska, M.E., Thabit, H., and Hovorka, R. (2016).
Modeling day-to-day variability of glucose—insulin regula-
tion over 12-week home use of closed-loop insulin delivery.
IEEE Transactions on Biomedical Engineering, 64(6), 1412—
1419.

Schrezenmeir, J., Tato, F., Tato, S., Laue, C., and Beyer, J.
(1993). Differences between basal and postprandial circadian
variation of insulin sensitivity in healthy subjects and type 1
diabetics. In Hormones in Lipoprotein Metabolism, 45-64.
Springer.

Toffanin, C., Zisser, H., Doyle III, EJ., and Dassau, E. (2013).
Dynamic insulin on board: incorporation of circadian insulin
sensitivity variation. Journal of diabetes science and tech-
nology, 7(4), 928-940.

Visentin, R., Campos-Nafiez, E., Schiavon, M., Lv, D., Vet-
toretti, M., Breton, M., Kovatchev, B.P., Dalla Man, C., and
Cobelli, C. (2018). The uva/padova type 1 diabetes simulator
goes from single meal to single day. Journal of diabetes
science and technology, 12(2), 273-281.

Visentin, R., Dalla Man, C., Kudva, Y.C., Basu, A., and Co-
belli, C. (2015). Circadian variability of insulin sensitivity:
physiological input for in silico artificial pancreas. Diabetes
technology & therapeutics, 17(1), 1-7.



108 APENDICE C. ARTIFICIAL PANCREAS UNDER PERIODIC MPC FOR TRAJECTORY TRACKING: HANDLING CIR



Apéndice D

Characterization of SARS-CoV-2
Dynamics in the Host

109



Characterization of SARS-CoV-2 Dynamics in the Host

Pablo Abuin?, Alejandro Anderson®, Antonio Ferramosca®®, Esteban A. Hernandez-Vargas®®, Alejandro
H. Gonzalez*

¢Institute of Technological Development for the Chemical Industry (INTEC), CONICET-UNL, Santa Fe, Argentina
b Department of Management, Information and Production Engineering, University of Bergamo, Italy
¢CONICET - CCT Santa Fe, Argentina.
dnstituto de Matemdticas, Universidad Nacional Autonoma de Mexico, Boulevard Juriquilla 3001, Querétaro, Qro., 76230, México
¢ Frankfurt Institute for Advanced Studies, 60438 Frankfurt am Main, Germany.
Corresponding authors: alejgon@santafe-conicet.gov.ar, vargas @ fias.uni-frankfurt.de

Abstract

While many epidemiological models were proposed to understand and handle COVID-19, too little has
been invested to understand human viral replication and the potential use of novel antivirals to tackle the
infection. In this work, using a control theoretical approach, validated mathematical models of SARS-CoV-
2 in humans are characterized. A complete analysis of the main dynamic characteristic is developed based
on the reproduction number. The equilibrium regions of the system are fully characterized, and the stability
of such regions are formally established. Mathematical analysis highlights critical conditions to decrease
monotonically SARS-CoV-2 in the host, as such conditions are relevant to tailor future antiviral treatments.
Simulation results validates the aforementioned system characterization.

Keywords: SARS-CoV-2 infection, In-host model, Equilibrium sets characterization, Stability analysis.

1. Introduction

By December 2019, an outbreak of cases with pneumonia of unknown etiology was reported in Wuhan,
Hubei province, China [1]. On January 7, a novel betacoronavirus was identified as the etiological agent by
the Chinese Center of Disease Control and Prevention (CCDC), and subsequently named as Severe Acute
Respiratory Syndrome Coronavirus 2 (SARS-CoV-2) [2]. On February 11, the World Health Organization
(WHO) named the disease as Coronavirus disease 2019 (COVID-19) [3]. Although prevention and control
measures were implemented rapidly, from the early stages in Wuhan and other key areas of Hubei [4], the
first reported cases outside of China showed that the virus was starting to spread around the world [5].

On March 11, with more that 111.800 cases in 114 countries, and 4921 fatalities cases, COVID-19
was declared a pandemic by the WHO [5]. So far, with more than 7.000.000 total cases confirmed in
213 countries and territories [6, 7], and an estimated case-fatality rate (CFR) of 5.7% (HIN1 pandemic,
CFR < 1%)[8], the potential health risks are evident.

The virus spreads mainly from person-to-person through respiratory droplets produced when an infected
person coughs, sneezes or talks [9]. The nonexistence of vaccines or specific therapeutic treatments, preven-
tive measures such as social and physical distancing, hand washing, cleaning and disinfection of surfaces
and the use of face masks, among others, have been implemented in order to decrease the transmission of
the virus.

Epidemiological mathematical models [10, 11, 12, 13] have been proposed to predict the spread of
the disease and evaluate the potential impact of infection prevention and control measures in outbreak
management [14]. However, mathematical models at intra-host level that could be useful to understand
the SARS-CoV-2 replication cycle and interaction with immune system as well as the pharmacological
effect of potential drug therapies [15, 16] are needed. So far, there are approximately 109 trials (includ-
ing those not yet recruiting, active, or completed) to asses pharmacological therapy for the treatment of
COVID-19 in adult patients[17], including antiviral drugs (i.e. Hydroxychloroquine, Remdesivir, Favipi-
ravir, Lopinavir/Ritonavir, Ribavirin), immunomodulatory agents (i.e. Tocilizumab) and immunoglobulin
therapy, among others. Recently, Hernandez-Vargas et. al. [18] proposed different intra-host mathematical
models (2 based on target cell-limited model, with and without latent phase, and another considering im-
mune response) for 9 patients with COVID-19. Numerical results in [18] showed intra-host reproductive
number values consistent to influenza infection (1.7-5.35).
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Although models in [18] have been fitted to COVID-19 patients data, a control theoretical approach is
needed to characterize the model dynamics. Even when the equilibrium states are known, a formal stability
analysis is needed to understand the model behavior and, mainly, to design efficient control strategies.
Note that the target cell model has been employed previously taking into account pharmacodynamic (PD)
and pharmacokinetic (PK) models of antiviral therapies [19, 20], and this can be potentially done also for
COVID-19.

In this context, the main contribution of this article is twofold. First, a full characterization of equilib-
rium and stability proprieties is performed for the COVID-19 target cell-limited model [18]. Then, formal
properties concerning the state variables behavior before convergence - including an analysis of the virus
peak times - are given. A key aspect in the target cell model for acute infections shows some particularities
such as it has a minimal nontrivial stable equilibrium set, whose stability does not depend on the reproduc-
tion number. On the other side, assuming a basic reproduction number greater than 1, the virus would not
be cleared before the target cells decreases below under a given critical value, which is independent of the
initial conditions.

The article is organized as follows. Section 2 presents the general in-host target cell-limited model used
to represent SARS-CoV-2 infection dynamic. Section 3 characterizes the equilibrium sets of the system,
and establishes their formal asymptotic stability, by proving both, the attractivity of the equilibrium set in
a given domain, and its € — & (Lyapunov) local stability. Then, in Section 4, some dynamical properties
of the system are stated, concerning the values of the states at the infection time ¢ = 0. In Section 5 the
general model for the SARS-CoV-2 infection is described and the general characteristics of the infection
are analyzed. Finally, Section 6 gives the conclusion of the work, while several mathematical formalisms -
necessary to support the results of Sections 3 and 4 - are presented in Appendix 6.

1.1. Notation

R and T denote the real and integer numbers, respectively. The real vector space of dimension n is
denoted as R™. RY represents the vectors of dimension n whose components are equal or greater than
zero. The distance from a point z € R" to a set ¥ C R" is defined by ||z x := inf.cx ||z — 2|2, where
|| - ||2 denotes the norm-2. The open ball of radius € around a point € R™, with respect to set X, is defined
as B.(z) := {z € X : ||x — z||2 < €}. For the real function f(z) = ze?, the so-called Lambert function is
defined as the inverse of f(-), i.e., W(z) := f~!(z) in such a way that W (f(z)) = 2.

2. SARS-CoV-2 in-host mathematical model

Although incomplete by definition, mathematical models of in-host virus dynamic improve the under-
standing of the interactions that govern infections and, more importantly, permit the human intervention
to moderate their effects [21]. Basic in-host infection dynamic models usually include the susceptible
cells, infected cells, and the pathogen particles [22]. Among the most used mathematical models, the tar-
get cell-limited model has been employed to represent and control HIV infection [23, 24, 25], influenza
[26, 27, 28, 19], Ebola [29], dengue [30, 31] among others.

In this work, we consider the mathematical model proposed by Hernandez-Vargas [18] given by the
following set of ordinary differential equations (ODEs) :

Ut)=—-pUMmV(t), U(0)="U, (2.1a)
I(t)=BU@)V(t) —6I(t), I(0)=1Iy=0, (2.1b)
V() =pIt)—cV(t), V(0) =1, (2.1c)

where U [cells], I [cells] and V [copies/mL] represent the susceptible cells, the infected cells, and the
virus load, respectively. The parameter 3 [(copies/mL)~tday~1] is the infection rate of susceptible cells
by the virus. § [day~?] is the death rate of I. p [(copies/mL)day*cells~!] is the replication rate of free
virus from the infected cells I. ¢ [day '] is the degradation (or clearance) rate of virus V. The effects of
immune responses are not explicitly described in this model, but they are implicitly included in the death
rate of infected cells (¢) and the clearance rate of virus (¢) [27].

The parameter values of the target cell model were fitted by [18] using viral kinetics reported by [32] in
patients with COVID-19. The Differential Evolution (DE) algorithm was shown to be more robust to initial
guesses of parameters than other mentioned methods [33]. Akaike information criterion (AIC) was used



to compare the goodness-of-fit for models that evaluate different hypotheses in [18]. The target cell model
showed better fitting than exponential growth and logarithmic decay models as well as the target cell model
with eclipse phase [18].

The model (2.1) is non-negative, which means that U(¢) > 0, I(¢t) > 0 and V' (t) > 0, for all ¢t > 0. If
we denote z(t) := (U(t), I(t), V(t)), then the states are constrained to belong to the invariant set:

X:={z € R},}. (2.2)

Another meaningful set is the one consisting in all the states in X with strictly positive amount of virus
and susceptible cells, i.e.,

X ={xeX:U>0,V >0} (2.3)

Note that the set X" is an open set.

The initial conditions of (2.1) are assumed such at a healthy steady state before the infection time ¢ = 0,
ie, V() =0,I(t) =0,and U(t) = Uy, fort < 0. Attime ¢ = 0, a small quantity of virions enters
to the host body and, so, a discontinuity occurs in V' (¢). Indeed, V(¢) jumps from 0 to a small positive
value Vj at tg = 0 (formally, V' (¢) has a discontinuity of the first kind at tg, i.e., lim;_,q— V' (¢) = 0 while
lim;_,o+ V(t) = Vb > 0). The same scenario arises, for instance, when an antiviral treatment affects either
parameter p or 5. The jump of p or 5 can be considered as a discontinuity of the first kind. In any case, for
the time after the discontinuity, the virus may spread or be cleared in the body, depending on its infection
effectiveness. The following (mathematical) definition is given

Definition 1 (Spreadability of the virus in the host). Consider system (2.1), constrained by the positive set
X, at some time to, with U(tg) > 0, I(tg) > 0and V(to) > 0 (i.e, 2(to) = (U(to), I(to), V(t)) € X).
Then, it is said that the virus spreads in the host for t > to if there exists at least one t* > to such that
V(t*) > 0.

The latter definition states that the virus spreads in the body host if V(¢) has at least one local maximum.
On the other hand, the virus does not spread if V' (t) is strictly decreasing for all ¢ > . As it will be stated
later on (Property 1), lim;_, o, V'(¢) = 0 for system (2.1), independently of the fact that the virus reaches or
not a maximum (this is a key difference between acute and chronic infection models [21, 22]).

The infection severity can be related with the virus spreadability established in Definition 1. Liu et.al.
[34] have shown that patients with severe COVID-19 tend to have a high viral load and a long virus shedding
period. The mean viral load of severe cases was around 60 times higher than that of mild cases, suggesting
that higher viral loads might be associated with severe clinical outcomes. Furthermore, they found that
the viral load of severe cases remained significantly higher for the first 12 days after the appearance of
the symptoms than those of corresponding mild cases. Mild cases were also found to have an early viral
clearance, with 90% of these patients repeatedly testing negative on reverse transcription polymerase chain
reaction (RT-PCR) by day 10 post symptoms onset (pso). By contrast, all severe cases still tested positive at
or beyond day 10 pso. In addition, Zheng et.al. [35] reported (from a study with 96 SARS-CoV-2 patients,
22 with mild and 74 with severe disease) a longer duration of SARS-CoV-2 in lower respiratory samples
of severe patients. For patients with severe disease the virus permanence was significantly longer (21 days,
14-30 days) than in patients with mild disease (14 days, 10-21 days; p=0.04). Moreover, higher viral loads
were detected in respiratory samples, although no differences were found in stool and serum samples. While
these findings suggest that reducing the viral load through clinical means and strengthening management
should help to prevent the spread of the virus, they are preliminary and it remains controversial whether virus
persistence is necessary to drive the dysfunctional immune response characteristic of COVID-19 patients
[36].

Remark 1. Note that the virus spreadability may or may not cause a severe infection (a disease that
eventually causes host death) which depends on how much time the virus is above a given value.

To properly establish conditions under which the virus does not spread for ¢ > 0 (i.e., after the infection
time ¢ = 0) the so-called intra-host basic reproduction number is defined next.



Definition 2. The intra-host basic reproduction number R is defined as the number of infected cells (or
virus particles) that are produced by one infected cell (or virus particle), at a given time. Its mathematical
expression is given by:

Bp
e’
Farticularly, for t = 0, this number describes the number of infected cells produced by one infected cell,

when a small amount of virus, Vy, is introduced into a healthy stationary population of uninfected target
cells, Uy,

R(t) :=U(t) 24

RO = UO@ (25)
cd

A discussion about the way this value is obtained is given in Appendix 6. The relation between the basic
reproduction number at the infection time (R) and the virus spreadiblity is stated in the next theorem.

Theorem 2.1. Consider the system (2.1), constrained by the positive set X, at the beginning of the infection,
ie, U0) = Uy >0, I(0) = 0and V(0) = Vo > 0 (i.e,, (0) = (U(0),1(0),V(0)) € X). Then, a
sufficient condition (not necessary) for the virus not to spread in the host is given by Ry < 1.

Proof: In Theorem 4.1, Section 4, it is shown that if the virus spreads, then Ry > 1. This means that
(contrapositive of the statement) if Ry < 1 (particularly, Rg < 1), then the virus does not spread in the
host body. []

Before proceeding with a full dynamic analysis of system (2.1), let us define first the so-called critical
value of the susceptible cells, which is a threshold to properly understand the spread of the virus.

Definition 3. The critical value for U, U,, is defined as
_o0_U
TP Ro

which, for fixed system parameters (3, p, § and c, is a constant.

(2.6)

Note that U (t) < U, if and only if R(¢) < 1, for every ¢ > 0.

2.1. Equilibrium set characterization

By equating U, I and V to zero in (2.1), it can be shown that the system only has healthy equilibria of
the form z;, = (U, 0,0), with Uy being an arbitrary positive value, i.e., Us € [0, 00). Thus, there is only
one equilibrium set, which is the disease-free one, and it is defined by

X ={(U,I,LV)eR?*: U €[0,00), I =0, V =0}. 2.7)

To examine the stability of the equilibrium points in X, system (2.1) can be linearized at a general state
xs € Xs. From (2.1) wehave U = f(U,I,V),I = g(U,1,V),V = h(U,1,V). Then, the Jacobian matrix
is given by

of or of
QU I qQV -8V 0 —=pU
PO B B VA R
o Gh O I
ou o1 oV
which evaluated at any point x; € X5 reads
0 0 —BU
As=[ 0 =6 pBU;
0 p —c

with U € [0, 00). Then, the eigenvalues (A1, A2, A3) are given by the solution to Det(As — A\I) = 0, i.e.,
A=A — (c+ )X + (BUsp — cd)] = 0.



The first eigenvalue is trivially given by A\; = 0. The other two, are given by:

(c+6)+ \/(c—i— 6) +4es(Le — 1)

A3 = — 5

To analyze the eigenvalues qualitatively, note that for Us; = U,

(c+0) £ (c+9)

Agg = ———""""—7,
2

which means that Ay = 0 and A3 = —(c + ) < 0 (given that ¢, > 0). Furthermore, Ay < 0 and A3 < 0

for Us < U.; and Ao > 0 and A3 < 0 for Ug > U,. Since the maximum eigenvalue is the one dominating

the stability behavior of the equilibrium under consideration, it is possible to infer how the system behaves

near some segments of X;. The first intuition is that the equilibrium set

X ={U,LV)eR*:Uc0,U), [=0V=0} (2.8)
is stable, and that the equilibrium set
A2 ={U,LLV)eR?*: U € U,0), [ =0,V =0} (2.9)

is unstable. These are just intuitions, given that one of the eigenvalues of the linearized system is null and so
the linear approximation cannot be used to fully determine the stability of the nonlinear system (Theorem
of Hartman-Grobman [37, 38]). To formally prove the asymptotic stability of X} in a given domain, it is
necessary to show its global attractivity (in such domain) and local e-§ stability.

3. Asymptotic stability of the equilibrium sets

A key point to analyze the general asymptotic stability (AS) of system (2.1) is to consider stability of
the complete equilibrium sets X! and X2, and not of the single points inside them (as defined in Definitions
5,6 and 7, in Appendix 6). As it is shown in the next subsections, there is no single AS equilibrium points
in this system, although there is an AS equilibrium set (i.e., X'}).

As stated in Definition 7, in Appendix 6, the AS of X! requires both, attractivity and € — § stability,
which are stated in the next two subsections, respectively. Then, in Subsection 3.3 the AS theorem is
formally stated.

3.1. Attractivity of set X} in X

Before proceeding with the formal theorems of the attractivity of X!, let us consider the following key
property of system (2.1) concerning the attractivity of X.

Property 1 (Attractivity of X). Consider system (2.1) constrained by the positive set X, at some arbitrary
time to, with U(tg) > 0, I(to) > 0 and V(ty) > 0 (i.e., x(to) = (U(to), I(to), V(to)) € X). Then,
Uso = limy_oo U(t) is a constant value smaller than U(ty), Ioo = lim; oo I(t) = 0 and Vo =
lims_, oo V(t) = 0, which means that x(t) = (U(t), I(t), V (t)) tends to some state in Xs.

Proof: Since U(t) < 0 for all t > 0 and all (U(to), I(to), V(to)) € X, by (2.1a) U(t) is a decreasing
function (no oscillation can occur). Since U(tg) > 0 and V(tp) > 0, then Uy, = lim;_, oo U(t) is a
constant value in [0, U (to)). Given that U (t) converges to a finite fixed value, then U (t) = 0 as t — oo by
(2.1a). This implies - by the same equation (2.1a) - that U(¢)V (t) = 0 as ¢ — oo and, so, from equation
(2.1b), that I(t) = —8I(t) as t — oco. Then I, = lim;_,o, I(t) = 0. Finally, by equation (2.1c)),
V(t) = =0V (t) as t — oc. Then Vi, = limy o V() = 0, which completes the proof. (]

Property 1 states that X is an attractive set for system (2.1), in X', but not the smallest attractive set.
Next, conditions are given to show that the smallest attractive set is given by X7

Theorem 3.1 (Attractivity of X}). Consider system (2.1) constrained by the positive set X. Then, the set
X1 defined in (2.8) is the smallest attractive set in X. Furthermore, X2, defined in (2.9), is not attractive.



Proof: The proof is divided into two parts. First it is proved that X! is an attractive set, and then, that it is
the smallest one.

Attractivity of X}: The attractivity of X in X was already proved in Property 1. So, to prove the
attractivity of X} in X' (and to show that X2 is not attractive) it remains to demonstrate that U., € [0,,).
From system (2.1), by replacing (2.1a) in (2.1b), it follows that

I(t) = BUV (t) — 0I(t) = —U(t) — 61(t), (3.1)
which implies that
1) = (~$)(F(0) + U(1)). (3.2)
Rearranging (2.1c) yields
V() = - (pI(0) - V() (33

V(t) = (-5 () + U ) - V(o). (3.4)

Finally, by substituting (3.4) in (2.1a), and multiplying by 1/U(t) both sides of the equation (without loss
of generality we assume that U (t) # 0), it follows that
_Bp; Bp ;

%U(t) = 220r() + SR i) +

B

Cc

V(). (3.5)

This latter equation can be integrated, for general initial conditions Uy, Iy and Vj, as follows:

%)) _ %(U(t) U+ PPy~ 1) + g(V(t) ~ Vo). (3.6)

1
n( co

Now, by defining Uy, := lim;—, 00 U(t), Ino = limyyo0 1(2), Voo := lims—, oo V(¢), and recalling from
Property 1 that I, = V, = 0, the latter equation for ¢ — oo, reads

Uso Bp Bp B
111(70) = E(Uoo —Uo) + g(‘[oo —1Io) + E(Voo - V)
= Pry e PPy Py,
co cd c
= @Uoo —Ro + Ko, 3.7
co

where Rg := %UO (as it was defined in (2.5)) and

B p

Ko = —=(51Io + Vo). (3.8)

c 0

Note that R is a function of Uy while Ky is a function of I and Vj, and, furthermore, Rg > 0 and Ko < 0

for every xo = (Up, Iy, Vo) € X. Then, after some manipulation, (3.7) reads

—%Ume*%UW = —%erfnoe’CO = —Roe*ROe’CO. 3.9)
Now, by denoting
2= 2(Ro,Kp) := —Rge Roeko (3.10)
and
Y= f%Uoo, (3.1D)



the latter equation can be written as
W(z) =y, (3.12)

or

W(—Rge Roeko) = —%Um, (3.13)
where W (-) is a Lambert function. Figure 1 shows the graph of such a function, where it can be seen that
it has two branches, denoted as W), and W,,,. However, W(-) = W, () in this case, since W,,, — —oo
for z — 0~, which has not biological sense (note that Uy, is a finite value in [0,Up)). Also —1/e <
2(Ro,Ko) < 0for Rg > 0and Ky < 0 (Figure 2 shows a plot of function 2(Rg, Kp) for negative values
of Ky and positive values of Ry), and W, maps (—1/e, 0] into (—1, 0], which implies that

1> ~W(2(Ro, Ko)) 2 0, (3.14)

for Ry > 0 and Ky < 0. Thus, by (3.13), it follows that

co
U = ——W(—Rge Roelo
B (—Ro )
= —UW(—Rge Roeko)
€ [0,Ue), (3.15)

which completes the proof.

Figure 1: Lambert function. W (z) has two branches, denoted as W), (in blue) and W, (in red). Both branches are
defined for z € [—1/e, 0]; however lim,_,,— W}, = 0 while lim__,,— W, = —o0o, which means that only the branch
W, will be used in our analysis, as it is shown in the proof of Theorem 3.1.



Function z(Ry, K)
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Figure 2: Function z(Ro, Ko), for Ro > 0 and Ko < 0. Note that z(Ro, Ko) > —1/e = —0.3679 for all values of
Ro > 0and Ko < 0.

X! is the smallest attractive set: It is clear from the previous analysis, that any initial state x9 =
(Uo, In, Vo) in X converges to a state Zo, = (Uso, 0, 0) with Uy, € [0,U,). This means that X2 is not attrac-
tive in X. Let us consider now a state s € X, 91 and an arbitrary small ball of radius € > 0, w.r.t. X, around
it, B.(zs) € X. Take two arbitrary initial states o1 = (Up 1, lo,1, Vo,1) and 292 = (Up,2, Lo,2, Vo,2) in
B.(zs), such that Uy 1 # Up 2 and Vo1 # V2. These two states converge, according to equation (3.15),
t0 Zoo,1 = (Uso,1,0,0) and z02 = (Uso2,0,0), respectively, with Uso 1,Us 2 € [0,U,). Given that
function z(R, K) is monotone (injective) in R (and so in Up) and W (z) is monotone (injective) in z, then
Uso.1 # Uso 2. This means that, although both initial states converge to some state in X', they necessarily
converge to different points. Therefore neither single states x, € X} nor subsets of X! are attractive in X
So, Xsl is the smallest attractive set and the proof is concluded. [

Remark 2. Note that X sl and XSZ are in the closure of the open set X, which is not in X. In other words,
Theorem 3.1 shows that any initial state in X converges to a point onto the boundary of X that does not
belong to X. Furthermore note that, an initial state of the form (Uy,0,0), Uy > U., (i.e., a state in Xf)
cannot be attracted by any set since it is an equilibrium state (every state in X2 will remains unmodified).
This is the reason why it is not possible to consider the attractivity of X2 in X.

3.2. Local € — § stability of X}
The next theorem shows the formal Lyapunov (or € — §) stability of the equilibrium set X'

Theorem 3.2. Consider system (2.1) constrained by the positive set X. Then, the equilibrium set X} defined
in (2.8) is locally € — ¢ stable.

Proof: Let us consider a particular equilbrium point z := (U, 0,0), with Uy € [0,U,) (i.e., z5s € XL).
Then a Lyapunov function candidate is given by (similar to one used in [39] for chronic infections)
U )
J(@):=U—-Us —Ugln(—)+ I+ -V. (3.16)
Us p
This function is continuous in X, is positive for all nonegative  # x5 and, furthermore, J(zs) = 0.
Function J evaluated at the solutions of system (2.1) reads:

ot = =

9J(x(t)) dJ {dj dJ dj} —BU)V(t)
dU dI dv

BUV (1) — 81(t)
pl(t) — V()
—BU)V (t)
- odin

: BU)V () — d1(t)
u(t) pI(t) — eV (t)




= (=BUMV () +UpV (1) + (BU@V(t) = 1(t)) + (61(t) — %V(t))

= UV - V(O = VU - ). (3.17)

Now, given U € [0,U,.), with U, = %, it follows that .J(x(t)) < 0 for every z € X (note that it is not

true that .J (x(t)) < 0 for x # x, as shown next, in Remark 3). Then, .J is a Lyapunov function for system
(2.1), which means that each 2, € X} is € — § stable (see Theorem 6.1 in Appendix 1). Therefore, it is easy
to see that the equilibrium set X! is also € — § stable, which completes the proof. []

Remark 3. Note that, in the latter proof. it is not true that J (z(t)) < 0 for every nonegative x # x. If for
instance, the function J(x(t)) is evaluated at &, = (U,0,0), with U # Uy, we have that J(&4(t)) = 0. In
fact, J(x(t)) is null along the whole U axis, given that this axis is an equilibrium set. This means that the
(individual) states in X, 81 are € — ¢ stable, but not attractive.

A schematic plot of such a behavior can be seen in Figure 3.

r 3

V

Figure 3: Every point in X; is € — § stable but not attractive. Initial states o starting arbitrarily close to s remain (for
all t > 0) arbitrarily close to x5, but do not converge to 5. As a consequence, set X is AS but the points inside it are
not.

Remark 4. A similar behavior can be seen in system & = Ax, when A = [0 — 1; 0 — 1, or the 2-state
Kermack-McKendrick epidemic model [40, 41]: S = BSI, I = BST — 61, being S the susceptible and I
the infected individuals. In this latter model, Ro := (8/3)So and the critical value for S is S. = §/f. The
AS set is given by all the states of the form x := (S5, 0), with Ss € [0, S.). Furthermore, for this system,
the maximum of I occurs when S = S..

3.3. Asymptotic stability of X}
In the next Theorem, based on the previous results concerning the attractivity and € — § stability of X'},
the asymptotic stability is formally stated.

Theorem 3.3. Consider system (2.1) constrained by the positive set X. Then, the set X! defined in (2.8) is
smallest asymptotically stable (AS) equilibrium set, with a domain of attraction given by X.

Proof: The proof follows from Theorems 3.1, which states that Xsl is the smallest attractive in X, and 3.2,
which states the local € — § stability of X}. O

A critical consequence of the latter Theorem is that no equilibrium point in X, (neither in X!, nor
in X'2) can be used as setpoint in a control strategy design. The effect of antivirals (pharmocodynamic),
for instance, is just to reduce the virus infectivity (by reducing the infection rate () or the production of
infectious virions (by reducing the replication rate p) [21]. So, the previous stability analysis is still valid for
such controlled systems, since only a modification of some of the parameters defining U/, is done. In such
a context, only a controller able to consider the whole set X! as a target (a set-based control strategy, as
zone MPC [42, 43]) will be fully successful in controlling system (2.1). Further details concerning antiviral
treatments are given next, in Section 4.1.



4. Characterization for different initial conditions

In this section some further properties of system (2.1) concerning its dynamic are stated, based on the
initial conditions at the infection time ¢ = 0. The objective is to fully characterize the states behavior in
a qualitative way, including the times at which the virus and the infected cells reach their peaks. First,
Property 2 states some characteristics of Uy, for different initial conditions. Then, Theorem 4.1 states a
general relationship between the peak times of V' and I and the time at which U reaches its critical value
Ue.

Property 2. Consider system (2.1), constrained by the positive set X, at the beginning of the infection, i.e.,
U(0)=Uy >0, I(0) =0and V(0) = Vi > 0 (i.e,, z(0) = (U(0),1(0),V(0)) € X). Consider also that
Vo is small enough to describe the beginning of the infection. Then,

i. U — 0when Uy — oo or Uy — 0.

ii. Usy = U, when Uy — U,.
iii. 0<Uso(Uo.1,10, Vo) < Uso(Uo 2,10, Vo) < U, for initial conditions Uy 1 < Up 2 < U,.
. 0 < Us(Uo2,10, Vo) < Uss(Uo 1,10, Vo) < U, for initial conditions U. < Up1 < Uy 2.

Proof: If Iy = 0 and V; ~ 0 then Ko ~ 0. Therefore W (—Roe*0~R0) ~ W (-Rpe R?), and Uy, ~
~UW (—Roe~R0) by (3.13).

i. W(=Roe ) — 0 when —Rge~° — 0, which means that either Ry — 0 or Ry — oo. This
implies that Uy — 0 or Uy — o0, respectively.

ii. W(—Roe ") — —1 when —Rge~R° — —1/e, which is true if Rqg — 1 or, the same, when

Uy — U,.
iii. 2(Rg) = —Roe R° is strictly decreasing for Ry € (0,1) (note that Ro; := C‘Sg;l and
Ros = ”‘gi;” are in (0, 1), since they are smaller than U/.), while —W,(-) is strictly decreas-

ing in (—1/e,0). So, 0 < —W,(—=Roie R01) < —W,(—Roze R2) < 1, which implies that
0 < Usx(Uo,1,10, Vo) < Uso(Uo,2, Lo, V) < Ue.

iv. 2(Ro) = —Roe ™0 is strictly increasing for Rg € (1,00), while —W,(-) is strictly decreas-
ing in (—1/e,0). So, 0 < —W,(—Rpge R02) < —W,(—Rpre”7°1) < 1, which implies that
0<Uoo(Uo,2, 10, Vo) < Uso(Uo 1, 1o, Vo) < U,. Figure 4 shows Uy, as a function of Uy, taking V; as
a parameter. [

Us (Uy)
i ‘

Figure 4: According to equation (3.13), U (Up) is plotted for different values of V5. All parameters are equal to 1 for
simplicity, which means that /. = 1.
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Theorem 4.1 (Virus behavior from the infection time). Consider system (2.1), constrained by the positive
set X, at the beginning of the infection, i.e., U(0) = Uy > 0, I(0) = 0 and V(0) = Vi > 0. If the virus
spreads (according to Definition 1), then Ro > 1 + o(0), for some (0) > 0 (or; the same, Uy > U.)
and there exist positive times ty, tr, te and ty, such that iy < t; < t. < ty, where &y and ty are the
times at which V (t) reaches a local minimum and a local maximum, respectively, t1 is the time at which
I(t) reaches a local maximum, and t. is the time at which U (t) reaches U,. Furthermore, V (t) < 0 for all
t>ty.

Proof: First, note that V(0) = pI(0) — ¢V (0) < 0 since the initial conditions are 7(0) = 0 and V(0) > 0
Even more, by hypothesis the virus spreads, which means that V' (¢) reaches a local maximum at some time
ty > 0. Therefore, V' (¢) must reach a local minimum at some 0 < i, < fy,. Now, by Lemma 1 in the
Appendix, it is R(fy/) > 1 and R(fy) < 1, respectively, and it is easy to see that R(t) is a decreasing
function, so it follows that Rg > R(fy) > 1. Then there exists a(0) > 0 such that Rg > 1 + «(0) and,
besides, 0 < iy < t, < ty. From the minimum and maximum conditions of V, at times iy and iy, we
have V (fy) = 0, V(tv) > 0 and V(tv) =0, V(ty) < 0, respectively. After some algebraic computation,
it is easy to see that I(tv) > 0 and I(fy) < 0, which means that I(¢) must reach a maximum at some time
i, fulfilling ty < i < tv. Moreover, it must be

I(tr) = BU(Er)V (E1) — 81(i1) = 0. 4.1)

Given that V(t) > 0 forfy < t < ty (it goes from its minimum to its maximum), then by (2.1.a),
I(t7) > %V(f 1)- Replacing this latter condition in (4.1), it follows that

(BU(Er) — fj>v<t1>>ﬁv<m (1) — 61(ir) =0, 42)

which implies that R(f;) = ﬁpU(t’) > 1 and, then, {; < t.. Therefore, tq < ty < t; < t. < tv, which
concludes the proof. [

Remark 5. The value of «(0) is necessary to properly understand and characterize the system behavior
according to the initial conditions and parameters. Opposite to what happens, for instance, in epidemio-
logical models (SIR, etc.), where Ry > 1 is a necessary and sufficient condition for the disease to spread
in a population, in our case Ry > 1 is not a sufficient condition for the virus to spread in the host body.
The only thing Theorem 4.1 ensures (by its contrapositive) is that a sufficient condition for the virus to not
spread in the host body at time t > 0 is given by Ro < 1 (or U(0) < U..). See Figure 6, lower plot, for
an example. The value of a(0) can be computed numerically and it is usually small in comparison with R
(for all the patients simulated in Section 5, a(0) < 1 x 1074).

To clarify the results of this section, Figures 5 and 6 show a phase portrait and a state time evolution
corresponding to system (2.1), when all parameters are equal to 1 (for simplicity), which means that /. = 1.
The first plot (Figure 5) depicts how every state trajectory - even those starting close to X2 - converges to
XL, As stated in Property 2, U, approaches U, from below, as U(0) approaches U, from above. Also it
can be seen how the virus load starts do decrease only once U (t) is smaller than U,, as stated in Theorem
4.1. On the other hand, the second plot (Figure 6) shows the time evolution of U, I and V/, for two different
initial conditions. In the upper plot, initial conditions are selected such that 1 + «(0) < Rg, while in the
lower plot, the initial conditions produce 1 < Ry < 1 + «(0). As it can be seen, only in the first case the
virus spread in the host body (i.e., V(t) > 0, for some ¢ > 0), as stated in Theorem 4.1.
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Figure 5: Phase portrait of system (2.1), with unitary parameters. Empty circles represent the initial states, while solid
circles represent final states. Note that only the initial states with Uy > U. = 1 corresponds to scenarios with Ry > 1.
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Figure 6: Time evolution of U, I and V/, with unitary parameters 3, d, p, c, for initial conditions Uy = 3,Ip = 0,V =
0.2 (upper plot) and Ug = 1.2, Iy = 0,V = 0.12 (lower plot).

4.1. Remarks concerning antivirals treatments

Even though the analysis of potential antiviral treatments is out of the scope of this work, in this sec-
tion some comments concerning the implications of Theorem 4.1 (and the system characterization) will be
made. The antiviral effect can be modeled as a reduction of the virus infectivity in the presence of reverse
transcriptase inhibitors (by reducing the infection rate 3) and/or as a reduction in the production of infec-
tious virions in the presence of protease inhibitors (by reducing the replication rate p). Let us assume that
the antiviral pharmacodynamics (PD) corresponding to an antiviral is modeled as p(1 — n(¢,.)) (the analysis
for 3 is almost the same), being 7)(¢,-) € (0, 1) the effectiveness of the antiviral and ¢, the time of treatment
initiation. The antiviral pharmacokynetics (PK) is not considered, for simplicity, which means that the an-
tivirals instantaneously modify 7 at time ¢,.. Then, as the virus monotonically goes to zero only once U (t)
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is below U, the antiviral will be effective (in the sense that the virus load starts decreasing as the treatment
begins, and it does not increase again) only if the value of 7)(¢,) is such that U (¢,) < U.(t,) = m
(i.e., such that R(t,) < 1+ «(t,) = 1). This condition defines a threshold for the antiviral effectiveness
(say, a minimal critical value n°(¢,-)) that may explain, from a pure mathematical point of view, why some
antiviral may not work for some patients.

From a control theory point of view, the assertions made in Theorem 4.1 means that a control strategy
devoted to steers V' (t) to zero at any time by administering a time-variant dose of antivirals (for instance by
using 7)(t) < n°(t), for t > t,), may be counterproductive. Indeed, to slow down V' (¢) by decreasing p or
B, implies that U, = % increases, but also soften the decreasing behavior of U(t). As a result, the time ¢,

(and so, the virus peak time #y/) may be delayed, which means that V(#) is maintained in a high level for
a longer time. According to preliminary simulations, the delay of the virus peak may be significantly long
for antiviral with maximal effectiveness smaller than the critical value.

A formal (and detailed) mathematical analysis of the antiviral effect in COVID-19 is the main topic of
a future work.

5. Characterization of the SARS-CoV-2 target cell model

In this section, the model parameters in (2.1) will be associated to the patients labeled as A, B, C, D, E,
F, G, H and I - reported in [32]. The initial number of target cells Uy is estimated as approximately 107 cells
[18]. Iy is assumed to be 0 while 1} is determined by interpolation considering an incubation period of 7
days (note, that Vj ranges from 0.02 to 5.01 copies/mL which is below the detectable level of about 100
copies/mL). Moreover, the onset of the symptoms is assumed to occurs 4 to 7 days after the infection time
(day 0, Figure 7 and 8). The parameters and the initial conditions (Uy, Iy and Vj, with ¢ = 0 the infection
time) of each patient are collected in Table 1.

Table 1: Target limited cell model parameter values for different patients with COVID-19 [18].
Patient B8 1) P c
9.98x10°% | 061 | 93 |23
1.77 x 1077 | 14.11 | 202 | 0.8
8.80 x 1077 | 79.51 | 1344 | 0.4
3.15x 1078 | 45.51 | 620.2 | 2.0
5.61 x 1078 | 7.51 96.4 | 5.0
1.41 x 1078 | 37.61 | 995.0 | 0.6
1.77 x 1078 | 821 | 3384 | 5.0
1.58 x 1078 | 21.11 | 927.8 | 1.8
4.46 x 107% | 4.21 | 994.6 | 4.3

—~ T QMmO wp

According to the system analysis of the previous sections, some relevant dynamical values are shown in
Table 2. Constant o(0) (defined in Theorem 4.1) is smaller than 10 x 10~* for all the patients, so it is not
taken into account for the study.

Table 2: Characterization Parameters of patients with COVID-19.

Patient U, Uso Ro Ko tr te ty Vinas
A 1.51 x 10% | 1.36 x 10% 6.61 | —217x10"7 | 10.16 | 10.24 | 10.58 | 1.73 x 107
B 3.15 x 10 | 4.88 x 10° 3.18 | —6.87x 1078 | 11.54 | 12.26 | 12.32 | 4.35 x 10°
C 2.66 x 105 | 4.81 x 10710 | 3757 | —6.89 x 1077 | 143 | 1.67 | 1.69 | 1.47 x 107
D 4.65 % 105 | 1.67 x 106 215 | —4.89x 1079 | 9.04 | 9.42 | 944 | 2.33 x 107
E 6.94 x 105 | 4.58 x 10° 144 | —3.48 x 1072 | 15.02 | 15.16 | 15.24 | 4.03 x 106
F 1.61 x 10% | 2.03 x 10* 621 | —728x1079 | 7.12 | 776 | 7.78 | 1.42 x 108
G 6.84 x 10 | 4.43 x 109 1.46 —1.1x107° | 14.80 | 14.92 | 15.00 | 1.44 x 107
H 2.59 x 106 2.3 x 10° 3.86 | —2.72x107° | 5.16 | 544 | 548 | 1.577 x 108
I 4.08 x 105 | 1.14 x 106 245 | =321 x10719 | 928 | 938 | 9.50 | 2.60 x 108
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Figures 7 and 8 show the dynamics of V and U. As expected, the states converge to X, although
significantly different behaviors can be observed for the different patients. From Figure 8 it can be seen
that the healthy cells final value U, is reduced in cases of patients with large values of R, in spite all
simulations have the same initial Uy. This can be explained from the fact that W(Roe_RU e’CU) is mono-
tonically decreasing for Ry > 1 (see Figures 1 and 2), and therefore, 0 < Uy (Ro1) < Uso(Ro2) for
Rp1 > Ro2 > 1 (see Property 2, above). Note that the susceptible cells of patient C converges to Uy,
equals to 4.810 x 10719 [cell], which can be explained by the fact that this patient has a reproduction num-
ber (Rg) of 37.57, which is 5.2 times above the cohort mean value of 7.21. Figure 7 and Table 2 show that
the viral load of patient C reaches the peak at 1.69 days post infection (dpi) (40.56 hours post infection,

hpi).

Furthermore, from Figure 7, it can be seen that for all the cases the viral load spreads (i.e.: the virus
presents a peak) although Ry (0) < 0 for all patients (i.e., [o = 0). This can be justified since Uy > U,
and, therefore, R will be greater than 1 + «/(0) for all patients (note that, «(0) < 10 x 10~%). Moreover,
from Table 2, we can corroborate that £; > t. > ¢, which is in accordance to what is stated in Theorem

4.1.

Concerning the immune response, this model makes the assumption that it is constant and independent
on viral load as well as infected cells. Furthermore, neither innate or adaptive response are modeled,
being the viral load dynamic mainly limited by target cells availability. Since recent studies have shown a
dysfunctional immune response (i.e.: lymphogenia, desregulated secretion of pro-inflammatory cytokines,
excessive infiltration of monocytes, macrophages and T cells, among others) [36, 44], this effect should
be added in the proposed model, in order to have a more reliable representation (and, eventually, a more
realistic control objective). In addition, a more reliable standard to measure the severity of disease could be
related with the viral spreadability as well as the deregulated inflammatory response.
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Figure 7: SARS-CoV-2 Dynamics. The continuous blue line is the simulation with parameter values presented in [18].
The patient labeling is as presented in [32]. Vcqr denotes a value of 50 [copies/ml] under which the virus is not

detectable and it is considered is cleared.
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patient A patient B patient C

Figure 8: Susceptible cells dynamics. The continuous blue line is the simulation with parameter values presented in [18].
The patient labeling is as presented in [32]. Simulation for the patient C shows a very low value of U (practically
zero), which suggests that the selected value of Uy = 1.0e” may be large.

6. Conclusions

In this work a full dynamical characterization of a COVID-19 in-host target-cell model is performed.
It is shown that there exists a minimal stable equilibrium set depending only on the system parameters.
Furthermore, it is shown that there exists a parameter-depending threshold for the susceptible cells that
fully characterizes the virus and infected cells qualitative behavior. Simulations demonstrate the potential
utility of such system dynamic characterization to tailor the most valuable pipeline drugs against SARS-
CoV-2.

Appendices

Appendix 1. Stability theory

In this section some basic definitions and results are given concerning the asymptotic stability of sets
and Lyapunov theory, in the context of non-linear continuous-time systems. All the following definitions

are referred to system

i(t) = f(z(t)), =(0) = o, (6.1)

where x is the system state constrained to be in X C R"™, f is a Lipschitz continuous nonlinear function,
and ¢(t; ) is the solution for time ¢ and initial condition x.

Definition 4 (Equilibrium set). Consider system 6.1 constrained by X. The set X, C X is an equilibrium
set if each point x € X is such that f(x) = 0 (this implying that ¢(t; x) = x for allt > 0).

Definition 5 (Attractivity of an equilibrium set). Consider system 6.1 constrained by X. A closed equilib-
rium set Xy C Xis attractive in X C X iflimy_, o ||(t; 2)||x. = 0forall z € X.
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Any set containing an attractive set is attractive, so the significant attractivity concept in a constrained
system is given by the smallest one.

Definition 6 (¢ — ¢ local stability of an equilibrium set). Consider system 6.1 constrained by X. A closed
equilibrium set Xy C X is € — J locally stable if for all € > 0 it there exists § > 0 such that in a given
boundary of X, ||z||x, < 6, it follows that ||¢(t; z)||x, < € forallt > 0.

Definition 7 (Asymptotic stability (AS) of an equilibrium set). Consider system 6.1 constrained by X. A
closed equilibrium set X5 € X is asymptotically stable (AS) in X C X if it is € — § locally stable and
attractive in X.

Theorem 6.1 (Lyapunov theorem [45]). Consider system 6.1 constrained by X and an equilibrium state
x5 € Xs C X Let consider a function V(x) : R™ — R such that V(z) > 0 for x # x4, V(xs) = 0 and
V(x(t)) < 0, denoted as Lyapunov function. Then, the existence of such a function implies that =, € X,
is € — & locally stable. If in addition V(z(t)) < 0 for all x # x, and V(x,) = 0, then x4 € X, is
asymptotically stable.

Appendix 2. Derivation of the basic reproduction number R

The derivation of the basic reproduction number Ry will be given by means of the concept of next-
generation matrix [46]. Consider system (2.1) and the healthy equilibrium zg = (Up, 0,0), which is stable
in the absence of virus. Of the complete state of system (2.1), z = (U, I, V), only two states depend on
infected cells, that is I and V. Let us rewrite the ODEs for this two states in the form

I(t) = Fi(z) - Gr(x)
V() = Fv(z)-Gv(z)

where F;(z), i = {I,V}, is the rate of appearance of new infections in compartment ¢, while G;(x),
i = {I,V}, is the rate of other transitions between compartment ¢ and the other infected compartments,
that is
Fr(x) =pU)V(t) and Gr(xz)=0I(t)
Fv(z) =0 and Gy (z) = —pl(t) + cV (¢)
If we now define

6]-'1(50) 8]:[(:17)

ol aVv 0 AU,
F= - { 0 0 }
a[ 8‘/ T=T0
and
ol ov
157
3Gy (r) OGy(x) P
oI (9V T=T0o

then matrix FG~1, represents the so-called next-generation matrix. Each (i, j) entry of such a matrix
represents the expected number of secondary infections in compartment ¢ produced by an infected cell
introduced in compartment j. The spectral radius of this matrix, that is, the maximum absolute value of its
eigenvalues, defines the basic reproduction number RRg.

For the specific case of system (2.1), the next-generation matrix is given by

BpUos  BUy
FG- = cd c
0 0
Therefore, the basic reproduction number R is given by
Ro =: BpUo
co

Notice that R coincides with the entry (1, 1) of matrix FG~!, thus meaning that R represents the
expected number of secondary infections produced in compartment I by an infected cell originally in I.
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Appendix 3. Technical lemma

The next Lemma characterizes the virus minimum and maximum times, for system (2.1), in terms of
the value of the reproduction number R(t).

Lemma 1. Consider system (2.1), constrained by the positive set X, at the beginning of the infectiont = 0,
with U(0) > 0, I(0) > 0and V(0) > 0 (i.e., x(0) = (U(0),1(0),V(0)) € X). Then,

i. if V(t) reaches a local minimum at time t, > to, then R(t},) > 1,
ii. if V(t) reaches a local maximum at time t{, > to, then R(t},) < 1, and

iii. if V(t) reaches an inflection point at time t3, > t (a point in which V =0andV = 0), then v =te
where t. is the (unique) time at which R reaches 1 (i.e., R(t.) = 1 or, the same, U (t.) = U,).

Proof: Any of the three hypothesis (V' (¢) reaches a local minimum, a local maximum or a inflection point)
implies that

V(ty) = pI(ty) — ¢V (ty,) =0, (6.2)
which means that
V(ty) = p/cl(ty). (6.3)

Consider the critical case of an inflection point, i.e.,

V(ty) = pI(ty) — eV () = pl(ty) = 0. (6.4)
Thus j(t*v) = 0 which, by (2.1.b) at ¢}/, is equivalent to

i(ty) = BU)V (t,) — 61(t5,) = 0. 6.5)
Now, by (6.3), we have

(ﬁ—ch(t;) —0)I(ty,) =0. (6.6)

Given that I(¢3,) > 0 (note that I(¢) is positive for all ¢ > 0), then %U(t;}) —d=0,o0r

N PP
R(ty) = SU(tV) =1. 6.7)
This way if an inflection point does occurs at t3,, then ¢j, = t., where ¢ is the time at which R = 1. This
proves item (iii). B )
Furthermore, if V' reaches a local minimum at ¢{,, then V'(¢{,) > 0 (instead of V' (¢},) = 0, as it is in
(6.4), which by (6.3) implies that

R(ty,) = %U(t*‘}) > 1. (6.8)
This proves item (i). ) )
On the other hand, if V' reaches a local maximum at ¢},, then V' (¢},) < 0 (instead of V'(¢},) = 0, as it is
in (6.4)), which by (6.3) implies that

R(t,) = %U(t’{/) <1 (6.9)

This proves item (ii). [
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Abstract

Mathematical models describing SARS-CoV-2 dynamics and the corresponding immune responses in
patients with COVID-19 can be critical to evaluate possible clinical outcomes of antiviral treatments. In
this work, based on the concept of virus spreadability in the host, antiviral effectiveness thresholds are
determined to establish whether or not a treatment will be able to clear the infection. In addition, the
virus dynamic in the host - including the time-to-peak and the final monotonically decreasing behavior - is
characterized as a function of the time to treatment initiation. Simulation results, based on nine patient data,
show the potential clinical benefits of a treatment classification according to patient critical parameters. This
study is aimed at paving the way for the different antivirals being developed to tackle SARS-CoV-2.

Keywords: SARS-CoV-2, In-host model, Dynamic characterization, Antiviral effectiveness.

1. Introduction

With more than 140 million cases confirmed so far (April 2021) in 220 countries [1, 2], coronavirus
disease COVID-19, caused by SARS-CoV-2 virus, continues spreading around the globe without neither
effective treatment available to date. In fact, the estimated worldwide case-fatality rate (CFR) for COVID-
19 is about 2% — 3%, which is almost 15 times higher than the CFR of seasonal influenza (0.0962%)
[3, 4].

Currently, several clinical studies about the potentiality of repurposed antiviral agents (i.e., Remdesivir,
Favipiravir, Lopinavir/Ritonavir, Ribavirin, etc.) to ameliorate the viral spreading in the host are underway
[5]. The clinical observations suggest that prophylaxis with approved doses could prevent SARS-CoV-
2 infection and reduce viral shedding [6, 7], but these reports suffer from a number of limitations. For
instance, there is no certainty that the undefined benefits are not outweighed by the acute toxicity of the
specific antiviral agents. To overcome this impasse, randomized clinical trials with adequate potency should
be performed [8]. On the other hand, despite some reported dosing recommendation to treat COVID-19
[9, 10], the efficacy of these proposed therapies cannot be guaranteed due to a paucity of data regarding the
optimal dose of the antivirals [11]. In a race to find medical therapies to improve outcomes in patients with
COVID-109 further studies are needed to elucidate the benefits of adapting antiviral agents.

An important strategy to help to find the optimal dose of drugs is the pharmacological modelling based
on in-vitro drug testing. This approach could suggest whenever the prophylaxis with an appropriate doses
of antiviral agents could prevent SARS-CoV-2 infection or control the replication cycle of the virus [12]. In
this regard, recent studies have concentrated on the potential of a quantitative comprehension of COVID-19
dynamics [13, 14, 15, 16]. Within-host mathematical models demonstrated useful insights about SARS-
CoV-2 infection dynamics and its interactions with the immune system. More important, such results
invoke the potential utility of assessing targets for drug development.

The target cell-limited model, widely used to represent several diseases such as Influenza [17, 18],
Ebola [19], HIV [20, 21], Hepatitis viruses [22], among others, has been linked to adjust the viral kinetics
in infected patients with COVID-19 reported by [23]. While a complete analysis of the main dynamic
characteristic for the target cell model was developed to evaluate SARS-CoV-2 infection [24], there is
no extensive analysis of the effects of the existent pharmacological therapy for this model, with some
remarkable exceptions [14, 25, 16, 26].
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The main contribution of this work - that can be seen as an extension of [24] - is to provide a formal
mathematical analysis of the SARS-CoV-2 dynamics under the effect of antiviral treatments, which may
help to understand how to schedule the different therapies in function of the host parameters. A quantitative
classification stating whether or not an antiviral will be effective - in terms of its capability to died out
the virus in a reasonable period of time - is made, showing that their effectiveness could vary significantly
between subjects.

After the introduction given in Section 1 the article is organized as follows. Section 2 proposes a general
three-states “in-host” model to represent COVID-19 infection dynamics under the effect of antivirals drugs
and formalizes the concepts of virus spreadability and critical values for the uninfected cells. Then, in
Section 3, the antiviral effectiveness is analyzed, as the ability to avoid the virus to spread in the host. Both,
the inhibition effect on the replication rate of the virus and the inhibition effect on the infection rate of
susceptible healthy cells are studied. In Section 5, the results of Section 3 are extensively demonstrated by
simulating different treatments scenarios for nine patients from the literature. Finally, Section 6 gives the
discussion of the work, while several mathematical formalism - necessary to support the main results of
article - are given in Appendix 7.

2. Within-Host COVID-19 infection model under antiviral effect

Mathematical models of within-host virus dynamic helps to improve the understanding of the interac-
tions that govern infections and permits the human intervention to moderate their effects [27]. Basic models
usually include the cells the pathogen infects, the pathogen particles, and their life cycle [28] and, opposite
to one can expect, they vary little in its structure from one infectious disease to another.

The goal of this section is to formally consider the effect of antivirals into an acute infection model ([17,
13, 24]) to obtain a controlled system, i.e. a system with certain control actions - given by the administered
antiviral drugs- that allows one to (even partially) modified the whole system dynamic according to some
control objectives. Antivirals have the potential to inhibit the virus replication, reducing the advance of
the infection over the target cells population of the infected host (i.e.: epithelial cells in the respiratory
tract for HIN1 [17], cells with ACE2-TMPRSS2 complex for SARS-CoV-2, mainly nasal and bronchial
epithelial cells due to their high expression of ACE2 [29]). Several antivirals are being tested for COVID-
19 treatment, with different results concerning both, their inhibition effect on the virus replication and
their toxicity. Based on their potential therapeutic targets over the SARS-CoV-2 lifecycle, they can be
classified in those which prevent virus entry into the host cell (i.e.: potential antiviral drugs -Umifenovir,
Camostat/Nafamostat-) and those which inhibit virus replication into the infected cells, mainly blocking
viral protease and/or viral RNA replicase (i.e.: potential antiviral drugs - Lopinavir, Remdesivir, Favipiravir,
Penciclovir) [30, 11, 31, 32, 33]. Consequently, the antiviral effect can be modeled as a reduction of the
virus infectivity in the presence of inhibitors (by reducing the infection rate) and/or as a reduction in the
replication of infectious virions (by reducing the virus replication rate) [5, 16]. In any case, the effectiveness
of a treatment is limited and depends on the patient parameters (which in turn depends on his/her clinical
state). Next, the following closed-loop mathematical model - based on the open-loop ones presented in
[13, 24] - is considered:

U(t) = —B(1 —ns)U )V (t), U(0) = Uy, (2.1a)
I(t) = B(L—ng(t)U 1)V (t) — 51(t), 1(0) = I, (2.1b)
V(t) = p(1 = np(t)I(t) — ¢V (1), V(0) = Vb, (2.1¢)

where U (cell), I (cell) and V' (copies/mL) represent the uninfected cells, the infected cells, and the virus
concentration; parameter 3 ((copies/mL)~*day ') is the infection rate; § (day ') is the death rates of I, p
((copies/mL) day ~'cells 1) is the viral replication rate, and ¢ (day ~') is the viral clearance rate. The effects
of immune responses are not explicitly described in this model, but they are implicitly included in the death
rate of infected cells () and the clearance rate of virus (¢) [17]. The antiviral inhibition effects 73(¢) and
np(t) - one affecting the infection rate 5 and the other affecting the replication rate p - are assumed to jump
from O to the values g € [0,1) and 7, € [0, 1) - representing the full inhibition treatment effects - at
the treatment time ¢, > 0 (i.e., the pharmacokinetic of the antivirals is assumed to have time constants
significantly smaller than the ones of the open-loop system, and, so, it is neglected):
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Remark 1. The assumption that the antiviral treatment is maintained indefinitely for t > ty,. relies on the
Sfurther assumption that once the virus load V' is under a given low threshold value (for instance V- < 100
(copies/mL)) it cannot grow up again, independently of value of U. However, it is worth to remark that
according to the stability analysis made in [24], if the antiviral treatment is interrupted before U reaches
the threshold value U, (defined next, in Definition 3), a virus rebound may occurs. To model better viral
eradication, it can be either assumed that the amount of virus is zero after certain threshold, or to change
the ODE model for the stochastic version which can abstract viral eradication.

System (2.1) is positive, which means that U(¢) > 0, I(t) > 0 and V (¢) > 0, for all ¢ > 0. We denote
x(t) .= (U(¢), I(¢t), V(t)) the state vector, and

X:= {2z € Ry}, (2.3)

the state constraints set.

The initial conditions of (2.1), which represent a healthy steady state before the infection, are assumed
tobe V(t) =0, I(t) = 0,and U(t) = Uy > 0, for t < 0. Then, at time ¢ = 0, a small quantity of virions
enters the host body and, so, a discontinuity occurs in V'(¢). Indeed, V' (¢) jumps from 0 to a small positive
value Vj at ¢ = 0 (formally, V'(¢) has a discontinuity of the first kind at o, i.e., lim; ,q- V() = 0 while
lim;_,o+ V' (t) = Vi > 0). This way, for the time after the infection, the virus may spread or being cleared
depending on its infection effectiveness. To properly determine what such a spread means, the following
(mathematical) definition is given ([24])

Definition 1 (Spreadability of the virus in the host). Consider system (2.1), constrained by the positive set
X, withV(t) =0, I(t) =0, and U(t) = Uy > 0, for t < 0. Consider also that at time t = 0, V (t) jumps
Jfrom 0 to a small positive value V. Then, it is said that the virus spreads (in some degree) in the host for
t>0 sz(t) > 0 for some t > 0. If the virus does not spread in the host, it is said that it is cleared for
t>0.

Definition 1 states that the virus spreads in the host, for ¢ > 0, if V' (¢) increases at some time ¢ > 0,
and so, given that lim;_, ., V(¢) = 0 (as it is shown in [24]), it reaches at least one local maximum at
some positive time. On the other hand, the virus is cleared for ¢ > 0 if V'(¢) is strictly decreasing for all
t > 0, which means that V' (¢) has neither local minima nor local maxima at any ¢ > 0 (as stated in [24],
V (t) has at most one minimum and one maximum, provided 73(¢) = 0 and 7,(¢) = 0 for all ¢ > 0). An
infectious disease can be related to the virus peak and/or the period of permanence of the virus in the host
[19], and both effects are related to an increase of the virus load at some time after the infection. This is the
reason why the spreadability is defined based on the virus positive derivative. A second reason supporting
Definition 1 is its use in the determination of antiviral effectiveness (in Section 3): antivirals producing
values of 73 and 7, able to clear the virus can be considered effective.

2.1. Reproduction number and critical value for the uninfected cells

To formally establish conditions under which the virus does or does not spread for ¢ > 0, some basic
concepts need to be defined. Let consider, at this stage, that 73(t) = 0 and 7,(¢t) = 0 for all ¢ > 0 (i.e.,
untreated case).

Definition 2. The within-host basic reproduction number R is defined as the number of infected cells (or
virus particles) that are produced by one infected cell (or virus particle), over a course of its life-span. Its
mathematical expression is given by R(t) := U (t)%. Particularly, for t = 0, this number describes the
number of virus particles produced by a virus particle when a small amount of virus, Vy, is introduced into
a healthy stationary population of uninfected target cells, Uy, Ro := Uy %.

A second number, which is closely related to the first one, is the critical value for the unin-
fected/susceptible cells such that the virus starts to decrease.

Definition 3. The critical number of susceptible cells U, U,., is defined as U, = %, which for fixed system
parameters B, D, 0 and c, is a constant.

Note that U (¢) < U, if and only if R(t) < 1, for every ¢ > 0. The basic reproduction number R (¢) and
the critical number U/, completely describe dynamic (2.1). In [24], a full characterization of the equilibrium
sets, their stability and the full behavior of each variable are made. There, it is stated that the (trivial and



asymptotically stable) equilibrium set X := {(U,I,V) € R® : U € [0,00), I = 0, V = 0} can be divided
into two sets, determined by U, being the first the smallest asymptotically stable equilibrium set and, the
second, unstable (Theorem 3.3, in [24]). Furthermore, prov1ded that virus spread for ¢t > 0, it is also stated
(Theorem 4.1) that there exist positive times £/, i1, te and ty, such that y, < t; < t. < ty, where {y and
ty are the times at which V (¢) reaches a local minimum and a local maximum, respectively, 7; is the time
at which I(t) reaches a local maximum, and t.. is the time at which U (t) reaches ... In addition, V (¢) < 0
for all ¢ > #y,, which completely characterizes the system behavior.

3. Antiviral treatment effectiveness

The time to initiate treatment ¢;,. is assumed to be between the minimum and maximum time of V, i.e.,
ty <ty <ty (although some simulations will be performed for ¢;, > tv, for the sake of completeness).
The full antiviral effect 7, and 74 are limited by the inhibitory potential of the drug (expressed in terms of
ECsg, or drug concentration for inhibiting 50% of antigen particles) and its cytotoxic effect (expressed in
terms of ICsq, or drug concentration which causes death to 50% of susceptible cells) [32, 34].

As the antiviral treatment reduces the system parameter in some amount, it will quantitatively modify
the virus behavior. Particularly, the virus peak time will be modified from #y- (untreated patient case) to
tAV’tr (treated patient case). However, given that the treatment is initiated when the virus is increasing
(i.e., between fy, and fv), then the new peak will occur at the same time or after the treatment time, i.e.,
fvﬂ > t4-. This way, even when the virus peak will always be smaller with a treatment (smaller peaks
are obtained for smaller values of p and [3), the time at which this peak takes place can be smaller or
greater than the one without any treatment. This effect, usually disregarded in many studies concerning the
effectiveness of antivirals, could be critical to define whether or not a given antiviral is able to prevent a
severe disease. Indeed, in some cases, antivirals significantly delay the virus peaks, largely increasing the
time of permanence of the virus in the host. In order to qualitatively assess antiviral effectiveness according
to the time of the virus peak, the following classification is made:

Definition 4 (Antiviral treatment effectiveness). Consider system (2.1), constrained by the positive set X,
such that the virus spreads in the host from time t = 0, which implies that: U(0) > U,, 1(0) = 0 and
V(0) > 0. Consider also that, at time t,, with tv < ti < tv, an antiviral treatment is initiated such that
np(t) and/or ng(t) jump from 0 to n, € [0, 1) and/or ng € [0, 1) respectively (as stated in (2.2)). Then,
the treatment is said to be effective if the virus peaks at a time tv o < ty, bezng the latter the virus peak
time for the untreated viral dynamics (i.e., when n, = ng = 0). Otherwise, zftvﬂ > ty, it is said that the
treatment is ineffective.

Definition 4 is closely related to the capacity of the antiviral drug to clear the infection (or, the same,
cutting off its spread) in such a way that it could: a) decline the viral grow at the treatment time, and, so,
the virus clearance starts when the therapy is initiated, or b) hasten the virus peak, and, so, even though the
virus clearance is not started at treatment time, it begins prior to the untreated case. Note also that Definition
4 accounts for three typical antiviral effect metrics: the area under the virus curve (AUC) and the duration
of infection (DI) [35], in a direct way, and the difference of viral loads at the time-to-peak AV[14], in an
indirect way.

3.1. Antiviral effectiveness characterization

In this subsection it is shown that the effectiveness of antivirals depends on weather 7, and/or 7 are
greater or smaller than a specified threshold, which is a function of the parameters and the time of the
treatment initiation. In order to characterize such thresholds, the within-host basic reproduction number R
at treatment time t;,- is computed as follows:

Ulter)p(1 —np)B(1 = 15)

R(ty) = > , 3.1

where fy < t;, < ty. The critical values of 7, and ng are the ones that make R (¢;,) = 1, i.e.:

co
() = 1 — ——vr 32
M (ter) U(ts,)Bp (3.2)
c . _ cd __.C
nﬁ(ttr) = 1 7[](15“0)/81) = np(ttr)~ (33)
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From equations 3.2 and 3.3 it can be inferred that 7 () and 0§ () are increasing functions of U (t).
Figure 1 shows the time behavior of 7, (¢;,-) for the nine COVID-19 patients identified in Section 4. Note
that n(t,) ~ 1 — ¢6/(UoBp) for teyr — to and nS(ty,) ~ 1 — cd/(UeBp) = O for ty — ty (to ~
ty). Similar results concerning the critical drug efficacy with respect to the availability of target cells at
the treatment time were reached in [36], for acute models, although the authors focused the analysis on
treatment starting at the beginning of the infection.
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Figure 1: nz(ttr) vs t¢, corresponding to the nine patients simulated in Section 4

The following theorem determines the effectiveness of antivirals in terms of 7; (t:-) and n§(t:r), by
considering them separately. In the next subsection, the combined effect will be studied.

Theorem 3.1. Consider system (2.1), constrained by the positive set X. Consider that the virus spreads in
the host for t > 0, which implies that: U(0) > U,, I(0) = 0 and V(0) > 0. Consider also that, at time
tir, with ty <ty < ty (when the virus is increasing), an antiviral treatment is initiated such that n,(t) or
ng(t) jumps from 0 ton, € [0, 1) orng € [0, 1), respectively (as stated in (2.2)). Then,

i

if the inhibition effect is such that n, > 15 (te.) (or ng > ng(te)) then the maximum of V (t) occurs
at ty,, which is smaller than tv by hypothesis. In this case the antiviral treatment is effective.

ii. fortwo antiviral treatment, 1 and 2, with inhibition effects 7711,, 772 such that ng (ty) < 77; < nz (or two

iii.

inhibition effects 17[13, 77[23 such that g (ter) < 17/13 < 77% ), there exist a time t* > t, (large enough) such
that Vo(t) < Vi(t), for all t € (ty,t*], being V1(t) and Va(t) the virus corresponding to treatments
7711, and 77%, respectively. In this case both treatments are effective, and treatment 2 is more efficient
than treatment 1.

if the inhibition effect is such that n, < n;(ty.) (or ng < ng(ttr) ), then the virus reaches a maximum

at a time tAV,tT > ty. Furthermore, there exists a time t¢ = t°(ny, ti,) - denoted as early treatment
time - such that tv. ¢, > ty for ty. € (fy,t°). In this case the antiviral treatment is ineffective.

iv. for two antiviral treatment, 1 and 2, with inhibition effects 77{1,, 772 such that 77][1, < 77% < n;(ttr)

with ty. € (Ey,t(np, tr)] (or for two inhibition effects né, 77/23 such that 7)}3 < 77[23 < ng (ter)), it is
t?/,tr > f%/ﬂ > ty, being f%/ﬁ and 5‘2/7” the virus maximum time corresponding to treatments n}, and

7712,, respectively. In this case both treatments are ineffective, but treatment 1 is more efficient than
treatment 2, which is a rather counter-intuitive fact.



Sketch of Proof: For the sake of simplicity and clarity the proof is based on the approximation of system
(2.1) described in Section 7.2. In such a case, system (2.1) is approximated by U(t) = —BU(t)V (t),
V(t) = (R(t) — 1)V (t) and I(t) ~ £V (t). Only antiviral treatments affecting parameter p are tackled
since the results follows from conditions on R(¢) and parameters § and p affect R in the same way.

i. Sincefy <ty < ty (by hypothesis) and {1 ~ ., then by Theorem 4.1 in [24], R(t) > 1fort < ty,.
Given that 1, > 15 (), then by (3.1) R(t) jumps to a value smaller than one at ¢4, i.e., R(t;,) > 1
and R(t;) < 1 (where R(t;,.) := lim, ,,— R(t)). Given that U (t) is strictly decreasing, R(t) < 1
for t > t,,.. From equation V (t) ~ (R(t) — 1)6V/(t), it follows that V(¢) < 0 for all t > t,.. So,
given that is assumed that V() is increasing when the treatment is initiated, its maximum occurs at
tir.

ii. Letus consider that for all t > t.,, V;(t) and U; () are the virus and the susceptible cells for treatment

1 = 1,2, i.e., the treatment under the inhibition effect 17;, and R;(t) = w with Uy (ts) =
Us(ty,) and Vi(ty) = Va(ter). By hypothesis 16 (L) < n, < 13, then Ra(ty) < Ri(ty,) and
Ri(t) < 1forallt > ty and i = 1,2. Since U;(t) is a continuous function for i = 1,2, there
is a positive time t* > t;,. such that Ry(t) < Ri(t) for all t € [t;,,t*]. From equation V;(t) ~
(Ri(t) — 1)8V;(t) it follows that Vy(t) < Vi (t) < 0forall t € (t;,.,t*] (note that V is not defined on
t+). As it is shown in Section 5.1, for real data patients, ¢* is large enough such that V' (¢*) = 0.

iii. Sincefy < t;, < ty (by hypothesis) and s = t., then by Theorem 4.1 in [24], R(t) > 1fort < t,.

Given that 1, < 7 (%), then by (3.1) R(t) jumps, at t;,, from R(t;,) = M to the smaller

value = —2 o P which is still greater than one; i.e., R(t,.) > ttr > 1. From the
lue R(t U)pUme)B which is still g h R(t;,) >R 1. From th

fact that R(ttr) > 1, it follows that V(ttT) > 0, and given that R(t) is decreasing for t > t;,, there
exists a time tv & >ty such that R(tv +) = 1, in which case, it is

Vitve) ~ (Rltvi)—1)0V(tvey) =0, (3.4)

o A 2 ~
V(tve) =~ fjﬂU(tVtr)V(tvﬂ) + (R(tyar) — 1)26%V (ty4r) < 0. (3.5)

This means that V (¢) reaches a maximum at time fv,tr > t.. Now, we need to prove that there exists
a time t°(),, t1,) such that for t;, € (fy,t%) itis tAV;tT > ty. According to Lemma 1 in Section 7.1,
there exists a time t© = t°(np, ), smaller than ty, such that for a treatment time t;,. € (fy,t°],
fv,tr is a decreasing function of R (), for R(ts-) > 1. This implies that smaller values of R (t)
(greater values of 7,,) correspond to larger times at which R(t), t > t;,, reaches 1, i.e., smaller values
of R(t4,), correspond to larger values of .. So, from the fact that R(ts) > R(ty) (being R(ty,)
the value of R at ¢;, if no treatment is applied), it follows that tv >ty >ty for ty, € (tv, t€].
As it is shown in Sections 5.1 and 5.2, for real data patients, (the maximal) £€ is close to ty.

iv. Since 7]11, < 77;2) < ng(ttr), by hypothesis, then 1 < Ro(ty.) < Ri(ty), being Riq(ty.) =

_nt 2
w and Ro(ty) = W. Therefore, by following the same steps of the pre-

vious item, it follows that t?/,t,. > f%/,tr > fv, being f‘lﬂtr and f%,ﬁ_ the maximum times of the virus
corresponding to 7, and 77, respectively. []

Remark 2. Item (iii) of Theorem 3.1 establishes just the existence of t® > ty such that for treatments
starting at t. € (fy,t¢], the new virus peak time is larger than the one corresponding to the untreated
case, i.e., fv,tr > ty. However, it should be noted that for parameters coming from real patient data, (the
maximal) t¢ is indeed close to tv,. This means that the time period where treatments can be ineffective is
in most of the cases similar to (ty,ty), i.e., comparable with the time period where the virus is growing.
Figures in Section 5 confirm this fact.

A main consequence of item (iii) of Theorem 3.1 is that early treatments, if no effective, could be more
detrimental than late ones. Another critical point to be remarked is that when an early treatment is not
strong enough to avoid the virus spreadability right after ¢;,., the highest the antiviral effectiveness 7, (or
1) is, the longer time the virus remains in the host, since the maximum time iV,tr is delayed, as established
in item (iv). As a result, antivirals could be detrimental as treated patients would need to be isolated for
larger periods of time than untreated ones.



Note that even when virus peak time can be delayed for some treatments, the virus peak will be al-
ways smaller than the one without any treatment. Furthermore, the fraction of dead cells at the end of the
infection (D) will be always greater if no antiviral is administrated. Indeed, Doy := 1 — Uy /U (t4r)
and, according to [24], Uy, = —U" W (=R (ts,.)e~ REr)TLEN)) with U = U(ty,.)/R(ter), K(ty) =
g(MI (ter) — V(ter)) = Rty )L (ter) — gV(tt,«) and W (-) being the Lambert function. Therefore:

W (=Rt )e Rltr)+LEr)))

Do =1+
R(ttr)

(3.6)

Consequently, if treatment is started early, such that R (¢;-) > KC(¢4-), then the fraction of dead cells can be

. . W (=R (te)e” RFtr)) L . "
approximated as Do, = 1+ R(te) , which is equal to 0 if R(¢;-) < 1. Note that, by definition,

W(=R(tey)e Rty = —R(ty,) for R(ts) < 1,50 Doy = 1 4 (=R(ts)/R(ts)) = 0. On the other
hand, if R(t;) > 1 then W (=R (ty.)e~R(t)) € (—1,0] is monotonically increasing with R(t,.) (see
Figure 1, in [24]). Hence, the fraction of dead cells at the end of infection is a monotonically increasing
function of R(ty,), for R(t:-) > 1. Moreover, as the treatment time is delayed, IC(t;,-) grows, being D, a
monotonically increasing function of R (¢, ), even for R(t,.) < 1.

3.2. Antiviral effectiveness considering the combined effect on ng and ny,

Theorem 3.1 describes the behavior of the virus under the effect of an inhibitor reducing the infection
rate 3 or the replication rate p. If both effects (173 and 7)) are simultaneously included in the model, it can
be computed a region - in the g, 1, space - for which condition R(¢;,) < 1 is fulfilled. This way, instead
of independent critical values 7 (ter) and 1 (t4r-) corresponding to each parameter, there is an entire set of
critical combinations that makes a treatment effective. This set depends on treatment time ¢, and is placed
on the boundary of the effective set

e
Clearly, every pair (ng,n,) € HC(t:) fulfills condition R(t;.) < 1 and, reciprocally, every pair

(ng,mp) ¢ HC(ts) fulfills condition R(¢;) > 1. Figure 2 shows a plot of set H(t) in the plane
(ng x np), corresponding to parameters § = 0.5, 6 = 0.2, p = 2 and ¢ = 5, with U(t;,) = 3.

HE(ter) 2= {(npmp) € [0,1] < [0,1] 5 > 1 = 1. 3.7

Hc(ttr)

J— n;(th)
=== n5(t)

0O 01 02 03 04 05 06 07 08 08 1
Mg

Figure 2: H¢(t¢r) is given by the yellow and the green regions, considering the following system parameters: 8 = 0.5, § = 0.2,
p = 2and ¢ = 5, with U(t4,) = 3. The critical boundary of (¢, ), denoted by OH (¢t ), represents the critical pairs of ng and
np such that R(t¢-) = 1.



As it can be seen, for every inhibition effect pair (1g,7,) & H°(t:) (i.e. a point inside the red region in
Figure 2) the antiviral treatment is ineffective. On the other hand, as it is shown in Theorem 3.1, for every
pair (73, 7,) such that ng > n§(t;,) or m, > 1y (t:,) (the yellow region in Figure 2) the antiviral treatment
is effective. Finally, for pairs in the region inside H°(t;,) with ng < n§(t:) and n, < n5(t:-) (which
does not fit conditions in Theorem 3.1 and it is represented by the green region in Figure 2) the antiviral
treatment is still effective.

4. Within-Host Modeling of COVID-19

In this section, the parameters of model (2.1) are estimated using viral load data of nine patients, labeled
as A, B,C,D, E, F, G, H and I, reported by Woelfel et. al. [23]. We follow a similar procedure as in Vargas
et. al. [13]. Since the viral load is measured in Log10 scales, the model fitting was fulfilled by minimizing
the root mean squared of logarithmic error (RMSLE), denoted as:

n

1
RMSLE = | =% (log(y:) — log(§i))?, @.1)
=1

where n is the number of measurements, y; the model predictive output, and ¢; the experimental measure-
ment. Since the minimization of 4.1 implies a nonlinear optimization problem, with highly dependence on
initial conditions, the Differential Evolution (DE) algorithm [37, 27] was employed as a global optimization
algorithm, which has shown to be robust to initial guesses of parameters [38].

Even though it is still debatable which compartments SARS-CoV-2 can infect, there is a common agree-
ment that the viral shedding take places mainly in the respiratory epithelial cells (due to the high expression
of ACE2) with direct viral toxicity of the infected cells [29]. Therefore, following previous works of math-
ematical modelling for influenza infection in humans, the value of Uj was taken as about 4 x 108 (cells)
for all patients [17]. Furthermore, I, was assumed to be 0 (cells) and Vj was estimated (using a regression
model, since the viral at the day of infection was not provided) [13] to be about 0.31 (copies/mL). Moreover,
in order to avoid identifiability problems related with the fact that only viral titters are employed to model
fitting , the viral clearance parameter (c) was set in 2.4 (day '), which is in accordance with previous esti-
mates for influenza and HIV [39, 17]. The parameters and initial conditions at the time of infection, ¢ = 0
days post infection (dpi), of each patient are collected in Tables 1 and 2. Since the viral load was measured
after the onset of the symptoms, an incubation period of 7 days was assumed from the time of infection,
according to [13].

Table 1: Target cell-limited model parameter values for COVID-19 patients [13].
Patient 8 1) P c
1.35x 1077 [ 061 | 02 |24
1.26 x 1077 | 0.81 | 02 |24
5.24 x 1077 | 0.51 0.2 24
7.92 x 10710 | 1.21 | 361.6 | 2.4
1.51 x 1077 | 2.01 0.2 2.4
5.74 x 10719 | 0.81 | 382 | 2.4
1.23x1077 | 091 | 02 |24
2.62x107% | 1.61 | 2782 | 2.4
3.08 x 10719 | 2.01 | 299 |24

—~ZQmMmIOw>

The time evolution of U, I and V' is shown in Figure 3, for each patient. As it can be seen, the plot
confirms the results given in Theorem 4.1 (see [24]) concerning the minimum and maximum times of V,
the maximum time of I and the time when U reaches U.. (i.e., when R(t) reaches 1). Figure 3 also supports
the approximation made in Section 7.2, by showing that the peaks of virus concentration and infected cells
occur approximately at the same time at which U reaches /.. All these temporal metrics , together with the
values of U, (the critical target cell value), U, (the final value of U at the end of infection), R and V(fv)
(virus concentration at time-to-peak) are shown in Table 2, for the nine simulated patients.
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Figure 3: U,I,V time evolution for the untreated case. As stated in Theorem 4.1, in [24], {y < tr < te < tv, where
v and {y are the times at which V/ (t) reaches a local minimum and a local maximum, respectively, £; is the time at
which I(t) reaches a local maximum, and ¢. is the time at which U (¢) reaches .. Furthermore, as stated in Section
72, iy =~ 0andi; ~ te = tv. Vinder = 100 (copies/mL) stands for the undetectable level of the virus load.

Table 2: Parameter Characterization of COVID-19 patients. The times are given in days post infection (dpi).
Patient U, Us Ro fv t I te EV |4 (Ltv )

A 0.54x10% [ 0.26 x10% | 7.35 [ 0.22 | 10.53 | 10.61 | 10.95 | 1.50 x10”
0.77x10% | 0.23 x107 | 5.17 | 0.24 | 11.81 | 11.90 | 12.20 | 1.18 x10”
0.12x108 0.00 3422 | 0.06 | 3.94 | 399 | 442 | 2.10 x10”
0.10x108 0.00 39.47 | 0.02 | 3.00 | 3.05 3.39 | 2.90 x10%0
1.60x10% | 4.27 x107 | 2.50 | 0.23 | 14.31 | 14.47 | 14.69 | 0.42 x107
0.09x108 0.00 45.12 | 0.03 | 348 3.53 3.93 | 3.55 x10'°
0.90x10% | 0.47 x107 | 4.50 | 0.25 | 12.44 | 12.53 | 12.83 | 1.04 x107
0.05x108 0.00 75.57 | 0.00 | 1.73 1.77 2.11 | 2.02 x101°
0.52x10% | 0.19 x10° | 7.64 | 0.07 | 6.77 6.86 | 7.09 | 1.50 x10%°

— T QMmN w

Remark 3. In comparison with other coronavirus diseases, such as MERS and SARS, where the virus load
peak takes place after the onset of symptoms (7 — 10 days post infection) [40], for SARS-CoV-2 infection
it is not clear the temporal interval where the viral load reaches a peak. A recent study linking epidemio-
logical and viral load data, suggests that the viral load peak occurs during the day of symptom onset [40].
However, observation of viral load in infected macaques [41, 42] denotes that the viral peak from nose and
throat swabs happens during the 1-3 days post infection. Therefore, since the target cell model fitting was
conducted using SARS-CoV-2 viral load measured after the onset of the symptoms [23], the estimated time-
to-peak (tv ) in Table 2 is subject to practical identifiability problems, which as was indicated in Theorem
3.1 and will be shown in Section 5, is a main parameter to evaluate antiviral effectiveness. Due to this
reason, an uncertainty analysis computing the likelihood-based confidence intervals [43] for each param-
eter was done. In Figure 4 such analysis is shown for the 95% confidence interval of parameter p, where it
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can be seen the high degree of uncertainty in the estimated ty for patients A, C, F and G (approximately 5
days).
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Figure 4: Uncertainty analysis on viral load evolution for p-parameter 95% confidence interval. Note the uncertainty in
viral load peak. Empty dots are data of COVID-19 patients.

5. Simulation Results

To evaluate the results concerning the antiviral treatment effectiveness, several simulations involving the
nine patients introduced in Section 4 were performed. First, the virus spreading interval - the time between
the estimated day of infection (—7 days post symptoms onset (dpo)) and the time-to-peak of viral load (fy)
- are considered in Section 5.1, to assess the results of Theorem 3.1. Due to the reported variability on the
estimated time-to-peak (Figure 4), we decided to initialize the treatments taking into account the relative
time with respect to the estimated #y, instead of using a fixed time for all the population. Furthermore,
the (maximal) early treatment time (t¢) of each patient was computed numerically, being of the order of
0.77 [0.74,0.79]ty .

Then, in Section 5.2, the case when the antiviral therapy is started before and after the untreated time-to-
peak ty is simulated, in order to analyze the effectiveness of a subpotent/potent antiviral drug as treatment
time 4, is delayed. Finally, in Section 5.3 the synergistic effects of antiviral therapies blocking the viral
replication p and the host cell infection 3 are studied, taking into account the combined drug effect analysis
presented in Section 3.2.

To numerically assess the viral kinetics evolution, the following infected-related metrics are employed:
i) the difference of viral loads with and without treatment at time-to-peak, AV = V (/) — V (£y.4,-), which
is a measure of the viral reduction at time-to-peak respect to the untreated case [14]; ii) the duration of
infection, DI, defined as the time spent by the viral titer curve over a detection limit (i.e.: 100 copies/ml),
which is a measure of the viral shedding interval and can also be used, as an indicator of the time a patient is
infectious, requiring isolation or quarantine to prevent onward infection [44]; and iii) the time-to-peak tv,
which is an indicator of the viral replication rate and can be employed, as an estimation of the time window
available for effective treatment [45]. For the sake of simplicity, unless otherwise stated, the approximation
presented in Section 7.2, in the Appendix, is used for simulation analysis.
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5.1. Treatment initiated at different times, during viral spreading interval (t,. € (ty, fv) )
Scenario 1: Treatment is initiated at viral load detection level (ty. = tpyr,)

Figure 5 shows the simulated virus load evolution corresponding to each of the nine patients, when the
antiviral therapy is started at the first positive PCR test time (t;, = tpy,, being tpy, the time at which the
virus reaches the value V' (tpy) = 100 copies/mL), which is about 0.3f =~ 0.40t¢. Consequently, all the
patients fall in the case fy < t;, < t¢ < tv which means that we are under the hypothesis of Theorem
3.1 and, furthermore, the treatment time belongs to the early treatment time interval. To properly asses the
antiviral replication inhibition effect, increasing values of 7, were used. First we started with small values
of 1, 7711) and ng, fulfilling the condition 1, < n;, (t4-) (item iii in Theorem 3.1, ineffective treatment). Then
7p Was set to values approximately equal to 7 (¢4 ), 773 and nﬁ , to reinforce the counter-intuitive fact that
larger inhibition effects fulfilling 7, < 7 (t:-) produce larger virus peak times (item iv in Theorem 3.1).
Finally, 7, was increased to two values larger than n;(ttr), 772 and 172, (items i and ii in Theorem 3.1), to
show that higher inhibition effects produce faster eradication of the virus V. For the simulations, efficacies
equally spaced from 7 (t;,) were used, such that: 1), = 0.505 (¢ ), n2 = 0.7505(te), 15 = 0.90n5 (t4,.),
7h = () + 0.1 — S (te))o 13 = nS(ter) + 0.25(1 — 5 (ter))s and n = n(t) + 0.5(1 — S (te,)),
for all patients.

Figure 5: Free virus behavior when treatment is started at viral load detection level (¢:, = tpr). Values of 1, smaller
(nzl,, 773), approximately equal (ng, 7];4,) and greater (772, ng) than 7, are simulated to demonstrate the results in Theorem
3.1. The black line denotes the untreated case (17, = 0).

As expected, effective treatments produce an instantaneous decline of the viral load, with a mono-
tonically decreasing viral shedding interval as the antiviral efficacy is incremented. On the other hand,
ineffective treatments cause a delay in time to peak, significantly increasing the duration of viral shedding
as 1), is augmented from 0 to 7;,. Even when the viral load peak is a monotonically decreasing function of 7,,
(by following similar steps than the ones in Lemma 1 it can be shown that 9V (£y,..) /OR = (6/8)(1— %),
for R := R(ty) > 1, with R(t,) = (1 — np)pB/(cd)), the patient will be PCR-positive for longer peri-
ods of time. This means that isolation and precautions measures with treated patients should be carefully
considered, depending on the antiviral effectiveness.

Figure 6 shows a box-plot of the infected-related metrics for the antiviral effectiveness assessment. For
an effective antiviral therapy (17, > njy(¢:r)), the difference of viral loads at time-to-peak (AV) is above
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the 2 logs threshold [14] and the duration of infection (D) is below the 30 days limit (according [46], the
viral shedding interval for untreated COVID-19 patients is in order of 30 days) which is in conformity with
an effective viral clearance strategy. On the other hand, for an ineffective antiviral therapy (1, < ng(t”)),
even tough AV is monotonically increasing with 7,,, the duration of infection is increased as a subpotent
drug efficacy is employed. This means that the delay of the virus peak associated to ineffective treatments
is significant in terms of the infected-related metrics.
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Figure 6: Infection-related metrics as function of 7, (t» = tpr), for antiviral effectiveness assessment (all patients).
Note that, nj = 0.575(ter), 02 = 0.7505 (ter), 15 = 0.90n% (ter), ms = 05 (ter) + 0.1(1 — 0 (ter)), 15 = 1S (Ler) +
0.25(1 — 05 (ter)), and n = 0 (ter) +0.5(1 — 0% (ter)), being n5 (te) the critical drug efficacy of each patient at time
to treatment initiation, ¢¢-.

Scenario 2: treatment initiated in the course of viral spreading

Figures 7 and 8 show the virus load evolution when the antiviral therapy is started in the course of viral
spreading, at ¢4, ~ 0.7t° and t;, ~ t°, respectively. The viral load over the time has the same qualitative
behavior than in the previous case. However, the duration of the infection is longer as the inhibition effect
approaches n;(ttr) from below and from above (i.e.: ng and n;‘j cases, violet and green lines in Figures 7 and
8). Indeed, for values of drug effectiveness in the vicinity of 7, (t4r), the viral duration interval is augmented
- even for effective therapies - since V' has already reached a relatively high value at the treatment time. This
behavior is confirmed in box-plots 9 and 10, where a sudden increase of the duration of infection happens
when the antiviral efficacy is near the critical value. However, as the treatment time is delayed this behavior
is mitigated (see box-plot 10) due to the natural increment of V' (t;,.) (recall that V () &~ (R(t-) — 1)dV (t),
for t > t;,, so larger values of V (t,) produce larger values of |V (t)]). It is important to remark that, even
when an increased duration of the viral shedding is reported for the effective treatment case in the boundary
of critical drug effectiveness (1, & 7)), the viral load peak occurs previous to ty, in accordance with items
i and ii of Theorem 3.1.

5.2. Treatment initiated at different times, with the same effectiveness

In order to analyze the viral kinetics when the antiviral therapy is initiated at different times over the
infection period (i.e., before and after tv), we studied the temporal dependence of infection-related metrics
corresponding to fixed subpotent/potent drug effectiveness. Based on the uncertainty analysis presented in
Section 4, patient B was selected as a representative patient, whose critical drug efficacy 7y (t-) ~ 0.81
for t;. < t° (see Figure 1, being ¢ ~ 0.77ty = 9.39 dpi). The treatment initial times were: t:.1 = 4,
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Figure 7: Viral load time evolution with treatment initial time given by ¢;» = 0.7t°. Values of 7, smaller, approximately
equal and greater than 7, are simulated to demonstrate the results in Theorem 3.1.The black line denotes the untreated
case (np, = 0).

tio = 6, tyrs = 9, tyrg = 17, typ5 = 20 and t4,.6 = 25 dpi. Figurell (left) shows that if the treatment is
initiated with an ineffective therapy (77, = 0.73), the time-to-peak (fv,tr) and the duration of infection (D1)
decrease as the treatment time is delayed. This can be explained by the fact that, for the same effectiveness,
tAV;t,« is reduced as V (t,.) is augmented. Equations (7.4) and (7.5) in Lemma 1 show that for a fixed R > 1,
k1(R) > 0and k2(R) < 0 are increasing functions of V (t,) (i.e.: k1(R) = 0and k2(R) = —1/(6(R—1))
for V(tr) — 0 while k1 (R) = 1/((1 — R)? + R) and ko(R) = —1/(6R) for V(t.) — §/8, being
§/B < V(ty)). Therefore, since tv tr = koln(k1) + t4 (according to equation (7.3)), it can be inferred
that twr is monotonically decreasing with V' (t,.). Moreover, comparing the viral load at the time-to-peak,
it can be deduced that V (fv.42) > V(fv41) for an ineffective therapy started at two treatment times
tyro > tyr1 during the beginning of the infection (assuming that U (t4,1) & U (t42)).

By following similar steps as in Lemma 1, the viral load at the time-to-peak can be written as:
V(tvie) = V(ty) + (p/c)U(ty) — (6/8)(n(Ry,) + 1) and, therefore, V(fv,trz) — V(tyim) =
V(tu2) — V(tir1) > 0. However, from Figure 11 (left) it can be seen that V(ty,) is of the order of
(3 ~ 4) x 105 (copies/ml) , independently of the treatment initiation time. This can be explained by the
fact that the difference of viral load at tAVﬂ, for therapies started at different times, depends mainly on the
deviation between the viral loads at treatment times, which normally are several order of magnitude below
V(tv.r). For example, V (tv.1) = 3.29 x 10°, V(ty4r2) = 3.30 x 10° and V (fy43) = 4.35 x 10°
copies/ml while V (t4,1) = 1 x 10%, V(t40) = 2.5 x 10 and V (t;,3) = 1.74 x 105 copies/ml. Conse-
quently, the increment on the viral peak is not significant as the treatment is delayed, although the duration
of infection is considerably reduced (i.e.: from 96 to 55 days). Note that the target cell-model assumes that
the viral clearance in the convalescent phase is proportional to the virus load concentration at time-to-peak,
which is in the same order of magnitude for the three cases. As a result, and taking into account that the
viral peak is reached early as the treatment is delayed, a quickly viral deletion is observed for the post-
poned case. As a consequence, if a fixed subpotent drug is employed, delaying the treatment initiation time
could reduce viral shedding interval, without significantly increasing the viral load at time-to-peak. It is
important to remark that if 77, is reduced even more (7, < 1), the viral at time-to-peak follows the same
behavior, although, the viral shedding interval is not-considerably decreased, since tAvytr ~tyasn — 0
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Figure 8: Viral load time evolution with treatment initial time given by t;, = t°. Values of 7, smaller, approximately
equal and greater than 7, are simulated to demonstrate the results in Theorem 3.1. The black line denotes the untreated

case (np, = 0).
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the treatment is delayed, the viral outcomes continues to be acceptable.

On the other hand, if the ineffective therapy is initiated after the viral load peak, the duration of infection
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Figure 10: Infection-related metrics as function of ), (¢, = t°), for antiviral effectiveness assessment (all patients).

is slightly reduced with respect to the previous case, since R(t;.) < 1 at this time and, therefore, V=
(R(ty) — 1)6V (t) is a decreasing function of V (¢;-). In contrast to this, Figure 11 (right) shows that
if an effective antiviral therapy is applied (1, = 0.9) the duration of the infection is still decreased, since
Ri1(ttra) < Ra(tira), being R; the within-host basic reproduction number under a treatment with inhibition

effect 17}, (note that, n, = 0.9 and 12 = 0.73 for patient B).
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Figure 11: Virus time evolution for different treatment times, ¢;, = 4,6, 8, 17, 20, 25 (dpi). Two fixed values of 7, were
used, smaller and bigger than n; (t+): np, = 0.73 (left) and 1, = 0.9 (right), respectively. n; (t+-) ~ 0.81 for 4 < t°.
Patient B.
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5.3. Treatment with antiviral inhibiting both viral infection (1g) and viral replication rate (1)

Finally, the virus behavior was considered when a combined antiviral therapy inhibiting both, the viral
infection rate () and the viral replication rate (p), was applied. Since the critical drug efficacy for acute
models is defined during the viral spreading interval (Section 3.2), the treatment was initiated at ¢4, = 0.7¢°,
which is a value fulfilling ¢, € (fv, fv ).

For the sake of clarity, only Patient A was considered and the 3 previous infection-related metrics were
assessed as functions of the antiviral inhibition effects 7, and 7g. Figure 12 shows that the antiviral is
effective for every inhibition effect pair (1, 7,) fulfilling (ng,n,) € H(ts) (i.e.: yellow region of AV),
in accordance with the results in Section 3.2. Moreover, as for the single inhibition cases, the duration of
infection and the time-to-peak increase as the combined drug efficacy pair (73, 7,) tends to the boundary
of HE(tsr) (OH(t4,) in Figure 12). The difference of viral load at time-to-peak AV remains constant for
every (n,mp,) € HC(ts,) since V(ty.4.) = V (t4.) for effective treatments. In conclusion, the synergistic
effect of drug effectiveness in combined therapies produces a reduction on the critical effectiveness with
respect to single-therapies cases, with the same dynamical behavior over the boundary of H¢(ty,.).
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Figure 12: Infection-related metrics for antiviral effectiveness assessment as function of 7, and ng (¢ = 0.7t°). Patient
A.

6. Discussion

While several vaccines have been developed to prevent COVID-19 disease, it is imperative to evalu-
ate potential therapies against SARS-CoV-2 infection. Among them, antiviral treatments are promissory
strategies to increment the viral clearance “within-host”, decreasing disease severity. In this sense, the drug
effectiveness concept is crucial to evaluate the drug effect threshold above which the viral load starts de-
clining [47]. Although this critical value has been described for chronic infections (e.g. HIV [47, 48], HCV
[49]) it has not been studied yet for COVID-19. The critical drug efficacy can be understood in terms of the
antiviral potency to decline viral spreading, in spite of guiding the system to an uninfected equilibrium, as it
was introduced in Definition 4, Section 3.2. In addition, the critical inhibition effect of an antiviral depends
on the treatment initiation time, and it has shown to be a monotonically decreasing function during the viral
spreading interval (roughly speaking, during the time interval before the untreated virus peak).

Regarding the virus behavior for effective therapies (1 > 1), the viral load at time-to-peak is practically
equal to V (¢;) (i.e., a treatment is considered effective if the virus starts to decrease at the very moment
the treatment is initiated, by modifying either n,, 7, or both), so AV is larger for earlier treatments,
being greater than the 2 log threshold for effective antiviral therapies started at t;, < t¢ (¢ =~ 0.77fv).
Nevertheless, for 1 approaching n¢ (from above), the viral shedding interval is enlarged as the treatment
is initiated during the infection growth. Therefore, if the therapeutic objective is to reduce both, the viral
shedding interval and the viral peak, the efficacy level would need to overpass the critical value in a given
quantity. From Figure 1 it can be seen that 1°(¢,,) > 0.7 for most of patients.

Simulations results suggest that for ineffective therapies, the virus would take longer to be cleared -
rather than a monotonic decline, as in the previous case - reaching a peak and finally decreasing to zero.
In spite of the fact that the viral load at time-to-peak decreases monotonically with n (AV increases as the
inhibition effect jumps from 0 to 7 > 0), the time-to-peak increases as 1 approaches n° (from below), which
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results in a longer duration of infection, potentially requiring additional isolation measures for the treated
patient.

Although an effective reduction of the viral load peak and the duration of infection could be achieved
with early treatments (treatments started before the untreated peak), minor effects are attained with late ones.
Particularly, Figure 11 corroborates a slight reduction on the viral shedding interval if a subpotent/potent
drug therapy is employed after the time-to-peak. Consequently, taking into account that the viral load in
COVID-19 patients presumably reaches the peak prior to the symptom onset, no further clinical improve-
ments may be obtained if the therapy is started in this symptomatic phase (i.e.: notice that SARS-CoV-2
pathophysiology is characterized by a direct cytotoxic effect, endothelial cell damage, dysregulation of
immune response, among others [29]).

The effectiveness of combined treatments affecting both, 7, and 75, was also studied and an interde-
pendent critical drug efficacy level was computed. Mathematically, the critical combination of values of
np and 7 is placed on the boundary of the effective set 7¢(¢,), which is a set in the (7,,73) space. In
comparison with single treatment cases (represented by the horizontal and vertical dash-dot lines in Figure
12), a reduced critical antiviral efficacy was reported for the combined case, denoting a reduction on the
necessary drug effectiveness to reduce viral spreading. Moreover, the viral characteristic behavior in the
vicinity of the critical drug efficacy (i.e.: increase of time-to-peak and duration of infection) was preserved
for the combined case, as the pair (75, 7,) belongs to the critical boundary of #°(t;,), which implies that
the antiviral effectiveness characterization made in Theorem 3.1 for single treatments could be extended to
combined therapies.

In sum, this work formalizes the existence of a critical drug efficacy for acute infection models, which
could have implications in the extended viral shedding observed in-silico” by [50] (for SARS-CoV-2 in-
fections) and by [51] (for influenza) when the antiviral therapy is initiated early but with a subpotent drug
efficacy. Moreover, it was shown the importance of initialization the antiviral therapy early (before viral
load peak) in order to achieve a significant reduction of AV and DI [14, 52]. Although a time dependence
was noticed for the critical drug efficacy (ng(tt,.), ns (t4)), since it is a decreasing function of ¢y, (Figure
1), its behavior does not compromise the antiviral success if an effective therapy is started later.

The main clinical implications for acute infections, and, particularly, for the SARS-CoV-2 infection
are: a) importance of viral load monitoring on probably infected COVID-19 patients (prophylactic use of
antiviral therapy, previous to onset of symptoms, although adverse effects have been reported for potential
antiviral drugs [30], which could limited their prophylactic usage in risk patients), b) isolation of treated
patient, ¢) possible explanation of the increase of duration of infection showed in immune compromised
COVID-19 patients.
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7. Appendix

7.1. Virus peak time behavior under ineffective treatments
The next Lemma establishes conditions on the virus peak time as a function of R (¢;.).

Lemma 1. Consider (2.1), constrained by the positive set X, at the beginning of the infection t = 0, with
U(0) > U, 1(0) > 0 and V(0) > 0. Consider that at some time t, > 0, 1,(t) jumps from 0 to n, > 05,
being ny;, the critical value defined in (3.2). Then, there exists t°(1y, i, ) such that if t;, € (fv, 1), the virus
peak time tAvytr (considering the treatment effect) is a decreasing function of R(ty).

Proof: Consider the approximation 7.10, in Section 7.2. Since 7,(t) jumps from 0 to n, < 75, at t;,
then R(¢t) jumps from R(t;,.) to R(ts), with R(ty-) € (R(t;,.),1) and R(t;.) > 1. Then it is possible
to approximate the explicit solutions for U(t) and V' (¢) (by approximating the In(z) function in the time
interval before the virus peak by (z— 1)(% +ws), being wy and wo, arbitrary constants, fulfilling wy +wq =
1 [53]). So, U(t), for t > t4,., can be written as

(B + VB? — 4AC)kY e~ (B/UM)VE*—4AC~t) _ 11D (B — /B2 — 4AC)
2AKD — 2AkN e=(B/U(tr) VBT=2AC(t—ter) ’

Ut) = (7.1)

where
kY = 24U(tw) + B — /B2 - 4AC,
kP = 2AU(t,)+ B+ /B2 —4AC,

A = _MU(QH + %w%
B = U(ttr)(%wl - %wz + V(ter) + MU(W)),
C - *%U(t”)zwl.

A reasonable approximation, however, can be obtained by selecting w; = 0 and we = 1 (also w; = 0.2
and w; = 0.8 gives a good result, but clearly the former selection significantly simplifies the expressions).
Insuchacase, A, B, C, ktJYT and kt?r read:

A~ fU(ttr)M + % — (- R(m))g <0,
B Ul + Vite) + UG ") - —0(0) A+ UGV (0) > 0
C = 0,

kY~ 24U(t,),

ki 2AU (ty,) + 2B = 2U (t4)V (ter),

being R(ty) = U(ttr)w. This way, U () can be simplified as

ZBQAU(ttT)e—(ﬁ/U(tm))B(t—m)
2A2U (ty, )V (ty) — 2A2AU (ty,)e—(B/UG)) Blt—ter)’
(U(ter)V (ter) — Ul(ter) A)e= (B/U ) Ble—ter)

V(ty) — Ae=(B/U ) B(t—ter)

ut) =

(7.2)

The time at which U (¢) reaches U!" - i.e., the time at which R(¢) reaches 1 and V/ (¢) reaches its peak,
denoted as ty, (with ty 4. > t,.) - can be explicitly computed as

tyir = ko In(k1) + ter, (7.3)
where

V (te U

k p—
! Ulter)V (tey) — AU () + AU
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2= B A V)

being U!" = Wi%) the critical value for U corresponding to the treatment parameter p(1 — n,). Now,

recalling that R(¢;,.) = Ub(ﬁ,?'), and denoting U (t4-), V (t1-) and R(t) as U, V and R, respectively, for
the sake of simplicity, k1, ko can be rewritten as:

Vv

= 1 4
k1(R) g(l—R)2+RV >0, VR > (7.4)
1

This way, fv,tr = fv’tr(R) = kao(R) In(k1(R)) + ¢4 represents the time of the virus peak in terms of R.
Note that ty,;,-(R) is defined only for R > 1; indeed, ¢ty (1) = ¢, since k1 (1) = 1, while ty ;- (R) > t4
for R > 1.

The idea now is to consider the derivative of fv,tr with respect to R, to show that it is negative for
treatment times ¢4, small enough. This derivative reads:

8thr akz 1 akl
— = —In(k ko——
or ~ or M) TR ER
where
ok VER-1D+V) 76
R ~ (5(1-R)2+RV)? '
Oks 4]
— = . 7.7
OR  (6(1-R)-pV)? .7
Since % > (0 for R > 1, condition ag‘;{’ < 0 can be written as
ko Oky  Oka, _4
In(k —— — (== 7.8
(k) <~ 52 () 78)
Furthermore, given that In(+) is an increasing function on (0, o], it follows that
_kp k) (Okzy-1
ki <e F1ORIIR (7.9)

Then, by replacing (7.4), (7.5), (7.6) and (7.7) in inequality (7.9), we have:

—20-R)2+28va-r)—£7%v2
%V < [(1 - R)2 + Rg‘/]e 1-rR)2+ 8 RV

Now, for R > 1 the exponent is negative, so function

—2(1—R)2+2§V(1—R)—%2V2

V)= [(1-RPZ+ ROV oomiRy

0

I

starts at the positive value (1 — R)%e~2, for V' = 0, then increases to a maximum and finally decreases

asymptotically to zero, for V' — oco. So, there exists some interval of V', maybe small, such that V' < f(V).
Figure 13 shows a plot of f(V) for different values of R > 1.

Finally, since we are considering the treatment time to belong to the increasing period of V' (¢) (i.e.,
ti € (fy,ty), with V() ~ 0, then small values of V(t) correspond to small values of . So, a time
interval (fy, €] exists such that £y, is a decreasing function of R(t,.), and the proof is complete. Figure
14 shows the time evolution of R(¢) when the antiviral treatment is initiated at 0.75¢y- and different antiviral
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inhibition effects are considered, for the real data patients simulated in Sections 4 and 5. As it can be seen,
larger values of 7, (or smaller values of R (%)) corresponds always with larger values of ¢,y . O

Function f(V)

0.7 T T T T T

0.6 4
—V
 H(V),R=10

05 FVL,R=T |

0.4

V)

0.3

0.2

0.1 J

O 1 1 1 T .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Vv

Figure 13: Qualitative plot of function f(V') (arbitrary parameters) for different values of R. As it can be seen -
independently of the parameter values - if R(t+») > 1 it there exists an interval of values of V/, and a corresponding
period of time such that f(V) > V.
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Figure 14: Evolution of R(t) when an antiviral treatment is initiated at a time of approximately 0.75 £y, and different
antiviral inhibition effects 7, are considered, smaller and greater than the critical value 7,. The black dashed line
represents R = 1. As it can be seen, for values of 7, < 1, R(t) crosses 1 at larger times for larger values of 7, as
it is stated in Lemma 1. This implies that if 77, < 7, larger values of ), delays the virus peak time, as it is stated in
Theorem 3.1.iii. Furthermore, the figure confirms that, for real patient date, ¢° is close to fy-.

7.2. System approximation

A characteristic of system (2.1) - that shows to be useful in the development of the main results of the
work - is that for the untreated case (13(t) = 0 and 7, (¢) = 0 for all t > 0), it can be simplified. Indeed, if
we assume that virus is in quasi-steady state during viral spreading interval, which is a good assumption as
long as ¢ > 6 (see [16], Equation (4), [54], [55], [49]), the three-states system (2.1) can be approximated
by the following two-state equations:

Uty ~ —pUMV (),  U(0) = U, (7.10a)
V(t) ~ %ﬁU(t)V(t) -8V (), V(0)=Vp, (7.10b)

where the infected cells state are given by I(t) ~ I%V(t). Note that equation (7.10.b) can be written as

V(t) = (R(t) — 1)dV (). Then, according to Theorem 4.1 in [24], it is easy to see that {1, — t.. from the
right and i; — t. from the left when (¢/8) — o0, i.e., the peaks of V and I tend to occur simultaneously,
at time t.. Figure 15 shows a phase portrait of system (2.1), without antiviral treatment, with a rather
unrealistic parameter values (5 = 0.5, § = 0.2, p = 2 and ¢ = 5) but useful to exemplify how, after a
relatively short time (and provided that ¢ > ¢), the system reaches the manifold defined by the condition
I(t) = %V(t).
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Figure 15: Phase portrait of system (2.1) with parameters 8 = 0.5, 6 = 0.2, p = 2 and ¢ = 5, for different initial
conditions not necessarily representing realistic cases. Empty circles represent the initial state, while solid circles
represent final states. The red hyperplane corresponds to U (t) = U, (i.e., the critical value of U, when R(¢) = 1) while
the blue hyperplane corresponds to the fast manifold in which I(¢) and V'(t) are proportional (.i.e, I(t) = ¢/pV (t)).
Note that only the initial states with Uy > U, = 1 corresponds to scenarios with Ro > 1.
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Abstract

Several mathematical models in SARS-CoV-2 have shown how target-cell model can
help to understand the spread of the virus in the host and how potential candidates of
antiviral treatments can help to control the virus. Concepts as equilibrium and stability
show to be crucial to qualitative determine the best alternatives to schedule drugs, ac-
cording to effectivity in inhibiting the virus infection and replication rates. Important
biological events such as rebounds of the infections (when antivirals are incorrectly in-
terrupted) can also be explained by means of a dynamic study of the target-cell model.
In this work a full characterization of the dynamical behavior of the target-cell models
under control actions is made and, based on this characterization, the optimal fixed-
dose antiviral schedule that produces the smallest amount of dead cells (without viral
load rebounds) is computed. Several simulation results - performed by considering real
patient data - show the potential benefits of both, the model characterization and the
control strategy.

Keywords: In-host acute infection model, Equilibrium sets characterization, Stability
analysis, Model predictive control.

1. Introduction

Mathematical models of with-in infections can be used to characterize pathogen dy-
namics, optimize drug delivery, uncover biological parameters (including pathogen and
infected cell half-lives), design clinical trials, among others. They have been employed
to study chronic (i.e.. HIV[1, 2], hepatitis B[3, 4], hepatitis C[5, 6]) and acute (i.e.:
influenza [7, 8, 9], dengue[10, 11], Ebola[12]) infections. Currently, they are based on
ordinary differential equations (ODE), which allows to analyze these systems employ-
ing mathematical and computational tools. This way, in-host basic reproduction num-
bers (R), stability analysis of equilibrium states, analytical/numerical solutions, can be
computed [13, 14, 15, 16]. Most of them are based on the target-cell limited model to
represent chronic/acute infections according to the infection resolution respect to the
target cell production and natural death rates [17]. This way, the equilibrium states
differ from isolated equilibrium points (i.e.: disease free and infected equilibria) for
the former to a continuous of equilibrium points (i.e.: disease free equilibrium set) for
the latter ones. Note that for acute infections, the only feasible equilibria is the disease

Preprint submitted to Elsevier May 2, 2023



free, since the pathogen particles at the end of infection will be cleared independently
of the in-host reproduction number [17, 7, 18]. The existence of healthy equilibrium set
implies that stability analysis can be performed considering equilibrium sets as a gen-
eralization of equilibrium points, which gives an environment to employ set-theoretic
methods [19, 20], widely used in the design of set-based controllers, although not fully
employed for modeling characterization and control of acute infections. Some prelim-
inary results, which will be discuss later in this chapter, can be found in [21].

The control of infection can be modelled considering immune response mecha-
nisms, where the infection is self-controlled by a combination of a non-specific and
specific reactions [22, 23, 24], or by drug therapies. The inclusion of pharmacokinetic
(PK) and pharamacodynamic (PD) models of drug therapies allows the inclusion of
therapeutic effects on the pathogen evolution [6, 17]. Therefore, the models parame-
ters can be changed exogenously by dose frequency and quantity, naturally limited by
the inhibitory potential of the drug (expressed in terms of EC50, or drug concentra-
tion for inhibiting 50% of antigen particles) and its cytotoxic effect (expressed in terms
of IC50, or drug concentration which causes death to 50% of susceptible cells) [25].
Moreover, since drugs are normally administrated by pills or intravenous injections, in-
stantaneous jumps are observed in the concentration of the drug in some tissues. This
is mathematically conceptualized as a discontinuity of the first kind and gives rise to
the so-called impulsive control systems [26]. This model representation has been used
for optimal control and state-feedback control with constraints for infectious diseases,
such as: influenza [9, 27] and HIV [28, 26]. Even though optimal dosage can be com-
puted for chronic and acute models, the unstable healthy equilibrium of the former
(under certain circumstances; for details, see [17, 14]) and the availability of target
cells above a critical level for the latter (as it is discuss later), involve the duration of
drug therapy, with the presence of viral rebounds when therapy is disrupted. This effect
has been noticed for chronic [29] and acute [30] infections. Taking into account this
scenario, in this work, we formalize the existence of an optimal single interval drug
delivery such that viral rebounds are avoided. Even though, the presented analysis is
valid for the target-cell limited model for acute infections, taking into account the cur-
rent worldwide contextual situation (COVID-19 pandemic), we prove our results using
an identified model of infected patients with SARS-CoV-2 virus [31, 21, 32].

After the introduction given in Section 1 the chapter is organized as follows. Sec-
tion 2 presents the general in the host” models used to represent infectious diseases.
Section 4 studies the way the antivirals affect the dynamic of the model, emphasizing
the fact that the stability analysis made in Section 3 remains unmodified and, so, any
control strategy must be designed accounting for these details. In Section 5 control
design able to exploit the stability model characterization is introduced, and its benefits
are shown by simulating several cases, in Section 6. Finally, conclusions are given in
Section 7.

1.1. Notation

First let us introduce some basic notation. We consider R™ as n-dimensional Eu-
clidean space equipped with the euclidean distance between two points defined by
d(z,y) = [lz — yl| = [(x — y)'(z — y)]'/. The euclidean distance from a point
x toaset Y is given by d(z,)) := ||z||y = inf{]|z — y||: y € V}.

With X we will denote the constraint set of R?, given by

X = RBZO = {(z1,22,23) € R® : 21 > 0,25 > 0and z3 > 0}.



We will consider X endowed with the inherit topology of R?, i.e. the open sets are
intersections of open set of R3 with X’. Thus, an open ball in X with center in x and
radius € > 0 is given by B.(z) := {y € X : ||z — y|| < €} and an e-neighborhood of
set Y C X is given by B.()) := {x € X : ||z||y < }. Letx € Y, we say that z is
an interior point of ) if the there exist € > 0 such that B.(x) C ). The interior of ) is
the set of all interior points of ) and it is denoted by int()).

We will denote with — the limit of a function to a real number, including infinity. In
the case of monotone convergence, decreasing or increasing, we will use the symbols
N\ and 7, respectively.

2. Review of the target-cell-limited model for in-host infection

Mathematical models of in-host virus dynamic have shown to be useful to under-
stand of the interactions that govern infections and, more important, to allows external
intervention to moderate their effects [23]. According to recent research in the area
[17, 21], the following ordinary differential equations (ODEs) are used in this work to
describe the interaction between uninfected target or susceptible cells U [cell/mm?],
infected cells I [cell/mm?], and virus V' [copies/mL]:

Ut) = —-BU@V(t),  U(0) = U, (2.1a)
I(t) = BU)V (t) = 6I(t),  I(0)=Ip, (2.1b)
V(t)=pl(t) —cV(t), V(0)=V, 2.1c)

where 3 [mL.day ! /copies] is the infection rate of healthy U cells by external virus
V, & [day 1] is the death rates of I, p [(copies.mm? /cell.mL).day ~'] is the production
rate of free virus from infected cells I, and ¢ [day '] is degradation (or clearance) rate
of virus V' by the immune system.

System (2.1) is positive, which means that U(t) > 0, I(¢) > 0 and V(t) > 0, for
all t > 0. We denote z(t) := (U(t),I(t),V(t)) the state vector, and X = R, the
state constraints set. B

The initial conditions of (2.1), which represent a healthy steady state before the
infection, are assumed to be V' (t) = 0, I(¢) = 0, and U(t) = Uy > 0, for t < 0. Then,
at time ¢t = 0, a small quantity of virions enters the host body and, so, a discontinuity
occurs in V (t). Indeed, V' (t) jumps from 0 to a small positive value Vy at ¢ = 0
(formally, V() has a discontinuity of the first kind at ¢, i.e., lim;_,q— V' (¢) = 0 while
lim;_,o+ V(t) =Vy > 0).

Although the solution of (2.1) for ¢t > ¢, being t( an arbitrary time, is unknown,
we know that it depends on the basic reproduction number R := % and the initial
conditions (U(tg), I(to),V(to)) € X. Since U(t) > 0, V(t) > 0, for all t > ¢q, U(t)
is a non increasing function of ¢ (by 2.1.a). From [21] and [16], if ¢ >> 4 (as it is
always the case) system (2.1) can be approximated by U (t) ~ —AU (t)V (1), V (t) ~
(%U(t) —0)V(t), I(t) = £V (t). Then, since U(to) > 0, conditions for V' to increase
or decrease at g, are given by U(tp)R > 1 and U(to)R < 1, respectively. This means
that for U(tp)R < 1, V() goes asymptotically to zero for ¢ — oco. Otherwise, if
U(to)R > 1, V(t) reaches a maximum V and then goes asymptotically to zero, for
t — oo. In this latter case it is said that the virus spreads in the host, since there is at
least one time instant for which V' > 0 [21]. The so called critical value of U, U*, is



defined as
U*:=1/R, (2.2)

where R is assumed to remain constant for all ¢ > t¢3. The critical value U* can
be seen as the counterpart of the “herd immunity” in the epidemiological SIR-type
models: i.e., U(¢) reaches U* approximately at the same time as V'(¢) and I(¢) reach
their peaks or, in other words, V'(¢) and I(¢) cannot increase anymore once U (t) is
below U*. This way, conditions U (tg)R > 1 and U(to)R < 1 that determines if V (¢)
increases or decreases for t > to can be rewritten as U(tg) > U* and U(ty) < U™,
respectively. In what follows, we assume that U(0) > U* (or U(0)R > 1), which
corresponds to the case of the outbreak of the infection (i.e., the virus does spread in
the host), at time ¢ = 0.

Let us now define Uy = limyoo U(t), Voo = limyoo V(t) and I, :=
lim; o I(t), which are values that depend on R and the initial conditions
Ulto),V (to), I(tg). According to [21], Voo = I = 0, while Uy, is a value in
(0,U(to)), which will be characterized in the next section.

3. Equilibria characterization and stability

To find the equilibrium set of model (2.1), with initial conditions
(Ulto), V(to), I(to)) € X at an arbitrary time to > 0, U(t), I(t) and V(¢)
need to be equaled to zero, in (2.1). According to [21, 16] there is only one equilibrium
setin X', which is a healthy one, and it is defined by

X, ={(ULV)eX: =0,V =0} 3.1)

To examine the stability of the equilibrium points in X, a first attempt consists in
linearizing system (2.1) at some state ;5 := (Us, I, V) € X, and analyzing the eigen-
values of the Jacobian matrix. As it is shown in [21], this matrix has one eigenvalue at
zero (A1 = 0), one always negative (A2 < 0) and a third one, A3, that is negative, zero
or positive depending on if Uy is smaller, equal of greater than U™, respectively.

Since the maximum eigenvalue A3 is the one determining the stability of the system,
it is possible to separate set X into two subsets, according to its behaviour. Then, a
first intuition is that the equilibrium subset

Xt = {(U,I,V)eX:Ue€[0,U*], =0,V =0} (3.2)
is stable, and that the equilibrium subset

X o= {U,1I,V)eXx :Ue (U*,4), I =0, V =0}, (3.3)
is unstable. However, this is not a conclusive analysis, given that one of the eigenval-
ues of the linearized system is null and so the linear approximation cannot be used to
fully determine the stability of a nonlinear system (Theorem of Hartman-Grobman [33,
section 2.8, pag. 120]).

Formal asymptotic stability of set X'5¢, together with its corresponding domain of
attraction, is analyzed in the next subsection.



3.1. Asymptotic stability of the equilibrium sets

A key point to properly analyze the asymptotic stability (AS) of system (2.1) is to
consider the stability of the equilibrium sets X'$* and X“", instead of the single points
inside them, as defined in Definitions 3.2, 3.3 and 3.5 in the next subsection. Indeed,
even when every equilibrium point in X5 is € — § stable, there is no single equilibrium
point in such set that is locally attractive.

As stated in Definition 3.5, the AS of X'** requires both, attractivity and € — § stabil-
ity, which are stated in subsections 3.3 and 3.4, respectively. Finally, in subsection 3.5
the AS theorem is formally stated.

3.2. Stability theory

In this section some basic definitions and results are given concerning the asymp-
totic stability of sets and Lyapunov theory, in the context of non-linear continuous-time
systems ([19], Appendix B). All the following definitions are referred to system

#(t) = f(x(t), 2(0) = wo, 34

where z is the system state constrained to be in X C R"™, f is a Lipschitz continuous
nonlinear function, and ¢(¢; x) is the solution for time ¢ and initial condition x.

Definition 3.1 (Equilibrium set). Consider system 3.4 constrained by X. The set X; C
X is an equilibrium set if each point © € X is such that f(x) = 0 (this implying that
o(t;x) =z forallt > 0).

Definition 3.2 (Attractivity of an equilibrium set). Consider system 3.4 constrained
by X and a set Y C X. A closed equilibrium set Xs C X is attractive in Y if
limy o0 ||@(t2)||x, = O forall x € Y. If Y is a e-neighborhood of X for some
n > 0, we say that X is locally attractive.

We define the domain of attraction (DOA) of an attractive set X, for the system 3.4
to be the set of all initial states = such that ||¢(¢; )||x, — 0 as ¢ — co. We use the
term region of attraction to denote any set of initial states contained in the domain of
attraction.

A closed subset of an attractive set (for instance, a single equilibrium point) is
not necessarily attractive. On the other hand, any set containing an attractive set is
attractive, so the significant attractivity concept in a constrained system is given by
the smallest one. Indeed, given two different attractive sets in X with the same DOA,
one must be contained in the other. So the family of all attractive sets in X’ with the
same DOA is a totally ordered set under the set inclusion (nested family). An arbitrary
(finite, countable, or uncountable) intersection of nested nonempty closed subsets of
a compact space is a nonempty compact set [34]. Then if one element of the family
is bounded, and therefore compact, the intersection of all the family is a nonempty
compact set. This set is the smallest atractive set we are referring to.

Definition 3.3 (Local ¢ — 0 stability of an equilibrium set). Consider system 3.4 con-
strained by X. A closed equilibrium set Xy C X is € — § locally stable if for all ¢ > 0
there exists § > 0 such that if ||x|| x, < 0 then ||p(t;x)||x, < € forallt > 0.

Unlike attractive sets, a set containing a locally € — § stable equilibrium set is not
necessarily locally ¢ — § stable. Even more, a closed subset of a locally € — § stable
equilibrium set (for instance, a single equilibrium point) is not necessarily locally € — §
stable. However, any (finite) union of equilibrium sets locally € — 4 stable is also locally



€ — ¢ stable. So the significant stability concept in a constrained system is given by the
largest one.

Although a finite union of equilibrium set locally ¢ — § stable is also locally € — §
stable, in general we cannot extend this result to the case of arbitrary unions of points.
Thus, even when every equilibrium point of an equilibrium set is locally ¢ — § stable,
we cannot assure that the whole set would be locally € — § stable. This is due to the fact
that given a fixed € the § chosen for each point depend on the point and so the infimum
of them could be zero. However, if in addition we also assume that the set is compact,
then the stability of the set can be inherited from the stability of its points.

Lemma 3.4. Let X, be a compact equilibrium set. If every x5 € X is € — § locally
stable, then X is € — § locally stable.

Proof. Given € > 0, there exists 6 = 6(x5) > 0 for each x5 € X such that if z €
Bs(z,)(xs) then ¢(t; 2) € Be(xs) fort > 0. The family of §-balls form a open cover of
X. Let us denote the union of this cover V,i.e. V := [ J{Bs(s,)(zs) : ©5 € X }. Since
X, is compact and the complement of V' is closed, then the distance between them is
strictly positive, i.e. §* := d(Xs,V¢) > 0. Therefore, the 6* neighborhood of the
equilibrium set X is contained in V. Thus if z € By« (Xs) C V then ¢(t; z) € B (Xs)
for t > 0 .Therefore X is ¢ — 9 locally stable. O

Definition 3.5 (Asymptotic stability (AS) of an equilibrium set). Consider system 3.4
constrained by X and a set Y C X. A closed equilibrium set Xy C X is asymptotically
stable (AS) in' Y if it is € — § locally stable and attractive in ).

Next, the theorem of Lyapunov, which refers to single equilibrium points and pro-
vides sufficient conditions for both, local € — § stability and assymptotic stability, is
introduced.

Theorem 3.6. (Lyapunov’s stablity theorem [35, Theorem 4.1]) Consider system 3.4
constrained by X and an equilibrium state x5 € X;. Let Y C X be a neighborhood of
x5 and consider a function V(x) : Y — R such that V(z) > 0 for x # x5, V(zs) =0
and V(x(t)) < 0, denoted as Lyapunov function. Then, the existence of such a function
in a neighborhood of x s implies that x s € X is locally € — § stable in Y. If in addition
V(x(t)) < 0forall z # x,, then x is asymptotically stable in ).

3.3. Attractivity of set X5

Before we deal with the attractivity of set X’ SSt, we need to delve into the behavior
of Uy,. As is presented in [21], U, can be expressed as a function of initial conditions
as follows

W(—RU(tO)efR(U(to)JrI(to)Jr%V(to)))
R

where W (+) is (the principal branch of) the Lambert function and (U (to), I (to), V (t0))
are arbitrary initial conditions at a given time tg > 0. For each ¢ > 0 let us define a
domain of X given by

Uso(U(t0), I(t0),V(to)) = — (3.5)

Qe)={(U,I,V)eX:I>¢eV >¢}. (3.6)

The following Lemma describe the behavior of the maximum of Uy, on each 2(e).



Lemma 3.7 (Maximum of the function U.,). Consider the function U, given by (3.5)
and for each ¢ > 0 the domains Q(e) given by (3.6). Then the maximum of
U (U, 1, V) in Q(e) is reached in (U*,e,¢). In particular, the maximum value of
Uso over Q(0) is reached in (U*,0,0) and is given by Uso(U*,0,0) = U*, where
U* =1/R.

Proof. According to (3.5), U, can be written as

Ualt,1,v) = I GLT)

R
with f(U,I1,V) = RUe RWHI+3/PV) " Since —W(—-) is an increasing (injective)
function then Uy (U, I, V') achieves its maximum over 2(¢) at the same values as
f(U,1,V). Then, we focus our attention in finding the maximum (and the maximizing
variables) of f(U,I,V).

Through the change of variables x = RU and y = R(I +0/pV’), f can be studied
as a function of the form g(z,y) = xe~(**¥). Note that (U, I,V) € Q(e) if and only
ifx > 0andy > n where np := R(1 + %)s > 0. Therefore to find extremes of f in
Q(e) it is enough to study the extreme points of g over Q' = {(z,y) € RZ,: y > n}.

Since Vg = [(1 — x)e”®+¥) —xe~(=+9)] does not vanish and g — 0 when
[[(x,y)|| = oo, then the maximum is reached at the boundaries of 2. A simple analy-
sis shows that g restricted to the boundary of Q' achieves its maximum in (1,7). This
means that f(U, I, V) achieves its maximum inU = 1/R=U*and [ =V =¢.

In particular, when € = 0, f(U, I, V) reaches its maximum in (U*, 0, 0). Further-
more,

W(-f(U*,0,0))  W(=1/e) 1

:—:U*’

which concludes the proof. O

Let us now deal with attractivity of set X*¢. According to Definition 3.2, any set
containing an attractive set is also attractive. So, we are in fact interested in finding the
smallest closed attractive set in X'\ X",

Theorem 3.8 (Attractivity of X5). Consider system (2.1) constrained by X. Then, the
set X;t defined in (3.2) is the smallest attractive set in X\X*". Furthermore, X",
defined in (3.3), is not attractive.

Proof. The proof is divided into two parts. First it is proved that X'** is an attractive
set, and then, that it is the smallest one.

Attractivity of X5': To prove the attractivity of X'*¢ in X' (and to show that XY™ is
not attractive) we needs to prove that Uy, € [0, U*] for any initial conditions and values
of R. The minimum of U is given by U, = 0, and it is reached when U (o) = 0 (for
any value of R, I(t) and V (tp)). The maximum of U, on the other hand, is given by
Usx = U*, and it is reached only when U (tg) = U* and I(to) = V (tp) = 0 (for any
value of R), as it is shown in Lemma 3.7. Then, for any (U(to), (%), V(t9)) € X
and R > 0, Uso (R, Ul(to), I(to),V (to)) € [0,U*], which means that X5 is attractive,
and the proof of attractivity is complete.

Figure 1 shows how U, behaves as function of U(tp) and V' (tg), when I(tg) = 0
and I (to) = 5e5. The first one is the scenario corresponding to ¢ = 0, when a certain
amount of virus enters the healthy host.



Function Us (U (t), V(to)), I(to) = 0 Function Un(U(to), V (to)), I(to) =
e

4 0 V(to) 4 0 V{to)

U(to)

(a) Uso as function of U(tp) and V (to), when I(to) = (b) Us as function of U(tg) and V (to), when I(tg) =
0. The orange plane represents U* = 1/R = 1. 5¢5. 5e°. The orange plane represents U* = 1/R = 1.5€8.
The maximum of Uy is reached when U(tp) = U™ and The maximum of U is reached when U(to) = U™ and
V (to) = 0, and is given by U ™. Patient A. V' (to) = 0, and is smaller than U *. Patient A.

Figure 1: Function Uso (U (¢0), V (¢0)), for different values of I (o).

X5t is the smallest attractive set: 1t is clear from the previous analysis, that any
initial state x(to) = (U(to), I(to0), V(to)) € X converges to a state xo, = (Ux,0,0)
with Uy, € [0,U*]. This means that X¥" is not attractive for any point in X'\ Xj.
However, to show that X’ SSt is the smallest attractive set, we need to prove that every
point zs € X5t is necessary for the attractiveness.

Let us consider a initial state of the form (U™, I(to),0) with I(¢¢) > 0. Since W is
a bijective function from (—1/e,0) to (—1,0), then Uy (R, U*, -, 0) is bijective from
(0, +0c0) to (0,U*). Hence for every point 25 € int(X5") there exists I(tp) > 0 such
that the initial state (U*, I(to),0) converges to z. Since every interior point of X5 is
necessary for the attractiveness, then the smallest closed attractive set is X’ ;t, and the
proof is concluded. O

3.4. Local € — § stability of X5t
The next theorem shows the formal Lyapunov (or € — §) stability of the equilibrium
set X5t

Theorem 3.9 (Local € — ¢ stability of X%). Consider system (2.1) constrained by X.
Then, the equilibrium set X5t defined in (3.2) is the largest locally € — § stable.

Proof. We proceed by analysing the stability of single equilibrium points T :=
(U,0,0), with U € (0,Up] G.e., T € Xs\{(0,0,0)}). For each Z let us consider
the following Lyapunov function candidate

J(x):=U~-U~-Uln (g) +I+%V. (3.7)

This function is continuous in X, is positive for all nonegative  #  and J(Z) = 0.
Furthermore, for 2:(¢) € X and ¢ > 0 we have

| UV ()
) = 5ra0 = |5 5 ) V() - 310)

g Uy ’ SOV =5
IO pI(t) — eV (1)



= (~BUMV (1) + UBV (1) + (BUV (1) — 81(t)) + (M(t) - fjvu))

=UBV(t) — %V(t) =V(t) (Uﬁ - (;c> ;

where i(t) represents system (2.1). Function .J(z(t)) depends on z(t) only through
V (t). So, independently of the value of the parameter U, .J (x(t)) = 0 for V(t) = 0.
This means that for any single (0) € X, V(0) = I(0) = 0 and so, V' (¢) = 0, for all
t > 0. So J(z(t)) is null for any z(0) € X, (i.e, it is not only null for z(0) = Z but for
any z(0) € X5).

On the other hand, for z(0) ¢ X, function .J(x(t)) is negative, zero or positive,
depending on if the parameter U is smaller, equal or greater than U* = 5—;, respec-
tively, and this holds for all 2:(0) € X and t > 0. So, for any & € X%, J(z(t)) < 0
(particularly, for z = (U,0,0) = (U*,0,0), J(z(t)) = 0, for all z(0) € X and ¢t > 0)
which means that each Z € X5t is locally € — § stable (see Theorem 3.6).

Finally, when U = 0, ie. T = (0,0,0), we define the Lyapunov functional as
J(x) =U — I+ §/pV and we proceed analogously as before to prove the local € — §
stability of the origin.

Therefore, since every state in X5 is locally € — ¢ stable and X! is compact, by
Lemma 3.4, the whole set th is locally € — § stable.

Finally, since X' is attractive in X'\ X'“" then it is impossible for any z € X*" to
be € — § stable, which implies that X5 is also the largest locally € — J stable set in X,
which completes the proof. O

Remark 3.10. In the latter proof, if we pick a particular & € X5, then J(z(t)) is not
only null for x(0) = Z but for all z(0) € X5, since in this case, V(t) = 0, fort > 0.
This means that it is not true that J(x(t)) < 0 for every x # T, and this is the reason
why we cannot use the last part of Theorem 3.6 to ensure the asymptotic stability of
particular equilibrium points (or subsets of X5%). In fact, they are € — § stable, but not
attractive.

3.5. Asymprotic stability of X5

In the next Theorem, based on the previous results concerning the attractivity and
€ — ¢ stability of X5, the asymptotic stability is formally stated.

Theorem 3.11. Consider system (2.1) constrained by the positive set X. Then, the set
X5 defined in (3.2) is the unique asymptotically stable (AS) equilibrium set, with a
domain of attraction (DOA) given by X\ X¥". Furthermore, X*" is unstable.

Proof. The proof follows from Theorems 3.8, which states that X;t is the smallest
attractive in X, and 3.9, which states that X;’t is the largest locally ¢ — § stable set
in X. O

Figures 2 shows phase portrait plots of system (2.1), corresponding to different
initial conditions.

3.6. Uy as function of initial conditions

In this section some characteristics of system (2.1) concerning the value of U
as a function of the reproduction number R and the initial conditions are analyzed.
Consider the next Property.
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Figure 2: Phase portrait for virtual patient A, described in Section 3.7. (a) Case U(tg) > U*. States
arbitrarily close to X¥™ (in red), converges to X5t (in green), so the virus spreads in the host. (b) Case
U(to) < U*. States arbitrarily close to X'5t, converges to X'$t, so the virus does not spread in the host.
Empty circles represent the initial state, while solid circles represent final states.

Property 3.12. Consider system (2.1) with arbitrary initial conditions
(U(to), I(to), V(o)) € X, for some tg > 0. Then:

i. For any value of U(ty) > 0, I(to) > 0, V(o) > 0,
Uso(R,U(to), I(to), V(to)) — 0, when R — oo, while
Us(R,U(to),I(to), V(to)) remains close to U(ty) when R — 0.

ii. For U(tg) > U* and fixed I(ty) > 0, V(tp) > 0 and
R > 0, Uo(R,Ul(to),I(to),V(to)) decreases when Ul(ty) increase, and
Uso(R,U(to),I(to),V(to)) < U*. This means that the closer U(to) is to U*
from above, the closer will be U, to U* from below.

iii. For U(ty) < U* and fixed I(ts) > 0, V(tg) > 0 and
R > 0 Ux(R,U(to),I(to),V(to)) increases with U(ty), and
Us(R,U(to),I(t0),V(to)) < U*.  This means that smaller values of
U (to) produce smaller values of Us,, both below U*.

iv. Forany fixed U (tg) and R > 0, Uso (R, U (to), I(to), V (to)) decrease with I(to)
and V(to), and Uoo (R, Uv(to)7 I(to), V(to)) < U*.

v. For fixed R > 0, U(ty) = U* and I(ts) = V(o) = 0O
Uso(R,U(to),I(to),V (to)) reaches its maximum over X, and the maximum
value is given by U* (see Lemma 3.7).

The proof of the properties are omitted for brevity. However, Figures 1 and 3 show
how U, behaves for different values of initial conditions.

3.7. Simulation example

All along this work we use a virtual patient, denoted as patient A, to demonstrate the
results of each section. The parameters of patient A were estimated by using viral load
data of a RT-PCR COVID-19 positive patient —reported in [31] and used in [21, 32]—
and are given by 3 = 1.35 x 1077, § = 0.61, p = 0.2 and ¢ = 2.4. The initial
conditions are given by: Uy = 4 x 108, Iy = 0 and V5 = 0.31. Furthermore, the
reproduction number is R = 1.84 x 1078, while the critical value for the susceptible
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Figure 3: Function Us (U, V'), for different values of €, when U € [0, Umax], V = €and I = 0.
As it can be seen, the supremum of U (given by U™) is achieved when U = U™ and I — 0.

cells is U* = 5.44 x 107. The final value of U (if no antiviral treatment is applied)
is given by U,, = 2.57 x 10°, which means that the area under the curve of V, given
by AUCy = [;°V(t)dt, is 5.45 x 107 (see Remark 3.13). The peak of V' is given
by V =1.98 x 107. Figure 4 shows the time response corresponding to patient A. As
predicted, Uy is (significantly) smaller than U™, which means that antivirals reducing
(even for a finite period of time) either p or 8 will increase U, and, so, will reduce the
AUCy and, probably, the peak of V.

Remark 3.13. Note that from system (2.1), by replacing (2.1a) in (2.1b) and then,
after rearranging, in (2.1c), V(t) can be expressed as V (t) = %[—%(I(t) + U(t) —
V(t)]. Therefore, the area under the curve of V, between times t1 and t, is given by
AUCYy := :12 V(t)dt = ([§(U(t) — Ulta) + I(t1) — I(t2)) + V(t1) — V(t2)].
Therefore, assuming U (t1) = Ul(to), I(t1) = I(tg), V(t1) = V(to), with U(to) >
I(tg), U(tg) > V(to), and U(ts) = Us, I(t2) = 0 and V(tz) = 0, which gives:
AUCy =~ L[E(U(to) — Uss)]. This way, if Us, is increased with respect to the value
corresponding to the untreated case, the area under the curve of viral load decreases.
Moreover, as it was shown in [16], the viral load at time to peak is monotonically

decreasing with antiviral therapy reducing 3 or p.

4. Inclusion of PK and PD of antiviral treatment

The idea now is to formally incorporate the pharmacodynamic (PD) and pharma-
cokinetics (PK) of antivirals into system 2.1, to obtain a controlled system, i.e. a system
with certain control actions - given by the antivirals - that allows us to (even partially)
modify the whole system dynamic according to some control objectives. In contrast
to vaccines that kill the virus, antiviral just inhibits the virus infection and replication
rates, so reducing the advance of the infections in the respiratory tract. The PD is
introduced in system (2.1) as follows:

U(t) = —B(L = nO)U )V (1), (4.1a)

11
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Figure 4: Time evolution of virtual patient A. As ¢ >> ¢ (as it is always the case for real patient
data), I(t) ~ £ V() forall t > 0.

[(t) = B = n()U(B)V (¢) - 61(t) (4.1b)
V(t) = pI(t) — ¢V (¢), (4.1c)

where 7(t) € [0, 1) represents the inhibition antiviral effects affecting the infection rate
£ (note that, according to [16], the effect of antivirals on the replication rate p, is anal-
ogous to the one on f3, since both parameters affect in the same way the reproduction
number R).

On the other hand, the PK is modeled as a one compartment with an impulsive
input action (to properly account for pills intakes or injections):

D(t) = —6pD(t), t# ty, (4.22)
D(tk) = D(tl;) +up_1, kel (4.2b)

where D is the amount of drug available (with D(0) = Dy = 0), dp is the drug
elimination rate and the antiviral dose uy, enters the system impulsively at times ¢ :=
kT, with T' > 0 being a fix time interval and & € I. Time ¢, denotes the time just
before 1y, i.e., D(t,) = lims_,o+ D(tx — 0). Note that (4.2) is a continuous-time
system impulsively controlled, which shows discontinuities of the first kind (jumps) at
times ¢; and free responses in ¢ € [ty,tx+1) (see [26] for details).

Finally, the way the drug D enters system (4.1) is by means of 7 as follows:

D(t)
t) = —————— 4.3
"= B+ B *3)
where EC'5 represents the drug concentration in the blood where the drug is half-
maximal. 7)(t) is assumed to be in [0, Nmax ), With Nmax < 1 (not full antiviral effect is
considered, since this is an unrealistic scenario).
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Figure 5: (a) Time evolution of virtual patient A, with v = 20 mg of antivirals and T" = 1 days. (b) Time
evolution of virtual patient A, with © = 20 mg of antivirals and T = 2 days.

4.1. Impulsive scheme

Based on the PK and PD previous analysis, the complete Covid-19 infection model,
taking into account an antiviral treatment (the controlled system) reads as follows:

U(t) = =B(1—nE)UV (L), t# tr, (4.4a)
[(t) = B =n()U @)V (£) = 6I(t), t # t, (4.4b)
V(t) = pI(t) — eV (1), t#ty, (4.4¢)
D(t) = =0pD(t), t# ty, (4.4d)
D(ty) = D(t,) +ug—1, kel (4.4¢)

with initial conditions given by x¢g = (U, Iy, Vo, Do). Given that D(t) > 0 for all
t > 0, the constraint set X is enlarged to be X = R‘éo. Also, a constraint for the input,
u, is defined as U := {u € R:0 < u < Upax}, Where upax represent the maximal
antiviral dosage (umax 1S usually determined by the drug side effects and maximal
effectivity, 0 < Npax < 1), while sets & is enlarged by considering X=X x R>o. A
detailed study of the stability of impulsive systems can be seen in [36].

4.2. Simulation example

We resume here the simulation of the virtual patient A, to demonstrate the impulsive
control actions describing the effects of antiviral administration. It is assumed that
antivirals affect the infection rate 3, while the initial condition for D is Dy = 0, dp = 2
(days~!)and ECE, = 75 (mg). A scenario of 30 days was simulated, and a permanent
dose of uy = 20 (mg) of antivirals is administered each 7' days, starting at t; = 4
days, withT' = 1, T = 2 and T' = 0.5. As shown in Figures 5a - 5b, the system
response is quite different for different sampling times. For T' = 1 days, the antiviral
treatment is able to decreases V' from the beginning. On the other hand, for T' = 2,
the treatment is unable to stop the spread of the virus (V' continue increasing after the
treatment is initiated), as it is shown in Figure 5b. Clearly, the effect of larger values
of T' is equivalent to smaller values of the dose ug. In what follows, for the sake of
clarity, 7" will be fixed in 1 day and only the (constant) value of the doses uy, - together
with the initial and final time of the treatment - will be modified to analyze the different
outcomes.
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5. Control Strategies to Tailor Therapies

Control objectives in ’in host’ infections can be defined in several ways. The peak
of the virus load uses to be a critical index to minimize, since it is directly related to
the severity of the infection and the ineffective capacity of the host. However, other
indexes - usually put in a second place - are also important. This is the case of the time
the infection lasts in the host over significant levels [16] - including virus rebounds
after reaching a pseudo steady state, and the total viral load or infected cells at the
end of the infection (i.e., the AUC of V' and I). These latter indexes also informs (in
a different manner) about the severity of the infection and the time during which the
host is able to infect other individuals, and are directly determined by the amount of
susceptible cells at the end of the infection. So the twofold control objective is defined
as follows:

Definition 5.1 (Control objectives). The control objective for the closed-loop (4.4)
consists in both, maximize the final value of susceptible/uninfected cells at the end
of the infection, U,, and minimize the virus peak, V. We denote these objectives a
Objective 1 and 2, respectively.

As it was said in the previous Section, antivirals affect the infection rate [, by the
time-variant factor (1 — 7(t)). Accordingly, the reproduction number R will be also
time varying, following the formula:

A —=n(t))p

cd ’
and the original reproduction number - i.e., the one corresponding to no treatment -
will be denoted as R(0) for clarity (R(0) is the reproduction number at the outbreak
of the infection, when uy = 0 and 1 = 0).

We will assume in the following a single interval antiviral treatment, consisting in a
single fixed dose of antiviral, applied during a finite period of time. At the outbreak of
the infection (¢ = 0), itis (U(0), I(0),V(0)) := (Uy, 0, €), with € > 0 arbitrary small.
Then, the single interval treatment is defined by the following input function:

R(t) = (5.1)

0 forty €10,t),
up = ulty) = ¢ u; forty € [t;, ty], (5.2)
0 forty € (ty,00).

where t; < £t(R(0)), being #(R(0)) the time of the peak of V(1) when no treatment
is implemented, u; € [0, Umax], and t; > ¢;, but finite. Note that after ¢, u(tx) = 0,
which means that n(t) — 0 and R — R(0).

5.1. First control objective: maximizing the final value of the uninfected cells

The control problem we want to solve first reads as follows: for a given initial
time, ¢; < ¢, find u; (which has an associated R;, and ;) and ¢y (finite) to maximize
Uso = Uso(R(0),U(ty),I(ts),V(ts)). This control problem accounts for the first
control objective; next, somme comments will be made concerning the second one.

A critical point concerning antiviral treatments - that is usually disregarded - is
that they are always transitory control actions, not permanent ones. It is not possible
to maintain a given treatment for a long time, and its interruption must be explicitly
considered in any antiviral schedule.

So, according to the stability results from the previous sections, the following Prop-
erty holds:
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Property 5.2 (Upper bound for Uy,). Consider system (4.4) with U(0) > U* (or
U(0)R(0) > 1). No matter which kind of antiviral treatment is implemented at time
t;, if it is interrupted at some finite time ty > t; (as it is always the case), the system
converges to an equilibrium state (U, 0,0) with Uy, < U*, being U* the critical
value for U corresponding to no antiviral treatment, i.e., U* = 1/R(0).

Proof. We proceed by contradiction. Assume that U,, > U*. Consider system (4.1)
for ¢ > ty. Since the antiviral treatment is interrupted at time ¢, then n(t) N\ 0, for
t > ty. By eq. (5.1) we have that R(t) * R(0), for t > t;. If we denote U.(t) =
1/R(t) we have U, \, U* for ¢t > t;. Since Uy, > U* then Uy, > U(t) fort > T,
with T large enough. Hence (U(t), I(t), V(t)) is converging to an equilibrium point
in the unstable part, which is a contradiction. Therefore U,, < U™, which concludes
the proof. O

Remark 5.3. From a clinical perspective, what Property 5.2 establishes is more than a
simple upper bound for Us,. It says that the best an antiviral treatment can do in terms
of the total amount of virus (or infected cells) at the end of the infection, V;,; :=
[Z,V(t)ydt =~ [Z, BI(t)dt, is to reach a minimal value intrinsically determined by
the system parameters (R(0)). Furthermore, the instantaneous peak of V (t), fort > 0,
which is the other critical index for the severity of the infection (whose minimization is
the second control objective), is independent of the latter lower limit (as shown later
on), and can be minimized while maintaining Vi at its minimal value. This represents
a new paradigm concerning what (and what not) antiviral treatments can do in acute
infections.

In the search of such a value, the next definition is stated.

Definition 5.4 (Goldilocks antiviral dose). The goldilocks antiviral dose (GAD),
wd = wud(t;), is the one that, if applied at t; < t(R(0)), produces
Uso(RI,U(L;), I(t;),V (t;)) = U*, where RY is determined by u9, at steady state.

Remark 5.5 (u9 computation). Given t; and R(0), u? = uw9(U(t;),I(t;),V(t:)) =
u9(t;) can be obtained, numerically, by means of Algorithm 1.

Algorithm 1: Computation of w9 (t;)
up =0,U* = 1/R(0);
Compute U;, I; and V; by integrating system (2.1) from O to ¢;, starting at
(Uo, 1o, Vo);
Compute U(ts) by integrating system (4.4) form ¢; to ¢, starting at
(Ui, 1;, Vi), with uy;
while U(ty) <=U* do
ur = ur + 0.001;
Compute U () by integrating system (4.4) form ¢; to ¢, starting at
(Ui, I;, Vz), with uy;

end
ud = ug;

Clearly, Goldilocks antiviral treatment cannot be applied indefinitely, since ¢
is finite. However, it can be applied up to a time ?; large enough such that
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(U(ty),I(ty),V(ty)) is arbitrarily close to (U*,0,0) from above. This latter sce-
nario is denoted as quasi steady state (QSS), and it allows us to introduce the following
definition.

Definition 5.6 (Quasi optimal single interval antiviral treatment). Consider a given
starting time, t; € (0,£(R(0))). Then, the quasi optimal single interval antiviral treat-
ment consists in applying u9, up to a time ty large enough for the the system to reach
a 0SS condition (i.e., U(ty) = U* I(ty) = 0, V(ty) = 0).

Remark 5.7. Clearly, the latter definition refers to a quasi optimal single interval
control action, because larger values of ty will produce values of U(ty), I(ty) and
V(ty) closer to U*, 0 and 0, respectively, so Uso(R(0),U(ty), I(ts), V(ts)) will be
closer to U*.

The next Theorem, which is one of the main contribution of the work, summarizes
the latter results by means of a classification that consider every possible single interval
treatment case.

Theorem 5.8 (Single interval antiviral treatment scenarios). Consider system (2.1)
with initial conditions (U(0),1(0),V(0)) = (Uy,0,€), with € > 0 arbitrary small,
and R(0) such that U(0) > U*. Consider also single interval antiviral treatment (as
the one defined in (5.2)), with a given starting time t; € (0,1(R(0))), and a finite final
time ty. Define soft and strong treatments depending on if u; < u9 or u; > u9, respec-
tively. Define also long and short term treatments depending on if the system reaches
or does not reach a QSS at ty. Then, the following scenarios can take place:

i. Quasi optimal single interval antiviral treatment: if u; = u9, and ty is such that
(U(ty), I(ty),V(ty)) reaches a OSS, then Uss(R(0),U(ts),I(ts),V(ty)) =
U*. Furthermore, the closer is U(ty) to U* (or I(ty) and V (ty) to zero), the
closer will be Uso (R(0),U(ty), L(ty), V(ty)) to U™

ii. Soft long-term antiviral treatment: if (U(ty),I(ty),V(ts)) reaches a OSS,
and U(ty) < U* then Ux(R(0),U(t )I( ), Vty) = Ulty) < U*;
ie, U(t) will remain approximately constant for t > ty.  Further-
more, the softer a soft long term antiviral treatment is, the smaller will be

Uso(R(0), U(t5), I(t5), V(ty))-

iii. Strong long-term antiviral treatment: if (U(ty),I(ty), V (ty)) reaches a QSS,
and U(ty) > U*, arebound will necessarily take place at some time t > t ¢ and,
finally, the system will converge to an Uso(R(0),U(ty), I(ty), V(ty)) < U™

Furthermore, the stronger a strong long term antiviral treatment is, the larger
will be the rebound and the smaller will be Us (R(0), U (ts), I(ts), V(ty)).

iv. Short-term antiviral treatment: if (U(ty),1(ts), V(ty)) does not reach a QSS
(i.e, if V(tf) % 0), then soft, strong and Goldilocks dose will necessarily pro-
duce values of Uso (R(0), U(ty), I(ts), V(ty)) significantly smaller than the one
obtained by quasi optimal single interval treatment. In general, larger values of
V (ty) will produce smaller values of Uso (R(0), U (ty), I(ts), V(ty)). This case
includes the particular case where the treatment is interrupted at the very mo-
ment at which U(ty) = U*, but with V (t) % 0. This means that the critical
value of U needs to be reached as a steady state, not as a transitory one.

Proof. The proof follows from the stability results shown in Sections 3, and (3.6):
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i.

ii.

iii.

iv.

Given that u; = u? is implemented for ¢t € [t;,tf], ty is finite but large
enough and Us(RY,U(t;),I(t;),V (t;)) = U*, then U(ty) approaches U*
and V(¢ f) approaches zero, from above, as ty increases. This means that
at ty, when the treatment is interrupted, (U(ts),I(ty),V (ts)) is close to
the unstable equilibrium set X". Then, by Property 3.12.(ii), function
Uso(R(0),U(ts),I(ts),V(ts)) is such that the closer (U(ts),I(ts),V (ts))
is to the equilibrium point (U*,0,0), with U(ty) > U*, the closer will be
Uso(R(0),U(ts), I(ts),V(ty)) to U*, with Uy, < U™ (see the ‘pine’ shape
of Uy around U™, for I = 0, in Figure 3). Indeed, by the ¢ — ¢ stability of
the equilibrium state (U™, 0, 0), for each (arbitrary small) € > 0, it there exists
0 > 0, such that, if the system starts in a ball of radius J centered at (U*, 0, 0),
it will keeps indeterminately in the ball of radius e centered at (U*,0,0). Fur-
thermore, it is possible to define invariant sets around (U*, 0, 0) by considering
the level sets of the Lyapunov function (3.7), with U = U*, or even the level
sets of function J(U,I,V) :=U* — U (R, U, I,V), with a fixed R > 0. This
way, once the system enters any arbitrary small level set of the latter functions,
it cannot leaves the set anymore. See, Figure 6.

Given that (U(ts),I(ts),V (ts)) approaches a steady state with U(t;) < U*,
then (U(ts),I(ts),V (ty)) is close to the stable equilibrium set X'5*, when the
treatment is interrupted. Then, the system will converge to an equilibrium with
Uso(R(0),U(ts), I(ts),V(ts)) close to U(ty). Softer antiviral treatment pro-
duces smaller values of U (¢ ) and, by Property 3.12.(iii), smaller values of U (¢ )
produce smaller values of Us (R(0), U(ty), I(ts), V(ty)).

Given that (U(ts),I(ts),V (ts)) approaches a steady state with U(ty) > U*,
then (U(ty),I(ty), V(ty)) is close to the unstable equilibrium set, X", when
the treatment is interrupted. Then, the system will converges to an equilibrium
in the stable equilibrium set, X5, with Uso (R(0), U(ts), I(ts), V(ts)) < U*.
Stronger antiviral treatment produces greater values of U(ty) and, by Prop-
erty 3.12.(ii), values of U (tf) farther from U™, from above, produce val-
ues of Ux(R(0),U(ty),I(ty),V(ty)) farther from U*, from below. When
Ul(ty) is significantly greater than U*, no matter how large is ¢y and how
small is V'(t;). Note that as long as ty is finite, (U(ty),I(ts), V(ts)) can-
not reach X", and so V(t;), even when arbitrary small, is greater than
zero. So, once the treatment is interrupted, the system evolves to an equi-
librium in XY". the system will evolve to an equilibrium in X%, with
Uso(R(0),U(ts),I(ts),V(ts)) significantly smaller than U*. Furthermore, to
go from U (t5) to Us (R(0),U(t¢), I(ty),V(ty)), fort > ty, the system signif-
icantly increase V(t), and this effect is known as a rebound.

Given that (U(ty),I(ty), V(ty)) is a transitory state, then it does not approach
any equilibrium. This means that V'(¢;) is significantly greater than 0, and ac-
cording to Lemma 3.7, the maximum of U (R(0),U(ty),I(ts),V(ty))
over Q(e) = {(UI,V)eR: : 1>,V >} is given by
fW(fRU*e_R(U*+E+%E))/R, which is a decreasing function of e, and
reaches U* only when € = 0 (see Figure 3). Then, independently of the value
of U(ty), U (R(0),U(ty), I(ty), V(ts)) will be (maybe significantly) smaller
than the one obtained with quasi optimal single interval treatment, in which
e~ 0.
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Figure 6: Phase Portrait for system (2.1) (8 = 1/2,6 = 1/5, p = 2, ¢ = 5) in the U, V plane
(I = (¢/p)V), for different starting points (red lines), and level curves of function J(U, I, V) :=
U —Ux(R,U,1,V), I = (¢/p)V. Function J is positive for all (U,V) # (U*,0), is null
at (U*,0) and J(U,V) = 0 along the solution of system (2.1) (since Uso (R, U, I, V) is). So
its level sets are arbitrary small invariant sets around (U™, 0). Note that starting states close to
(U™, 0) produce time evolution close to U™, as determines the ¢ — ¢ stability.

5.2. Second control objective: minimizing the virus peak

The quasi optimal single interval treatment clearly accounts for a steady state con-
dition, given that any realistic treatment needs to be interrupted at a finite time. Fur-
thermore, given that only one antiviral dose, u;, is considered for the treatment, once
the quasi optimal single interval treatment is determined (u; = u9), also is the peak
(maximum over t) of the virus, V: i.e., there is a unique V for each single interval
control action, u;.

However, if a more general control action is considered, in such a way that wuy
assume several values in the interval from ¢; to ¢, V can be arbitrarily reduced. Indeed,
given that U, depends only on the fact that U ~ U* and V' =~ 0 at t, then stronger
antiviral doses can be used at the beginning of the treatment to lower the peak of V.
If for instance two consecutive single interval control actions are implemented —the
first one with a high dose, applied from ¢; to ¢;, and the second one with the quasi
optimal antiviral, u9(¢;), applied from ¢; to a large enough ¢ t— a lower peak of V'
will necessarily be obtained in contrast to one corresponding to the quasi optimal single
interval control.

Although this chapter is not devoted to analyze control strategies different from the
single interval one, it is worth to remark this latter point since it states that: (1) both
control objectives are independent, in the the sense that if a given upper bound for V'
is stated from the the beginning (to avoid complication and/or to reduce the infectivity
of the host) it is in general possible to design control strategies that both, make V()
not to overpasses the upper bound, and make U, =~ U*, and (2) the entire concept of a
maximum or peak for V, for a given treatment, has sense only when U, < U*; since
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otherwise, a rebounds of the virus will occurs once the treatment is interrupted, and a
new peak for V' may be reached.

Figures 11a and 11b, in the Simulation section, show an example of a two-steps
interval treatment that produces a peak of V' smaller than the one corresponding to the
quasi optimal single interval one.

6. Simulation results

In this section each of the cases of Theorem 5.8, together with the case of two-steps
interval control action of Subsection 5.2 are simulated for data coming from patient A,
introduced in section 3.7 and 4.2. As it was already said, 6p = 2 (days™1), ECgO =75
(mg) and the sampling time is selected to be 7" = 1 day. Initial conditions are given by
(Uo, Ip, Vo) = (4 x 108,0,0.31). Also, recall that U* = 5.44 x 107 and the untreated
peak of V' is given by V =1.98 x 107.

6.1. Strong long-term treatment. Virus rebound

Figure 7a shows the time evolution of U (logarithmic scale), V, and u, for patient
A, when strong long-term antiviral treatment is implemented. The treatment starts at
t; = 4 days and finished at ¢y = 30 days, while several strong doses are administered:
u; = [21, 25, 35] mg.

As it can be seen, at ty the value of U is greater than U™ while V' =~ 0, so the
viral load V' rebounds after some time, producing a second (and larger) peak. More
important, U, ends up at a value significantly smaller than U*. The values of U, and
1% corresponding to the three doses are given by U, = [7.98 x 10°,3.79 x 106, 1.07 x
10%], and V = [4.84 x 10°,7.86 x 106,1.34 x 107], respectively.

To have a better idea of how the system behaves around state (U*,0), Figure 7b
shows the phase portrait in the space U, V, together with the level curves of the Lya-
punov function J(U,1,V) := U* — Ux(R(0),U,1,V). At time ty, when the treat-
ment is interrupted, V'(t5) ~ 0 and U(ty) > U*, so the system is close to an unstable
equilibrium point. So, for ¢ > t; the state is attracted to an equilibrium in the AS
equilibrium set X'5*, following outer level curves of .J. Outer level curves of J means
both, a small U, and a large V.

6.2. Soft long-term treatment

Figure 8a shows the time evolution of U (logarithmic scale), V', and uy, when soft
long term antiviral treatment is implemented. The treatment starts at ¢; = 4 days and
finished at t; = 30 days, while several soft doses are administered: u; = [4, 6, 8] mg.

As it can be seen, at ¢y the value of U is smaller than U*, while V' =~ 0, so the
viral load V' decreases after the treatment is interrupted. The values of U,, and 1%
corresponding to the three doses are given by U, = [8.98x105,1.90x107,3.25x107],
and V = [1.36 x 107,1.16 x 107,9.70e x 109].

Figure 8b shows the phase portrait in the space U, V, together with the level curves
of the Lyapunov function J(U, I, V). At time t;, when the treatment is interrupted,
V(ty) = 0and U(ty) < U*, so the system is close to a stable equilibrium point. So,
for t > ¢y the state remains almost unmodified.
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Figure 7: (a) Time evolution of virtual patient A, with different doses of antiviral: u; = 21 mg,
solid line, u; = 25 mg, dashed line, u; = 35 mg, dotted line. (b) Phase portrait in the U, V'
space, and level curves of the Lyapunov function J(U,I,V) := U* — U (R(0),U,I1,V),
around (U™, 0).
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Figure 8: (a) Time evolution of virtual patient A, with different doses of antiviral: v, = 4 mg,
solid line, u; = 6 mg, dashed line, u; = 8 mg, dotted line. (b) Phase portrait in the U, V' space,

and level curves of the Lyapunov function J(U,1,V) := U* — Us(R(0),U,I,V), around
(U*,0).
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Figure 9: (a) Time evolution of virtual patient A, with u; = u? = 10.5 mg of antivirals. (b)
Phase portrait in the U,V space, and level curves of the Lyapunov function J(U,I,V) :=
U* —Ux(R(0),U,I,V), around (U*,0).

6.3. Quasi optimal single interval treatment

Figure 9a shows the time evolution of U (logarithmic scale), V', and wug, when the
quasi optimal single interval antiviral treatment is administered. The treatment starts
at t; = 4 days and finished at t; = 30 days, while the Goldilocks dose is given by
u; = u9(t;) = 10.5 mg. The values of U, and V are given by U, = 5.34 x 107 and
V = 7.73 x 10, respectively

Figure 9b shows the phase portrait in the space U, V, together with the level curves
of the Lyapunov function J(U, I, V). As it can be seen, the system follows the only one
trajectory that goes directly from (Uy, Vo) to (U*,0): any other path goes necessarily
to an equilibrium with U, < U*.

6.4. Short-term treatment

Figure 10a shows the time evolution of U (logarithmic scale), V', and u, when a
short term treatment is implemented. The treatment starts at ¢; = 4 days and finished at
ty = 15 days, while several doses - smaller and greater than u9(¢;) are administered:
u; = [10,15,20,25] mg. The values of U, and 1% corresponding to the four doses
are given by U,, = [2.98 x 10%7,1.39 x 107,5.06 x 107,2.26 x 107], and V =
[8.05 x 106,4.98 x 10°,6.67 x 105,1.01 x 10%].

Figure 10b shows the phase portrait in the space U, V. Given that trajectories go
along the level curves of the Lyapunov function J(U, I, V'), any short term treatment -
i.e., producing V'(t¢) % 0 - will make the system to surround the state (U*,0) by an
outer level curve, thus finishing at some U, significantly smaller than U*. As before,
outer level curves of J means both, a small U, and a large V.

6.5. Two-steps treatment, lowering the peak of V'

Finally, a scenario is simulated to show that always it is possible to lower the the
peak of V' - while maintaining U, ~ U™ - if a control sequence more complex that the
single interval one is implemented. Figure 11a shows the time evolution of U (solid
blue line, logarithmic scale) and V' (solid red line) corresponding to a two-steps interval
control: the first step consisting in u; = 25 mg, from ¢; = 4 to t,, = 30 days, and the
second one consisting in u; = u9(t,,) = 5.6 mg, from ¢,,, = 30 to ¢ty = 60 (solid line).
Also, the quasi optimal single interval control of Subsection 6.3 is shown, to compare
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Figure 10: (a) Time evolution of virtual patient A, with different doses of antiviral: u; = 10
mg, solid line, u; = 15 mg, dashed line, u; = 20 mg, dotted line, and v; = 25 mg, dashed-
dotted line. (b) Phase portrait in the U, V' space, and level curves of the Lyapunov function
JWU,1,V):=U" — Usxs(R(0),U,I,V), around (U*,0).

the performance (dashed line). As it can be seen, the peak of V is significantly reduced:
from V = 7.73 x 106 to V = 2.57 x 106, while U, is almost the same in both cases.
Figure 11b shows the phase portraits of the two control strategies (solid line, two-steps
control; dashed line, single interval control), where it can be seen also the reduction
of the virus peak. This simple two-step strategy shows that with a more sophisticated
control strategy (i.e., by means of a proper optimal control formulation) the virus peak
can be arbitrarily reduced, maintaining the condition U, ~ U*. This is indeed, matter
of future research.

7. Conclusions and future works

In this work, the stability and general long term behavior of UIV-type models have
been fully analysed. A quasi optimal control action - consisting in the finite-time single
interval antiviral treatment producing the minimal possible final amount of death cells
- was found. The analysis shows also that more complex control strategies can account
for both control objectives simultaneously: minimize the virus peak, while keeping the
final amount of death cells at its maximum. A detailed analysis of subotimal scenarios
permits to enumerate the following main results:

i. To apply soft antiviral treatment during a long time (even no treatment at all), ex-
pecting the non-infected cells would evolve alone to the critical value U*, is not
an option. Open loop U is in general significantly smaller than U* (particularly
for the reported values of R for the COVID-19).

ii. To apply strong antiviral treatment for a long time, expecting the virus will die
out alone is not an option. Strong antiviral produces an values of U at the end
of the treatment larger than U™, but this final values are artificially stable steady
states, since once the treatment is interrupted or reduced, a virus rebound will
necessarily occurs at some future time, and U, will be significantly smaller
than U™.

iii. To apply any antiviral treatment (soft or strong) for short period of time, such
that the system is not able to reach a quasi steady state (i.e., when V" at the end of
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Figure 11: (a) Time evolution of virtual patient A, with different doses of antiviral: u; = 25 mg,
from ¢; = 4 to t,,, = 30 days, and u; = u?(t,,) = 5.6 mg, from ¢, = 30 to t; = 60 (solid
line). In dashed line is plotted the progression of target cells and viral particles considering the
quasi optimal single interval treatment, given by u; = u?(t;) = 10 mg from ¢; = 4 to ty = 60.
(b) Phase portrait in the U, V space.

the treatment is not close to zero) is not an option. If the treatment is interrupted
at a transient state, the initial conditions for the next time period are such that
U will be significantly smaller than U*.

iv. According to the latter results, the best option is to apply an antiviral treatment
such that the system reaches a quasi steady state with U ~ U* and V' =~ 0 at
the end of the treatment. This is what we call ”the quasi optimal single interval
antiviral treatment”, since it makes the system to approach the maximal final
value of uninfected cells (U,, ~ U*), without infection rebounds.

v. An important point to be remarked is that the quasi optimal single interval antivi-
ral treatment does not determine the peak of the virus. Quasi optimal conditions
for Uy, are stationary, while condition for minimizing V are transitory, so both
objective can be accounted for simultaneously.

Future works include the study of more complex control strategies (mainly model
based control strategies as MPC and similar) and the explicit consideration of time-
varying immune system.
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